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A REMARK ON A STABILITY IN MULTI-VALUED
DYNAMICS

HAHNG-YUN CHU*, JONG-SUH PARK**, AND SEUNG KI YOoO***

ABSTRACT. In this article, we consider the Hyers-Ulam stability in
multi-valued dynamics. We prove the Hyers-Ulam stability for a
cubic set-valued functional equation on multi-valued dynamics by
using several methods.

1. Introduction

The stability problems of functional equations originated from a ques-
tion of Ulam [13] concerning the stability of group homomorphisms. D.
H. Hyers [4] gave a partial answer to the question of S. M. Ulam for Ba-
nach spaces. The Hyer’s theorem was generalized by Aoki [1] for additive
mappings. Th. M. Rassias [12] proved the stability of a linear mapping
by using a Cauchy difference. The stability for set-valued functional
equations has been investigated by a number of authors[2, 3, 7, 8, 11].

It is obvious that the cubic monomial f(z) = ax?®(a € R) satisfies the
functional equation

(11)  fQRr+y)+ fQ2x—y)=2f(z+y)+2f(x—y)+12f(z).

Every solution of (1.1) is called a cubic mapping. Jun and Kim [5] proved
the generalized Hyers-Ulam Rassias stability problem for equation (1.1).
Jun et al. [6] studied the cubic functional equation

flaz +y) + flaz —y) = af(x +y) +af(z —y) + 2a(a® - 1) f(2).

Najati and Moradlou[10] considered general solution and investigate the
generalized Hyers-Ulam-Rassias stability problem for an Euler-Lagrange
type cubic functional equation 2mf(z + my) + 2f(mz —y) = (m3 +
m)[f(z +y) + f(z —y)] +2(m* — 1) f(y) with m # 0, £1.
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Let Y be a Banach space. We propose several notations for subfam-
ilies of P(Y'). Let CB(Y') be the set of all closed bounded subsets of Y
and CC(Y) the set of all closed convex subsets of Y. Let CBC(Y') be
the set of all closed bounded convex subsets of Y. For elements A, B of
CC(Y), we denote A@ B := A+ B. If A is convex, then we obtain that
(a+ B)A = A+ A for all a, B € RT.

In this article, we first define a cubic set-valued functional equation
of type (EL),

(1.2)
2k f(e+ky)®2f (kx—y) = (K*+k) f(a+y) (k> +k) f (2 —y)@2(k" ~1) f(y)

where k > 2 is an integer. Then we prove the Hyers-Ulam stability
problem for the set-valued functional equation.

2. Stability for a set-valued functional equation

In this section, we deal with the Hyers-Ulam stability for the cubic
set-valued functional equation(1.2) by using direct method and the fixed
point technique. For A, A" € CB(Y), the Hausdorff distance di (A, A")
between A and A’ is defined by

dy(A, A =inf{la >0l AC A +aBy, A C A+ aBy},
where By is the closed unit ball in Y. The following remark is so useful
to compute set-valued equations.
REMARK 2.1. Let A, A", B,B',C € CBC(Y) and o > 0. Then we
have that
(1) dy(A® A, Be B') <dy(A,B)+dy(A’, B);
(2) dg(aA,aB) =« dy(A, B);
(3) dg(A,B) =dyg(Aae C, Ba ().
Let X be areal vector space. We define the cubic set-valued functional
equation of type (EL).

DEFINITION 2.2. Let f: X — CBC(Y) be a mapping and z,y € X.
The cubic set-valued functional equation of type (EL) is defined by
fRe+y) @ f2r—y) =2f(x+y) &2f(r —y) ©12f(2).
Every solution of the cubic set-valued functional equation is said to be

a cubic set-valued mapping of type (EL).

In the following theorem, we prove the Hyers-Ulam stability of the
cubic set-valued functional equation of type (EL).
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THEOREM 2.3. Let k > 2 be an integer and let ¢ : X? — [0,00) be a
function with satisfying the property that for every x,y € X,

(2.1) Z k:?” ) < o0, nh_)rrgo k%qﬁ(k"m,k”y) =0.

Suppose that f : X — (CBC(Y),dy) is a set-valued mapping with
f(0) = {0} and

dr (2kf(x + ky) ® 2f (kx —y), (k° + k) f(z + ) & (K + k) f(z — y)
(22) @2(k* —= 1) f()) < é(z,y)

for all x,y € X. Then there exists a unique cubic set-valued mapping of
type (EL) T : X — (CBC(Y),dp) such that

(2.3) A (@), T(@)) < 515 > 25 6(K',0)

=0
for all x € X.

Proof. Put y =0 in (2.2). Thus we have

(24)  du(2kf(x) @ 2f (k) 2(k° + k) f(z) & 2(k" = 1) f(0)) < é(x,0)
for all x € X. By remark2.1, we get

(2.5) du (21 (kz), 23 £ (2)) < (,0)
for all x € X. Divide by 2k® in (2.5). We get
1
(26) dn (554 (0), (@) < 5756(2,0)
for all x € X. Replace z by kxz and multiply by k;% in (2.6), so we obtain
1 1
2
for all z € X. From (2.6) and (2.7), we have
(28)  du(f(e), 15/ (K0) < 530(,0) + 55k, 0)
" kS =2k 2k6
for all x € X. Using the induction on n, we get
(2.9)

1

. 12 i
dy (f(x), kﬁf(k m)) < %3 ; ﬁqs(k = 2k‘3 Z ]€3z
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for all z € X. Divide by %™ in (2.9) and let x by k™. Thus we obtain

1 1 1 .
1L 1 .
=0

for all x € X. The right-hand side of the inequality (2.10) tends to
zero as m — oo. Hence the sequence { k%" f(k™z)} is a Cauchy sequence
in CBC(Y). From the completeness of CBC(Y'), we define a mapping

T:X — (CBC(Y),dy) as

. 1 n
T(x) := nh_)f{.lo kﬁf(k x)
for all z € X. By setting n — oo in (2.9), we have the inequality (2.3).
Replacing by "z and y by "y and dividing by £%" in (2.2), we get

i (2K (@ ky) & 26 (7 (ke — ),

o
(K +B)[f (K (z+y) @ [ (kz—y) @2k’ —1)f(K"y))
<

(2.11) k%gb(k:”a:,k"y)
for all z,y € X. Taking the limit as n — oo, we obtain that T satisfies
equation (1.2) for all z,y € X.

To prove uniqueness of the mapping 7', let 77 : X — (CBC(Y),dy)
be another cubic set-valued mapping of type (EL) satisfying (1.2). Then
we have T’(k"z) = k*"T'(z) for all z € X and n € N.

dn(T(@) | T’(x)):k%dH(T(k:”x),T/(k”x))
(2.12) < k%(dH (T(k"2), f(k"2)) + g (f(k"2), T' (k"))
< im0 o0
=0

for all z € X. Thus we get T'(z) = T'(z) for all x € X which completes
this proof. ]
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REMARK 2.4. Let ¢ : X? — [0,00) be a function with satisfying the
property

1

Y y) =0 for all z, y € X.

1 1
Zk?”qﬁ(yw,O) < 00, hm k?’”qﬁ(—aﬁ
=0

Suppose that f : X — (CBC(Y),dy) is a set-valued mapping with

f(0) = {0} and

di (25 (@ + ky) @ 2f (kx — ), (K* + k) f (v + y) © (B + B) f (2 — p)
@2k = 1)f(y) < ¢(z,y)

for all z,y € X. Then there exists a unique cubic set-valued mapping of
type (EL) T': X — (CBC(Y),dp) such that for each z € X,

dy (f(z), T(x)) < %3 Zlf% M ,0).

COROLLARY 2.5. Let € > 0, 0 < p < 3 be real numbers. Let f: X —
(CBC(Y),dy) be a set-valued mapping with satisfying the property
dir (2kf (z+ky) ©2f (kx —y), (K> + k) f(z+y) @ (k*+ k) fz —y) ©2(k* —
Df(y)) < e(||lz||P + ||y||P) for all z,y € X. Then there exists a unique
cubic set-valued mapping of type (EL)

T:X — (CBC(Y),dy)

that satisfies (1.2) and dy (f(z), T(z)) < WHJJH for all x € X.

Proof. The result directly follows theorem 2.3 by setting

o(z,y) = e(llz]|” + [lylI”)
for all z,y € X. O

REMARK 2.6. In the corollary 2.5, we have results by setting p > 3.
That is, we obtain a unique cubic set-valued mapping of type (EL) T
given by

T:X — (CBC(Y),dy)

that satisfies (1.2) and dy (f(z), T (z)) < P for all z € X.

Next we investigate the Hyers-Ulam stability of the cubic set-valued
functional equation of type (EL) using the alternative fixed point.
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LEMMA 2.7. [9] Let (X,d) be a complete generalized metric space
and let J : X — X be a strictly contractive mapping with Lipschitz
constant L. < 1. Then for each element x € X, either

d(J"z, J" ) = 0o
for all nonnegative integers n or there exists a positive integer ng such
that
(1) d(J"z, J" tz) < 0o, Vn > no;
(2) the sequence {J"x} converges to a fixed point y* of J;
(3) y* is the unique fixed point of J in theset Y = {y € X|d(J™z,y) <
00};

(4) d(y,y*) < 27d(y, Jy) for ally € Y.

THEOREM 2.8. Let f : X — (CBC(Y),dy) be a mapping with
f(0) = {0} such that

d (2kf(z + ky) © 2f (kx — y), (K> + k) f(z +y) & (K + k) f(z —y)

(2.13) D2k = 1)f(y)) < o(x,y)
for all z,y € X. Suppose that a function ¢ : X? — [0, oc] satisfies
(2.14) ¢(kx, ky) < k*Lo(x,y)

for all x,y € X. Then there exists a unique cubic set-valued mapping of
type (EL) T : X — (CBC(Y),dy) such that

(2.15) di (f(z), T(z))
forallx € X.
Proof. Setting y = 0 in (2.13) we have
di( 2kf(z) @ 2f(kz), (k*+k)f(z)® (k*+k)f(z)®2(k*—1)f(0))
< ¢(z,0)
for all x € X. By the remark 2.1 , we get
(2.16) i (5 F k), () < 350(2,0)

for all z € X. Let S be the set of all mapping g : X — CBC(Y) with
g(0) = {0}. We define a generalized metric on S given by

d(g1(x), g2(x)) := inf{M € [0,00)|dn(g1(), g2(x) < M(x,0),x € X},
and also define a mapping J : S — S by

(J9)() = (k)

1
< m¢($a 0)
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for every g € S and x € X. Let M be an arbitrary nonnegative constant
with d(g1(x),g2(x)) < M. Then we have dg(g1(z), g2(x)) < M¢(zx,0)
for all x € X. Thus we have
1
du ((Jg1)(z), (Jg2)(z)) ﬁdH (g1(kx), g2(kx))
1
ﬁMqﬁ(kx, 0)

< MLg(z,0)

IN

for all x € X. By the definition of the generaizedl metric, we get that
for each ¢g1,90 € S,

d(Jg1,Jg2) < Ld(g1,g2)-

So J is a strictly contractive mapping with the Lipschitz contant L.
Using (2.16), we easily obtain that d(Jf, f) < ﬁ By lemma 2.7, there
exists a unique fixed point T" of J given by

T:X — (CBC(Y),dy) such that J"f — 0 as n — co.
Thus we have T'(z) = lim, oo (J"f)(x) = limp_eo k%f(k:"x) for all

xz € X. By lemma 2.7, we also have

1
d(f,T) < ﬁd(‘]faf)é m

It follows from (2.13) and (2.14) that
dy (2kT(z + ky) & 2T(kx —y), (k> +k)T(xz+y) ® (k° + k)T (z —y)
& 2(k*—1)T(y)) < lim

— nsoo 2k3n

for all z,y € X. Therefore T': X — (CBC(Y),dy) is a unique cubic
set-valued mapping of type (EL). O

p(k"z, k"y) =0

REMARK 2.9. Let 0 < p < 3 and 0 > 0 be real numbers. Let
f: X = (CBC(Y),dy) with f(0) = {0} be a mapping satisfying
dy (2kf(z +ky) @ 2f(kz —y), (K + k) f(z +y) & (K + k) f(z—y)

@ 2(k' = 1)f(y) < 0(|lPP + yl”)

for all z,y € X. Then there exists a unique cubic set-valued map-
ping of type (EL) T': X — (CBC(Y),dy) such that dg(f(x),T(z)) <
WH:UHP for all x € X. Using a similar method, we get the same
result for the case p > 3.
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