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TWO ZAGIER-LIFTS

SOON-Y1 KANG*

ABSTRACT. Zagier lift gives a relation between weakly holomorphic
modular functions and weakly holomorphic modular forms of weight
3/2. Duke and Jenkins extended Zagier-lifts for weakly holomorphic
modular forms of negative-integral weights and recently Bringmann,
Guerzhoy and Kane extended them further to certain harmonic
weak Maass forms of negative-integral weights. New Zagier-lifts for
harmonic weak Maass forms and their relation with Bringmann-
Guerzhoy-Kane’s lifts were discussed earlier. In this paper, we give
explicit relations between the two different lifts via direct compu-
tation.

1. Introduction

Throughout, « € %Z and D and d are integers with D,d = 0,
(mod 4). We let I' = SLy(Z) when k is an integer and I' = I'g(
when k € Z + % For a complex number 7 = z + iy with y > 0 an

y=(5!)eT, we define

. ) Vut + o, if K € Z,

)= { (M)er ' Var 7o, itreb+Z,
where (%) is the extended Legendre symbol and €, = 1 if v =1 (mod 4)
and &, = i if v = 3 (mod 4). Then for any complex-valued function f
defined on the upper-half plane H, the weight x slash operator is defined
by fley(T) == 5(7,7)"2 f(y7). A weakly holomorphic modular form of
weight k is invariant under the weight x slash operator and holomorphic
in H with possible poles at the cusps. Let M ,'i denote the vector space
of weakly holomorphic modular forms of weight x on I'. In case of
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Kk € Z+ %, each form in M satisfies Kohnen’s plus space condition,
that is, its Fourier expansion is of the form ) a(n)g¢™ where a(n) is non-
zero only for integers n satisfying (—1)%~'/2n = 0,1 (mod 4). Here,
q:=e(1) = ¥,
Recall that the Fourier expansion of the classical j-function is given
by
G(T) = ¢~ 1 + 744 + 196884q + 21493760¢° + - - - € M.

The j-function generates the field of all meromorphic modular functions
for I' and its values at quadratic irrationalities in H are algebraic inte-
gers, known as singular moduli. More precisely, for a positive definite
quadratic form Q(z,y) = [a,b,c] = aX?+bXY + cY? with discriminant
dD = b* — 4ac < 0 and its associated CM point

~b+VdD _

TQ = % < I,

j§(7g) is an algebraic integer in an abelian extension of Q(v/dD). When
Qg4 denotes the set of positive definite integral binary quadratic forms
with discriminant d, the group I' acts on Q4 in the usual way. For each
fundamental discriminant D > 0 with dD < 0 and a ['-invariant function
f on H, we define the twisted trace of f by

(L.1) Trap(f)= Y x(Q)

QeT\Qaip

f(1Q)
Tol

Here I'¢ is the group of automorphs of @, 7¢ is the associated CM points,
and y is an associated genus character which is defined on T'\Qup by

(5D

Q) = xp(r), (a,b,c,D) =1 and (r, D) =1 where @) represents r,
X - 0, (a,b,e,D) > 1,

where xp is the Kronecker symbol. We note that if both d and D are
fundamental discriminants, x4(Q) = xp(Q).

Let J = j— 744 and Try p(J) be the twisted trace of singular moduli
defined in (1.1). In [9], Zagier defined lifts for fundamental discriminants
D > 0and d <0 by

(1.2)
3a()) = ¢* +ZD>OD71/2Trd,D(J)qD GM!%,
3In(M)= ¢ P —25pn =3 ,0DV2Tryp(J)d¥ € M,
2
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where dpg = 1 if D is a square and 0 otherwise. The results for J €
M} in (1.2) were generalized to weakly holomorphic modular forms of
negative-integral weights by Duke and Jenkins. In [3, Theorem 1], they
extended Zagier lifts for f € M} ,, (v > 2 an integer) and fundamental
discriminant D that

3p(f) € My, if (=1)"D >0,

(1.3) 3p(f) € Ml’,+1/2, if (~1)*D < 0.

A weak Maass form h of weight x is a smooth function on H which
satisfies:
(i) hlgy=htforall y €T,
.. 0? 0? . o .0
(i) Ax(h) = Ah where A, = —y? <83:2 + 83/2> + iKYy <6m + Z@y)’
(iii) h has at most linear exponential growth at all cusps of T
If A = 0, then h is called harmonic and if h is holomorphic in H with pos-
sible poles at the cusps, then it becomes a weakly holomorphic modular
form. Now consider H ,2, the space of weight x harmonic weak Maass
forms on I'. Again when k € % + 7Z, each form satisfies the plus space
condition.
Bruinier and Funke showed in [2] that the differential operator

0
&, = 2iy"—— is a surjective map from the space of harmonic weak Maass

forms of weight k to the space of weakly holomorphic modular forms of
weight 2 — k. A weight x harmonic weak Maass form has a Fourier
expansion at infinity of the form

(1.4)

hr)= > )" +¢, 0y "+ D ¢ (W1 -k, —4mny)q",
n>>—oo 0#n< oo

where I'(a,z) = fxoo e %1 dt is the incomplete gamma function. The
differential operator &, maps it to

(15) &) =1 —r)c, (0)— > ¢ (n)(—dmn)' g™ € M} .
0#n<K oo

We call 3, c:(n)q" the principal part of the harmonic weak Maass
form h(T).

The Zagier-lifts in (1.3) have been recently generalized in two different
ways. The lifts given by Bringmann, Guerzhoy and Kane in [1] are
defined in H5"3 , the subspace of Hj_,,, that consists of harmonic weak
Maass forms whose image under the differential operator &, are cusp
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forms. They contain (1.3) as special cases as they showed that for each
h € Hy"F

22
3p(h) € Hypy )y if (=1)VD >0,

3D(h‘) S M£+1/27 if (_1)VD < 0.

(1.6)

Other lifts were constructed by the author with Jeon and Kim in [7].
They are defined in Hj_,, and extend (1.3) for discriminants not treated
in (1.3). For each h € H} , , the new lifts 3% are defined by

35(h) € Hypp o if (=1)"D <0,

35(h) € H,’jﬂ/z, if (—1)*D > 0.

(1.7)

In [7], it is simply stated that the two lifts 3p and 3}, satisfy the
following relations: for each h € Hj_ g, fg_y(:’)g(h)) = 3p(h) or
5%,,,(3D(h)) = 3}, (h) up to constant (v # 2,3,4,5,7 in the latter)
depending on the sign of corresponding discriminant and parity of v.

In this paper, we give explicit relations between the two lifts via direct
computation.

2. Whittaker functions

We first recall many properties of Whittaker functions, with which we
construct weak Maass-Poincaré Series as in [4, 6]. Whittaker functions
M, (y) and W, (y) are linearly independent solutions of the Whittaker
differential equation. If 2v ¢ Z, they satisfy that

I'(—2v) My () + I'(2v)

Ng—v—p "7 TG+v—p)

(2.1) Ww(y) = —v(Y)
and in particular, W, ,(y) = W, —,(y). Here I'(2) is the gamma func-
tion.

The Whittaker functions may have integral representations for certain
fixed values of 1 and v from which we have that if v — u = 1/2, then

(22) My (y) + 2p+ D)W (y) = T(2u + 2)y #e?/?,
and if v + p = 1/2, we have
(2.3) Wy () = e V2

If % — o+ v is an integer, Whittaker functions can be expressed as an

incomplete gamma function I'(a,z) = fxoo et 1dt. For example, if
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v e %Z, then
(24) Wl/—l/2,1/(y) = ey/2y1/2—l/r\(2y7 y)

Asymptotic behavior of the Whittaker functions for fixed u, v is also
well known:

(2.5)
F(1+2I/) oy _y
M, (y) ~ ———y He2 and W, (y) ~y" e 2 as y — oo,
o (Y) Mo —p+ D)’ o (Y) ~y y
(2.6)
1 F(QV) o1
M, () ~ T2 and W, ,(y) ~ ———2 47"+ 3 ag 4y —0.
ww(y) ~y o (Y) Tw—p+ D) y

Now we define for fixed values s € C and n € Z,

Mo sl ) = { C(25) HUTInls) ™8 M gy 4rlnly), i 20,
Yz, if n=0.

Wiy, 8)

B { D(s+ §sen(n)) = nl5 ! (4m9) "5 We iy o2 (drlnly), ifn#£0,

- (25714)7}(15_;/12_)}_(2/;/2)7 if n=0.

The function
(2.7) Pm (2, 8) 1= Mumk(y, s)e(mz)
is an eigenfunction of the weight s hyperbolic Laplacian A, and has
eigenvalue s(1 — s) + (k2 — 2k)/4. That is,
(2.8) Apomi(z,8) = (s — g) (l — g — s) Omx(2,5).
Also, due to the asymptotic behavior of the Whittaker function given in

(26).
(2'9) SOm,n(Za 5) = O(yRe(s)—n/Q) as y— 0.

We are interested in its values at s = /2 and s = 1 — /2, for which
Awpmx(z,8) = 0. It follows from the properties of Whittaker functions
stated above that

(2.10)
Wn,n(y, 1- H/2)
n’{_l’ ifn > 0,
— o2y ) |n|fTI0(1 - k)TIT(1 — K, —4mny), ifn <O,
(4m)t—* ; —
_ if n=0.

INCETI N
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If we assume x < 1/2, then we find that

(2.11)
Mo k(y, 1 —K/2)
(=1)~ [F(l — k)7ID(1 — K, —47ny) — 1] , ifn>0,
=e 2™ 1-T(1-k)"T(1 — &, —4mny), itn <0,

yl", if n=0.

Also, we have

. F(/{,)_lnﬁ_l ifn>0
_ _—2mny ’ ’
(2.12) Wiy, £/2) = e { 0, if n <0.
and
_ F(/{)_l ifn£0
o 2mny ) ’
(2.13) Mo s(y; £/2) = e { 1, if n=0.

More detailed proofs of (2.10) through (2.13) and references on Whit-
taker functions are given in [6, Section 2].

3. Weak Maass-Poincaré series

If ¢ : RT — C is a smooth function satisfying ¢(y) = O-(y'™¢) for
any € > 0 and 'y, is the subgroup of translations of I', then the general
Poincaré series

31  Gu(me)= > (@)

YEL\I'

= Y e(mRe(y7))p(Im(y7)), (m € 2)

YEL\T

is a smooth I'-invariant function on H. Let

(3‘2) ¢m,s(y) = {

with I, the usual I-Bessel function. Then the Niebur Poincaré series

2mm|2y2 L, 1 (2n|mly), m #0,
2
(8 m =0,

(3.3) G (7, 8) == G (T, dm.s)
is defined for Re (s) > 1 and satisfies
(3.4) AgGo(T,8) = (5 — 3G (7, 5).

REMARK 3.1. The Niebur Poincaré series denoted by F,(s;7) in [3]
and [1] are slightly different with (3.3). Their ¢y, s(y) in (3.2) has \m|5_%
factor instead of \m]% Thus Fy,(s;7) = |m|* " G (7, 5).
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As each G, (7, s) when m # 0 has an analytic continuation to Re (s) >
1/2, we obtain an infinite family of weight 0 harmonic weak Maass forms
{Gm(1,1)Im € Z}.

If ¢ := o «(7,s) is the function defined in (2.7), then the Poincaré
series

(3.5) Fri(r,s) =Y (¢l«7)(7)

VEL\T

is I-invariant and it follows from (2.9) that F,, .(7,s) converges abso-
lutely and uniformly on compacta for Re(s) > 1. Moreover, F, .(T, s)
is an eigenfunction of the Laplacian A, satisfying

(3.6) ApFp k(1,8) = (5 — g) (1 — g — s) Fin i(7,5).
Note that
(3.7) Fno(7,8) = T(s) " Gun(7, 5)

and the Laplace operator A, can be expressed in terms of the differential
operator &

(38) An = _§2—H © 5/@-

The Fourier coefficients of F), (7, s) can be written in terms of Bessel
functions and the generalized Kloosterman sum. If m,n,c are integers
with ¢ positive, then the Kloosterman sum is given by
(3.9)

co) — Zv(c)* € (mvjm)) ) ifaeZ,
Ka(m7 n; C) — { Zv(c)* (%) 612)0,6 (mf);l-nv) Wlth 4’6, lfa e % + Z,

where the sum runs through the primitive residue classes modulo ¢ and
vo =1 (mod c). It satisfies the symmetry property

(3.10) Ks(m,n;c) = —iKi(—m, —n;c).
2 2

As Kaqy1/2(m, n;c) = Ky ja(m,n;c) and Koqyz/2(m,n;c) = Kzj(m, n;c)
for any integers a, it is often convenient to write

4

(3.11) KT (m,n;4c) = (1 —1i) (1 + (C>> K jo(m, n;4c)
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and use it for Kloosterman sums of any half-integral weights. Let
cm.«(n, s) be given by

o K.(m,n,c
Cm(n,s) = (2w ") Z '{(C)
c>0
( 1k 4my/|mn]|
|mn| 2 Jos—1 | —— |, mn > 0,
(3.12) ¢
—x 4
X ‘m”|17125—1 Amy/mn| , mn < 0,
c
s m 4 n* 72 (¢)%, mn=0,m+n #0,
22211 (25) (2¢) 172, m=mn=0,

where J, and I, are the usual Bessel functions.

PROPOSITION 3.2. [6, Corollary 3.3] If k > 2 and m is an integer,
then the Fourier expansion of the Poincaré series F, (T,K/2) is given

by

0<nez
Sk, ifm >0,
€< M., ifm<O0,
My, if m=0,

where 6, = I'(k) if m = 0 and 60, = 1 otherwise. The coefficients
Cm,(n, s) are defined in (3.12).

PROPOSITION 3.3. [6, Corollary 3.4] If k < 0 and m is an integer, then
the Poincaré series F, ,.(17,1—r/2) € H,, ifm <0 and F, x(7,1—-K/2) €
H ,; if m > 0. Its Fourier expansion is given by

m (4m)' "
Fm,H(Tv 1- /’9/2) = mm,n(y)q + (1 — I{)F(l — K,) cm,,{((), 1-— H/Q)
+ Z cmp(n, 1 —K/2)n " 1g"

n>0

1 I'(1 =k, —4mny)
1 9
+nz<%cmﬁ(n, 1—rk/2)|n|" M n

) 7
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where
yl_K/’ lfm = 0’
F(li ’74 ) .
Mon(y) =4 1= T ifm <0,
(=1)1 Tl - = ifm > 0,

and the coefficients ¢y, x(n, s) are defined in (3.12).

When k = v + 1/2, following [8, p. 250], we employ Kohnen’s pro-
jection operator pr;f to construct a weight k Maass-Poincaré series that
satisfies the plus space condition, whose Fourier coefficients are sup-
ported on (—1)”n = 0,1 (mod 4). For each m satisfying (—1)"m =0, 1
(mod 4) and Re(s) > 1, we define the Poincaré series F,f (7, s) by

(3.13) Fn—;ﬁ(T, s) = prii (Fmx(T,9)).

The function F,f , (7,s) has weight « for I" and satisfies

K K

(3.14) AGF} (7,8) = <s - 5) (1 - - s) Ff . (1,5)
as Fp, (7, s) does.

PROPOSITION 3.4. [6, Theorem 4.4] Let k = v + 1/2 with v € Z.
Then for any m € Z and s € C satisfying (—1)”m = 0,1 (mod 4) and
Re (s) > 1, the weight k Maass-Poincaré series satisfying the plus space
condition F,} ,(7,s) has the Fourier expansion
(3.15)

F’V—T’L_,H(T’ $) = M x(y, s)e(mz) + Z b, (1, 8)Wh i (y, s)e(nz),
(—1)"n=0,1(4)

where the coefficients by, . (n, s) are given by

b, e(ny 8) =2mi "> <1 + <i)> W

c>0
—n T/ |mn
|mn|1TJ28_1 # , mn > 0,
c
X |mn|1_TKIQS,1 m , mn < 0,
c
T m 4 n* 72 (40)1 %, mn=0,m+n #0,
22— 2r =11 (25) (8¢) 12, m=mn=0.
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Hence it follows from (2.11) and (2.10) that for m > 0 and k < 0
(3.16)

K _ K _
Fn—gal‘i(’r’ 1= 5) = (_1)R 1qm + Z bm,n(n; 1- 5)”5 1qn
(—1)¥n=0,1(4)
n>0
(1 — k, —4mmy)
—1)* m
+(=1) I'(1—-k)
K 1 I(1 =k, —47mny)
b 1- = k—1 ) n
B b= Dl S

(—1)¥n=0,1(4)
n<0

Also, we observe from (3.10) and (3.15) that for any integer k
(3.17) b, 5_.(—n,s) = —b |~atk,

m,3 n,s)|mn

—m,%-{—k(

4. Definitions of two Zagier lifts

We define Zagier lift BB as follows: Throughout, we let v € Nyy. If
D is a fundamental discriminant satisfying (—1)¥D > 0, then

(41) SE(F—m,Z—QV(Tv l/))
FJwrl(T?%"_%)’ it m =0,
L

T\ o (R) /) E (54D, im0,
n ’ 2

If D is a fundamental discriminant satisfying (—1)”D < 0, then
(42) 3H(Foma-20(T,V))

_ FOJ,F3/27V(T’ 5+ 1) if m=0,
T\ S (R) (/) E e (m ), im0
n ’2

In [7], 3%, (for (—=1)VD > 0) is defined differently for v = 2,3,4,5,7. But
in this paper, we deal with the uniformly defined lift as given in (4.1).
As Poincaré series Fy, 22, (7,v), (m € Z) span Hj_,, for integer v > 1,
the Zagier lift 35 ((—1)”D > 0) gives a function

+ g !
3, Hy o, — My+%
by Proposition 3.2. The lift 3}, ((—1)"D < 0)defines a function

+ .o !
3, Hy o, — H%_V.
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In order to define the Zagier lifts in [1], we first define the twisted
traces of harmonic weak Maass forms. Recall from (1.1) that for each
fundamental discriminant D > 0 with dD < 0 and a I'-invariant function
f on H, we define the twisted trace of f by

(4.3) Trapn(f)= >, x(Q)

QeT\Qaip

f(1Q)
Tol

The Maass raising operator is defined by

(4.4) R, = 2i§T + g
and R, maps a weight k weak Maass form with eigenvalue A to a weight
k + 2 weak Maass form with eigenvalue A + k under A,. Hence if we
let R} = Ryyo(n—1)© -0 Rgi2 0 Ry, then for h € Hé_m, with v > 1,
Ry~1 (h) is T-invariant.

Now for (—1)"d > 0 and (—1)”D < 0, define the modified twisted
traces of h € Hy"? by

45)  Trgp(h) == (~1)I5 ) (4m) |7 |D| 7 Trg p(REZS, (1)

and define

rIA‘I'D d(h) = —'frd D(h)

Suppose h € Hs"“Y has the principal part >, ;¢ (m)¢™. When
(=1)”D < 0, the Dth Zagier lift of h is defined by

3o = 3 ¢ (=m) S xp(n)(m/n) g 5P
(46) m>0 An|m
+ Y Trsp(h)d e M,
6:0D<0 2

REMARK 4.1. In [3, p.576] and [1, eq.(3.4)], they have m?”~! instead
of m¥. This difference occurs due to the different definitions of Niebur
Poincaré series as mention in Remark 3.1.

On the other hand, for each pair d, d with (—1)”6 > 0 and (—1)"d > 0,
the (0, d)th twisted trace of a cusp form f with weight 2v is defined in
[1] by
(4.7

V2V 2
Tr(;,d(f) =

\/>

>

6F\Qda
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where the geodesic Sq is defined to be the oriented semi-circle a|7|? +

bRet + ¢ = 0, directed counter-clockwise if a > 0 and clockwise if a < 0.
For h € Hy"?Y  we may define the modified (4, d)th twisted trace of

h by

(48)  Trpa(h) := (~1) 5 (4m) =|d T |07 F Trsa(Go20 ().

In [1, Theorem 1.1], it is shown that for positive discriminants d and d,

S (@) 5 X (@) /F S-2,(h7)) ).

QEF\Qd5 Q\SQ Q(T71)1 v

(4.9) -1
Ry h
=C, Y (do):x( / Ba(0T)
Qer\Qus I'o\So Q(Ta 1)

where

(%)
2T = H)0(3)

If h has the principal part Y, o ¢; (m)¢™ and constant coefficient ¢;f (0),
then the Dth Zagier lift of h when (—1)”D > 0 is defined by

30)(7) = Y et (—m) Y xp(mpn g P

v = —

m>0 nlm
1 5
(4.10) + 5L —vxp) r(0)+ > Trsp(h)g”
§:D8<0
\ 1
+ D Trsp(WT(v — 55 4ndly)g
2
6:D6>0

For later use, we define one more notation. For m € Z and two
discriminants d, D with a non-square dD, we define traces for the Niebur
Poincaré series G_,, (7, s) by

(4.11)

Trap(G_m(7,s)) =

Trd,D(G—m(T> 8)), if dD < 0,
21750 (s/2) T (s)nVdDTr}) (G (7, 5)), if d >0 and D >0,

where for a weight 0 function f and positive discriminants d and D,

a0 =g Y e [
Q\PQ ’

QeT\Qaip
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Suppose that d and D are fundamental discriminants with a non-
square dD and Re(s) > 1. In case m # 0, it is known from [3, p.583]
and [1, Eq.(6.7)] when dD < 0 and [4, proof of Proposition 5] and [1,
Eq.(6.7)] when d, D > 0 that

2p
K+ (cl,—":12 ;c>

Trgp(Gom(r,8) = 7V2m/[dD] Y, 22 3 Lo ) -

I, (4)2/Dd]), dp <o,
(4.13) JS_Z (‘%\%Vﬁd), dD > 0.

5. Main results

In this section, we find explicit relations between the two lifts 3p and
35. As 3p is defined only on a harmonic weak Maass form h € Hy"
and F_,, 29, with positive integers m form a basis for H;"% | it suffices
to compare the values of the lifts on F_,, o_9,(7,v) for positive integers
m.

It follows from Proposition 3.3 that

3 A —14+2v
Fomaalr) = 0"+ (a0
_ (=14 2v,4wmy) _
1-2v n ) m
+ %C—W,Q—Ql/(na V)n q F(*l T 2V)

I'(—1+ 2v, —47mny)
T(—1+2v)

+ 3 e )] n
n<0

Applying (1.5) to (5.1), we obtain from (3.12) and (3.10) that
§o—ov(Fom2-2,(T,V))

drm) 12V _
(5.2) = ((_2_?_2”)' (qm - Z Com2—2(—n, V)|mn]1 2’/(]“)
’ n>0

= (47rm)_1+2”(2y —1)Fp00(T,v) € Soy.

We also observe from [1, Eq.(4.9)] that

Re(Fins(7,8)) = (54 5) P (7. ),
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which implies with (3.7) that

(53) R—2 o R—4 0---0 R2—2V (F—m,Q—Zu(Tv V))
= —1DIF_p0(1,v) = G_p(T,0).

THEOREM 5.1. Let D be a fundamental discriminant satisfying
(=1)”D < 0. For positive integers m and odd integer v > 2, it holds

(—4n|D})~2t"

fg_y(SB(F—mz—Qu(Ta v))) =— (-1 1)
2

3p(Foma—2(T,7)).

Proof. Note that D > 0. We first compute 3p(F_y, 2-2,(7,7v)). By
(4.6), (4.5) and (5.3), we have that

(5.4)
2
3p(Foma-a(r,v)) =Y xp(n)(m/n)"q nz '’
nlm
+ 3 (1) (4m) "2 | D|" 5 Trs p(Gm(r,v))q? € M,

d<0
Hence by (4.13),

(5.5)
3p(Flma2-20(T,v))

= > xom)(5)"q -2 1D '+Z><D S ()l am)r(van)

nlm 6:6D<0

m2D.
% (@)%‘ﬁﬁ—i K (6’ n? ’C)I mmA/[DS| )
n’ 'D 2 c ¢

c VT3 0

On the other hand, recall from (4.2) that

D 1 !
3 (Fmaan(Tv)) = (n> (m/”)le: 21p18s <7-7 g + 4) €H;_

nlm
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Applying (1.5) to (3.16) with m replaced by %2|D| and k replaced by

% — v, we obtain

6<0

1.,
) BHFma-alr, ) and 30(F-ma 7, )

both are %(F,mg,gy(ﬂ v)) defined in [1, Eq.(3.9)]:

Hence —

3Pz an(r) =Y <§> (%)Vq—%im +0(q).
nlm

As claimed in [1], there is a unique form of such. So the theorem holds
when v is odd. Note that when v is even, D < 0 and § > 0, but this
case does not occur in (5.6). O

THEOREM 5.2. Let D be a fundamental discriminant satisfying

(=1)”D > 0. For positive integers m and even integer v > 2, it holds
(5.7)

&3 30 (Foma-2,(7,0))) = ~(v = )VETD" 3 (Foma-an (7))

Proof. For a fundamental discriminant D with (—1)”D > 0 (in fact
D > 0, because v is even), we have from (4.1), (3.15), (2.12), (2.13),
(4.11) and (4.13) that
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(5.8)
D v 1
+ _ +
nim "
1 D\ m_,
N F(V+5)%<n> (n)
2D b 5,2+ Lygrigp
X < qgn -+ Z T—;D,%-&-u( ,5—1—1) 2q
(—1)¥§=0,1(4)
5>0
= — ) (=)"qn?
L(v+3) mzm nj) n
S RIS
1 s, p\G—_m\T,V))q S Ly
(—1)¥6=0,1(4) F(V+ 5)
5>0

where the last equality holds by [7, Theorem 4.1].
On the other hand, we obtain from (5.1) and (4.10) that

(5.9)
m2
3p(Fompa—2u(1,v)) = ZXD(n)ny_lq_TﬂD‘
njm
A7 —142v
( ) 'C—m,2—2y(0, V)

1
ZL(1 - Nl

+ Z TAr(g,D(F_m,z—w(Ta V))qw
§:D5<0

) 1 _
+ > Trsp(Fomaan(r,v)T(v — 3 4mldly)a ol e HEP,
2
6:D6>0

Hence by (1.5), we have that
€5, (3p(Foma-20(7,v)))
(5.10) =~ 3 Trsp(Fomao(r,v))(4m8)" " 24,

6:D6>0
6>0
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Applying (4.8), (4.7), (4.9), (5.3), (4.12), and (4.11) in turn below, we
find that

(5.11)
Trs p(F_m,2—20(T,V))

= (1) dm) D T 55 Trs p(Ea—op (Fomo—2u (7, 1))
:(—1)%(4w)1—vzv—1r(g+%)r(g) b1~

It then follows from (5.10) and (5.11) that

(5.12)
6%,,,(3D(F—m,2—2u(7'a V)))

1 )
(—1)¥6=0,1(4) F(V - 5)
550
Finally, the theorem follows from (5.8) and (5.12). O
References

1]

2]

K. Bringmann, P. Guerzhoy, and B. Kane, Shintani lifts and fractional derivatives
for harmonic weak Maass forms, Adv. Math. 255 (2014), 641-671.

J. H. Bruinier and J. Funke, On two geometric theta lifts, Duke Math. J. 125
(2004), no. 1, 45-90.

W. Duke and P. Jenkins, Integral traces of singular values of weak Maass form,
Algebra and Number Theory 2 (2008), no. 5, 573-593.

W. Duke, O. Imamoglu, and A. Toéth, Cycle integrals of the j-function and mock
modular forms, Ann. Math. 173 (2011), no. 2, 947-981.

B. Gross, W. Kohnen, and D. Zagier, Heegner points and derivatives of L-series,
II, Math. Ann. 278 (1987), 497-562.

D. Jeon, S.-Y. Kang, and C. H. Kim, Weak Maass-Poincaré series and weight
3/2 mock modular forms, J. Number Theory 133 (2013), no. 8, 2567-2587.

D. Jeon, S.-Y. Kang, and C. H. Kim, Zagier-lift type arithmetic in harmonic
weak Maass forms, J. Number Theory 169 (2016), 227-249.

W. Kohnen, Fourier coefficients of modular forms of half-integral weight,
Math. Ann. 271 (1985), 237-268.

D. Zagier, Traces of singular moduli, Motives, polylogarithms and Hodge theory,
Part I, Irvine, CA, 1998, International Press Lecture Series 3, Part I (Int. Press,
Somerville, MA, 2002) 211-244.



200 Soon-Yi Kang

*

Department of Mathematics
Kangwon National University
Chuncheon 24341, Republic of Korea
E-mail: sy2kang@kangwon.ac.kr



