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COVARIANT DERIVATIVE OF CERTAIN
STRUCTURES IN TANGENT BUNDLE

MoHAMMAD NAZRUL IsLAM KHAN* AND JAE-BOK JUN**

ABSTRACT. Our aim is to study covariant derivative with respect to
complete and vertical lifts of generalized almost r-contact structure
in tangent bundle.

1. Introduction

The differential geometry of tangent bundles has valuable vicinity in
the differential geometry because it provides numerous innovative prob-
lems in the study of modern differential geometry. Numerous investi-
gators made valuable contributions on differential geometry of tangent
bundles including Davies [4], Yano and Ishihara [13], Yano and Davies
[14], Innus and Udriste [5]. The complete, vertical and horizontal lifts
of tensor fields and connections on any manifold M to tangent manifold
T'M has been studied by Yano and Ishihara [15]. Furthermore, Das and
the author [1] have obtained almost product structure by means of the
complete, vertical and horizontal lifts of almost r-contact structures on
tangent bundles. The author [6, 7] has studied lifts of hypersurface with
connections to tangent bundles and Kaehler manifold. Tekkoyun [11]
produced almost para-complex structures on tangent bundle by using
lifting theory.

The rest of the paper is organized as follows: In Section 2, we define
tangent bundle, complete, vertical lifts, Hsu-structure and generalized
almost r-contact structure. We have considered the generalized almost
r-contact structure in manifold and then defined Hsu-structure in tan-
gent bundle in Section 3. In Section 4, we prove theorems on covariant
derivative of generalized almost r-contact structure in tangent bundle.
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2. Preliminaries

Let M be an n-dimensional differentiable manifold and let T'(M) =
Upenrr Tp(M) be its tangent bundle. Then T'(M) is also a differentiable
manifold. Let X = >"" (8/0z") and n = Y -, n'dx’ be the expressions
in local coordinates for the vector field X and the 1-form 7 in M. Let

(2%, 9") be local coordinates of point in 7'(M) induced naturally from
the coordinate chart (U, z") in M [15].

2.1. Vertical lifts

If f is a function in M, we write f" for the function in T'(M) obtained
by forming the composition of 7 : T(M) — M and f: M — R, so that

(2.1) V' =fonm.
Thus, if a point € 7~!(U) has induced coordinates (z",y"), then
(2.2) FY@B) = " (z,y) = for(p) = f(p) = f(2).

Thus the value of fV(5) is constant along each fibre T,(M) and equal
to the value f(p). We call fV the vertical lift of the function f.

Furthermore, the vertical lifts of tensor fields obey the general prop-
erties [5, 10, 15]:
@) (f-9)V =1"g",(f+9)¥ =" +4",
(b)) (X +Y)V =XV +YV (f-X)V =YXV, XYV =0,

XV, YV =o,
() (f-m)¥ =F"n"n"(XV) =0,XV(¥") =0,

for arbitrary f,g € SY(M), X,Y € S{(M),n € SY(M),

F e SHM).

2.2. Complete lifts

If f is a function in M, we write f€ for the function in 7' (M) defined
by [15]
(2.3) F¢ =i(df)

and call f¢ the complete lift of the function f. The complete lift of a
function f has the local expression

(2.4) f€ =y'oif =of

with respect to the induced coordinates in T'(M), where df denotes
Y oif.
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Suppose that X € S§(M), that is X is a vector field in M. We define
a vector field X¢ in T(M) by

(2.5) XOr¢ = (xf)°,

where f is an arbitrary function in M and call X¢ the complete lift of
X in T(M). The complete lift X¢ of X with components z" in M has
components

(2.6) X¢ . [ ;;h ]

with respect to the induced coordinates in 7'(M).
Suppose that n € SY(M), that is n is a 1-form in M. Then a 1-form
¢ in T(M) defined by

(2.7) n(XY) = (n(X))°,

where X is an arbitrary vector field in M. We call n® the complete lift
of n.
Moreover, the complete lifts of tensor fields obey the general proper-
ties [9, 15]:
(a) (fX)° = fCXV + VX = (XN XY = (X)),
VVi¢=(Xf)",
(b) ¢V X = (¢X)" ¢CXV = (¢6X)Y, (¢X)¢ = ¢ X,
17 (X) = X)) (0) = )
(c) (XY, Y] = [X,Y]% [X, Y] = [X,Y]%
1€ =1,1VXC =XV,
for arbitrary f,g € SY(M), X,Y € S{(M),n € SY(M),
F e SHM).

2.3. Hsu-structure

Let M be an n-dimensional differentiable manifold of C*° class. If
there exists a tensor field F' of type (1, 1) and of C*° class on M such
that

(2.8) F?=4d"I,

where I denotes the unit tensor field,  is an integer and a is a nonzero
complex number. We say that the manifold M endowed with Hsu-
structure [3].
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2.4. Generalized almost r-contact structure

Let M be an n-dimensional differentiable manifold of C'*° class. Sup-
pose that there are given a tensor field F' of type (1, 1), a vector field &,
and a 1-form n,,p =1,2,--- ,r satisfying

(2.9) FP=a"T+c) & @y,
p=1
(2.10) Fe&, =0,
(2.11) npoF =0,
ar
(2.12) Mp(&q) = _?5:0117

where p,q =1,2,--- ,r and ¢,4 denote the Kronecker delta while a and
€ are nonzero complex numbers. The manifold M is called a generalized
almost r-contact manifold and manifold with a generalized almost r-
contact structure or in short with (F,n,,&,, a,€)-structure [1, 2, 8, 12].

3. Induced structure on the tangent bundle

Let us suppose that the base space M admits the generalized almost
r-contact structure. Then there exists a tensor field F' of type (1, 1),
r(C>) vector fields &1, &2, -+ - , &, and r(C™) 1-forms 7,72, - - , 1y such
that equations from (2.9) to (2.11) are satisfied. Taking complete lifts
of equations from (2.9) to (2.11), we obtain the following;:

(3.1) (FOP =a"T+e» {&§ @n5 +¢5 an},
p=1
(3.2) FO¢ =0, FO =0,
(3.3) my o FC =010 FV =0, 150 F° =01 o FV =0,
aT’
(3.4) s (€9 =ny (&) =0, nS(&)) = my (65) = ——0pq.

€
Let us define an element J of JIT(M) by

c T
(3.5) J=FC 4+ —7 YAy @ny +&5 @nS}.
p=1

Then in the view of equations from (3.1) to (3.4), it is easily shown
that J2X" = "XV and J2X® = ¢"X°, which give that J is Hsu-
structure on T'(M). Hence we have the following theorem.
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THEOREM 3.1. Let M be a differentiable manifold endowed with the
generalized almost r-contact structure (F,ny,&,,a,€). Then tensor field
J defined by (3.5) gives a Hsu-structure on T'(M).

Now in view of the equation (3.5), we have

() JXV = (FX)" + —5 Z{ (mp(X))V €5,

(b) JXC = (FX T/Z Z{ (mp(X))V & + (X))}

for arbitrary X,Y € \sO(M).
In particular, we have

(a) JXV = (FX)V,JX® = (FX)°,

ar/2 a2
(b) J& = ——& I = -
where X is an arbitrary vector field in M such that 7,(X) = 0.

4. Covariant derivatives with respect to complete and ver-
tical lifts

Let M be an n-dimensional differentiable manifold. Differential trans-
formation of algebra T'(M), defined by

(4.1) D=Vx:T(M)—T(M),X € (M)
is called as covariant derivation with respect to vector field X if

(a) Vixigvt = fVxt+gVyt,

(b) Vxf=XF,
where arbitrary f,g € SY(M), X,Y € S{(M),t € S(M). On the other
hand, a transformation defined by
(4.2) Vo SHM) x SHM) — (M)

is called affine connection [6, 11].
Now we assume that M is a manifold with affine connection V. Then
there exist a unique affine connection V¢ in (M) which satisfies

(4.3) V&eYC = (VxY)©

for any X,Y € S§(M). This affine connection is called the complete lift
of the affine connection V to T(M) and denoted by V¢ [15].
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PROPOSITION 4.1. For any X € S4(M), f € (M) and V© is the
complete lift of the affine connection V to T (M) [15].

(a) V VfV =0,

(b) V vfc (Vx )Y,
(c) V ch (Vx£)Y,
(d) v cfc (Vx ).

PROPOSITION 4.2. For any X,Y € S4(M), f
complete lift of the affine connection V to T (M

(a) V§ VY =0,

(b) V C VYO = (VxY)Y,
() V cYV (VxY)Y,
(d) XCYC—(VXY>C.

€ 39(M) and VC is the
)

15

—

THEOREM 4.3. For V x the operator covariant derivation with respect
to vector field X, J € 31(3(M)) defined by (3.5) and 1,(Y') = 0 we have

(4.4) (VS Y'Y =0,

(45) (Vv DY = (VxF)Y)Y + — — Z (Vxmp)Y)VeS,
(46)  (VGel¥Y = (VxP)YV)" + 5 ;«vxnpm%g,
(4D (V5eYO = (VxF)Y)C + >y (V)

- > (V)
p=1

Proof. At first, we will show (4.4).

c T
(Vv DYV = V[P + Z{épv @y +& @}y

—[FC+—5 Z{EV ®ny +&5 @iV Yy
p=1
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_ CyV \%4 V
= (V$VFCY +—Zv (& @ny))Y

V

r/2zv (& @u)Y",

as Vg(VYV = 0. Therefore
(VSv DYV =0, as np(Y) = 0,(Vsv (Y)Y) = 0.

Thus (4.4) is proved.
Second, we will show (4.5).

(VS )Y =V, [FC +—7% Z{gp @y + & @nd Ny e

9
—FC o Z{s;f @y +&5 oS NVGY©

= (VRv FOY e + r/2 ZVXV ny (V)8

C CC C
T/Q ZVXV nS (V)9S — FOVSLY

< Vol OV E NS C ol 1O C
a2 an (VxvYT)E, — ar/? an (VxvY™)E,
p=1 p=1

Therefore

T

(Vv Y = (VxEW) + =5 S (Vxmp)V)Vey
p=1

Thus (4.5) is proved.
Third, we will show (4.6).

(VS )YV =V [FC +—7% Z{gp @y + & @nd YV

—[FC+—5 Z{EV ®ny +&5 @ni VS YV
p=1
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= (V§ FCYV+7ZVXC n (V)V)eY

a'r/2 Z vXC 77p )51(; chg(CYV

€ Vol yVyeV E N, CpgC Ve
qr/2 Z”p (VxeY)E — ar/? an (VxeY g
p=1 p=1
= (vf;}cFC)YV +FOVeYY) - FCV)C(CYV

'r/2 ZVXC 77? Vép r/2 ZVXC 771’ Vﬁp

WZ% (VxY)Ve) - /2 ((vxnp> ey

p=1

Therefore

(VS I)YY = (VxF)Y)Y + 5 3 (Vxmp)V)V S
p=1

Thus (4.6) is proved.
Finally, we will show (4.6).

c T
(VSe)YC = Vo [FO + —7 d{g @ny +¢5 @nSHYC
p=1

O, & NV C ~C
- a2 DA o +& o }IVieY
p=1
= (V)C(CFC WY+ FO(V§eY©) — FC vgcyc

7‘/2 ZVX np ng r/2 Z Van C£C

€ €
qr/2 ZlnX(VXY)Vgx a2 Zl(np(VXY)Céf-
p= p=

Therefore
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(VGe )Y = (VxF)Y)° +

ar

c T
50 (VxY)'e)
p=1

e T
) Z(Wp(VXY)ng-
p=1

Thus (4.7) is proved. O

COROLLARY 4.4. If we put Y; = &, that is, npc(gqc) = 771‘)/(521/) =
0, then npc(f(}/) = n;/(ch) = —% 0y, has condition (3.5), then we get

different results such as
T

(a) (VGv g = —a?> (Vx)Y,
p=1
(b) (Vv ))ES = a"2(VxF)§,)Y,
(¢) (VRed)Ey
= ((VXF)ép)V‘FarET ;:1((VX7719)§19)V55 —a"/? 22:1(v§(c§g)v
Q) (V5 )ES =
(VxF)&)° = a5 (Vx&)V + =55 20 (Vxmp)&p) V)

— 5 2 (Vxm)§)
p=1
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