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PRINCIPAL COFIBRATIONS AND GENERALIZED
CO-H-SPACES

YEON S0O0 YOON*

ABSTRACT. For a map p : X — A, there are concepts of co-HP-
spaces, co-TP-spaces, which are generalized ones of co-H-spaces
[17,18]. For a principal cofibration i, : X — C, induced by r :
X' — X from ¢ : X' — ¢X’, we obtain some sufficient conditions to
having extensions co-HP-structures and co-T”-structures on C,. of
co-HP-structures and co-TP-structures on X respectively. We can
also obtain some results about co-HP-spaces and co-T?-spaces in
homology decompositions for spaces, which are generalizations of
Golasinski and Klein’s result about co- H-spaces.

1. Introduction

A map f: X — B is cocyclic [13] if there isamap  : X — X VB
such that j0 ~ (1 x f)A, where j : X V B — X x B is the inclusion and
A : X — X x X is the diagonal. It is clear that a space X is a co-H-
space if and only if the identity map 1x of X is cocyclic. We called a
space X as a co-HP-space for a map p: X — A [17] if there is a cocyclic
map p : X — A, that is, there is a co-HP-structure § : X — X V A
such that jO ~ (1 x p)A, where j : X VA — X x A is the inclusion and
A X — X x X is the diagonal. It is clear that if X is a co-H-space,
then for any map p : X — A, X is a co-HP-space. In Example 2.4,
there is a space (), which is a co-H d_space, but not a co-H-space. Let
7 be the adjoint functor from the group [XX,Y] to the group [X, QY.
The symbols e and ¢’ denote 771 (1gx)and 7(1xx) respectively. In [1],
Aguade introduced a T-space as a space X having the property that the
evaluation fibration QX — X5 — X is fibre homotopically trivial. It is
well known [1] that a space X is a T-space if and only if the evaluating
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map e : QX — X is ¢yclic. As a dual space of T-space, we introduced
[14] that a space X is a co-T-space if ¢/ : X — QXX is cocyclic. A space
X is called [5] a G'-space if G"(X) = H"(X) for all n. It is clear that
any co-H-space is a co-T-space, and any co-T-space is a G'-space. It is
known [14] that RP? is a G’-space, but not a co-T-space. We called a
space X as a co-TP-space for a map p: X — A [18]if ¢ : X — QXX
is p-cocyclic, that is, there is a co-TP-structure 6 : X — Q3 X V A such
that jO ~ (¢/ x p)A, where j : QXX VA — QXX x A is the inclusion
and A : X — X x X is the diagonal map. It is shown [18] that X is a
co-T-space if and only if for any space A and any map p: X — A, X
is a co-TP-space for a map p : X — A. We called a space X as a G;—
space for a map p: X — A [19] if ¢ : X — QXX is weakly p-cocyclic,
that is, e*(H"(QXX)) C G"(X,p, A) for all n. For amap p: X — A,
there are concepts of co-HP-spaces, co-TP-spaces and G;—spaces which
are generalized ones of co-H-spaces. In general, any co-H-space is a
co- HP-space, any co-HP-space is a co-TP-space and any co-TP-space is a
G;)—Space. In [19], we already studied about some properties of G;-spaces
for maps and their homology decompositions.

In this paper, we study about relationships between co-HP-spaces,
co-TP-spaces and their homology decompositions respectively. For a
principal cofibration 7, : X — C, induced by r : X’ — X from ¢x :
X' — ¢X’', we obtain some sufficient conditions to having extendings
co- HP-structures and co-TP-structures on C, of HP-structures and TP-
structures on X respectively. Let X and A be rational spaces and
p: X — A amap, and {X,,qn,in} and {A,,q,,,} homology decom-
positions for X and A respectively. Then we can obtain that X is a
co-HP-space for a map p : X — A if and only if for each n, X, is a
co-HPr-space and the all pair of £’ invariants (k/,(A), k(X)) : psx — pn
are co-HP»-primitive. Thus we have, as a corollary, that Golasinski
and Klein’s result about co-H-spaces. We can also obtain that X is a
co-TP-space for a map p : X — A if and only if for each n, X, is a
co-TPn-space and the all pair of k" invariants (k},(A), k(X)) : px — pn
are co-TP»-primitive.

2. Dual Gottlieb sets for maps and generalized co-H-spaces

Let p: X — A beamap. A based map f : X — B is called p-cocyclic
[10] if there is a map 6 : X — AV B such that the following diagram is
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homotopy commutative;

Xxx P9 4y B

where j : AV B — A x B is the inclusion and A : X — X x X is the
diagonal map. We call such a map 0 a coassociated map of a p-cocyclic
map f.

In the case p = 1x : X — X, f : X — B is called cocyclic
[13]. Clearly any cocyclic map is a p-cocyclic map and also f : X —
B is p-cocyclic iff p : X — A is f-cocyclic. The dual Gottlieb set
DG(X,p,A; B) for a map p : X — A [16] is the set of all homotopy
classes of p-cocyclic maps from X to B. In the case p = 1x : X — X,
we called such a set DG(X, 1, X; B) the dual Gottlieb set [13] denoted
DG(X; B), that is, the dual Gottlieb set is exactly same with the dual
Gottlieb set for the identity map. We denote DG (X, p, A; K(m,n)) by
G"(X,p, A;m) and DG(X,p, A; K(Z,n)) by G*(X,p, A), DG(X; K(Z,n))
by G"(X). Haslam [5] introduced and studied the coevaluation subgroups
G"(X;m)of H"(X;m). G™(X;m) is defined to be the set of all homotopy
classes of cocyclic maps from X to K(m,n). A space X is called [5] a
G'-space if G"(X) = H"(X) for all n.

In general, DG(X;B) C DG(X,p,A;B) C [X, B] for any map p :
X — B and any space B. It is known [16] that for any n, G"(S™ x
S™7Z) # GM(S™ x S, p1,S™ L) £ H™(S™ x S™, 7).

The next proposition is an immediate consequence from the defini-
tion.

PROPOSITION 2.1. [17]
(1) Forany mapsg: X — A, h: A — B and any space C, DG(X, g, A;C) C
DG (X, hg, B; C).
(2) DG(X, B) = DG(X,1x, X; B) C DG(X, g, A; B) C DG(X, *, A; B) =
[X, B] for any spaces X, A and B.
(3) DG(X,B) = "{DG(X,g9,A;B)|lg : X — A is a map and A is a
space}.
(4) If h : A — B is a homotopy equivalence, then DG(X, g, A;C) =
DG (X, hg, B;c).
(5) For any map k:Y — X, k*(DG(X,g,A;B)) C DG(Y, gk, A; B).
(6) For any map k:Y — X, k*(DG(X; B)) C DG(Y,k,X; B).
(7) For any map s: B — C,s,(DG(X,g,A;B)) C DG(X, g, A;C).
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PROPOSITION 2.2.
(1) [9] X is a co-H-space <= DG (X, B) = [X, B] for any space B.
(2) [14] X is a co-T-space <= DG(X,QC) = [X,QC] for any space C.
(3) [5] X is a G'-space <= G"(X) = H"(X) for all n.

It is clear that any co- H-space is a co-T-space and any co-T-space is a
G'-space. It is known [14] that RP? is a G'-space, but not a co-H-space
and co-T-space.

PRrROPOSITION 2.3. Let p: X — A be a map. Then
(1) [17] X is a co-HP-space <= DG(X,p, A; B) = [ X, B] for any space
B.
(2) [18] X is a co-TP-space <= DG (X, p, A;QC) = [X, QC| for any space
C.
(3) [19] X is a G},-space <= G"(X,p, A) = H"(X) for all n.

Thus we know that any co-H-space is a co-HP-space, any co-HP-
space is a co-TP-space and any co-TP-space is a G;—space for any map
p: X — A

The following example says that there is a space which is a co-HP-
space, but not a co- H-space.

EXAMPLE 2.4. For any odd prime p, let [f] be the generator of p-
primary summand of my,_3(S?) which is isomorphic Z/pZ. Then it is
known [7] that for Q, = 5% Uy 72, cat Q, = 2. It is also well known
fact that a space X is a co-H-space if and only if cat X < 1. Thus
we know that @, is not a co-H-space. It is also known [6, Proposition
15.8] that for a cofibration sequence S*%~3 i> S22 4 Qp 0 ga=2 -,
§ 1 Qp — S¥72 is a cocyclic map. Moreover, it is known [16] that
p: X — A is a cocyclic map if and only if DG(X,p, A; B) = [X, B] for
any space B. Thus we know that Q, is a co-H®-space.

3. Principal cofibrations and generalized co-H-spaces

Given maps p: X — A, p': X' — A', let (s,r) : p’ — p be a map
from p’ to p, that is, the following diagram is commutative;

XA

S

X -2 oA
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It is a well known fact that ¥ = ¢Y — XY is a cofibration, where
t(y) = [y,1]. Let i, : X — C, be the cofibration induced by r: X’ — X
from vy : X’ — ¢X’. Let iy : A — Cs be the cofibration induced by
s: A — Afrom 1y : A’ — cA’. Then there is a map p : Cy — C; such
that the following diagram is commutative

X 25 4

o

CT L) 087
where C, = ¢X' I X /[2/,1] ~ r(2), and Cs = cA'IT A/[d’, 1] ~ s(d’), P :
C, — Cy is given by p([2’,t]) = [p'(2),t] if [2/,t] € ¢X' and p(x) = p(x)
ifre X, i(r) =2z, is(a) =a.

DEerINITION 3.1. Let X be a co-HP-space for a map p : X — A.
A map (s,r) : p' — p is called a co-HP-primitive if there is a map
0 : X — AVX such that j0 ~ (px1)A and (isVi,)0r ~ x : X' — CsVC,,
where j: AV X — A x X is the inclusion.

DEFINITION 3.2. Let X be a co-TP-space for a map p : X — A.
A map (s,r) : p) — p is called a co-TP-primitive if there is a map
0: X — AV QXX such that jO ~ (p x €' )A and (is V Q%i,)0r ~ * :
X' — CsvQXC,, where j: AV QXX — A x QXX is the inclusion.

DEFINITION 3.3. [19] Let X be a Gj,-space for a mapp: X — A. A
map (s,r): p' — p is called a G,-primitive if for each map g : QXX —
K(Z,m), m arbitrary, there is a map G : X — AV K(Z,m) such that
JG ~ (px goe€y)A and (is V1)Gr ~ % : X' — Cy V K(Z,m), where
Jj: AV K(Z,m)— Ax K(Z,m) is the inclusion and €'y : X — QXX is
the adjoint functor image, T(1yx), of 1xx.

PROPOSITION 3.4.
1) If X is a co-HP-space for a ma X > Aand (s,7):p = pisa
( P pp 7)) ip = p
co-HP-primitive, then (s,r) : p’ — p is a co-TP-primitive.
2) If X is a co-TP-space for a ma : X - Aand (s,r):p = pisa
( j p p ) ip = p
co-TP-primitive, then (s,r) : p’ — p is a G)-primitive.

Proof.
(1) Since (s,r) : p' — p is a co-HP-primitive, there is a map 0 : X —
AV X such that j0 ~ (p x 1)A and (is V i,)0r ~ % : X' — Cs V Cy,
where j : AV X — A x X is the inclusion. Let ¢/ = (1Vve)d: X —
AV QYXX. Then j/0' ~ (1 x €)j0 ~ (1 x €)(p x DA = (p x €)A,
where j/ : AV QXX — A x QYX is the inclusion. Moreover, since
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(is VO%i)(1Vey) ~ (1Veg )(is Vir) : AVX = Cs VOXC,, we have
that (is vV Q¥i.)0'r ~ (is V Q%) (1 V ey )0r ~ (1V eg )(is Vi )0r ~
(1Veg, ) ~ . Thus (s,r): p’ — pis a co-TP-primitive.

(2) Since (s,r): p' — p is a co-TP-primitive, there is a map 6 : X — AV
QXX such that j60 ~ (pxe')A and (isV Qi )0r ~ * : X' — Cs VQXC,,
where j : AV QXX — A x QXX is the inclusion. For any m, each
g: QXX — K(Z,m),let 0 = (1Vg)d: X - AV K(Z,m). Then
J'0 ~ (1xg)j0 ~ (1xg)(pxe)A = (pxge')A, where j' : AVK(Z, m) —
A x K(Z,m) is the inclusion. Moreover, since (1 V Q3g)(is V Q3i,) ~
(isV1)(1Vyg): AVOAEXX — CsVQXK(Z,m), we have that (isV1)0'r =
(is VI)(1V g)fr ~ (1 V QXg)(is V Q%i,)0r ~ (1 V QXg)x ~ *. Thus
(s,7) : p' — p is a G)-primitive. O

LEMMA 3.5.

(1) A map f : X — B can be extended to a map h : C, — B with
hi, = f if and only if fr ~ x.

(2) [15] Given maps g; : C, — By(t = 1,2) and g : C, — By V By
satisfying p;jgi, ~ giir(t = 1,2), then there is a map h : C, — B1 V Bo
such that gi, = hi, and pijh ~ g:(t = 1,2), where j : B1V By — B1 X By
is the inclusion and p; : By X Bo — By, t = 1,2 are projections.

THEOREM 3.6.
(1) If X is a co-HP-space for a map p : X — A and (s,r) : p/ — p is
co-HP-primitive, then C, is a co-HP-space for a map p : C, — Cs.
(2) If X is a co-TP-space for a map p : X — A and (s,r) : p) = pis
co-TP-primitive, then C, is a co-TP-space for a map p : C, — Cs.

Proof.

(1) Since (s,r) : p’ — pis aco-HP-primitive, thereisamap 0 : X — AVX
such that jO ~ (p x 1)A and (is Vi, )0r ~ x : X' — Cy V C,., where
j:AVX — Ax X is the inclusion. From Lemma 3.5(1), there is an
extending ¢’ : C,. — CsV C, of (is Vi) o6 : X — CsV C,, that is,
0’ o i, = (is Viy) 0 6. Then we have that p1j'60'i, = p1j'(is V i,)0 =
pl(is X ZT)]Q ~ pl(is X ir)(p X 1)A =1isop ~ poi, and p?jle/ir =
p2y'(is V ir)0 = pa(is X ir)jO ~ pa(is X ir)(p X 1)A ~ i, ~ 1¢, 04,. Thus
we have, from Lemma 3.5(2), that there is a map 6 : C,, — C5 Vv C, such
that 0i, = 0'i, = (is Vi,)0 and p1j'0 ~ p and p2j’0 ~ 1¢,. Thus we
know that 1: C, — C, is p-cocyclic and C, is a co-HP-space for a map
p: C,. — Cs. This proves the theorem.

(2) Since (s,r) : p' — p is a co-TP-primitive, there is a map 6 : X —
AV QXX such that jO ~ (p x €)A and (is V QX6,)0r ~ % : X' —
CVQX O, where j : AVOQYX X — AxQY X is the inclusion. From Lemma
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3.5(1), there is an extending 6" : C, — Cs V QXC, of (is V QXi,) 00 :
X — Cs VQX(C,, that is, ¢ o4, = (is V QXi4,) 0 §. Then we have that
170" = P15 (i V Qi )0 = p1(is X QXi,)j0 ~ p1(is x Qi) (px ')A =
is 0 p ~ poi, and p2j/9,ir = p2j,(is \ QZZ})Q = p2(is X inr)je ~
p2(is x Q¥4 )(p x €)A ~ QXiey ~ e’cr o 4,. Thus we have, from
Lemma 3.5(2), that there is a map 6 : C, — C, V QXC, such that
0i, = 0"i, = (is V Q%4,)0 and p1j'0 ~ p and paj'0 ~ e’CT. Thus we know
that e’cr : O — QXC, is p-cocyclic and O, is a co-TP-space for a map
P : Cp — Cs. This proves the theorem. O

In 1959, Eckmann and Hilton [2] introduced a dual concept of Post-
nikov system as follows; A homology decomposition of X consists of
a sequence of spaces and maps {X,,qn,i,} satisfying (1) ¢, : X,, —
X induces an isomorphism (gp)« : Hi(X,) — H;(X) for i < n and
H;(X,) =0 fori>n, (2) i, : X, = X,41 is a cofibration with cofiber
M(Hn+1(X)7 n)( a Moore sSpace of type (Hn-i-l(X)v n))? (3) dn ~ Qn-i-loin-
It is known by [6] that if X be a 1l-connected space having the ho-
motopy type of CW complex, then there is a homology decomposition
{Xn,qn,in} of X such that i, : X,, = X,,+1 is the principal cofibra-
tion induced from ¢ : M(H,41(X),n) — ¢M(H,4+1(X),n) by a map
Kl M(Hp+1(X),n) = X,, which is called the dual Postnikov invariants.
A space X is called a rational space [11] if X is a 1-connected space hav-
ing homotopy type of a CW-complex such that for each n > 0, H,(X,Z)
is a finite dimensional vector space over Q. It is well known [11] that if
X and A are rational spaces and p : X — A is a based map, then there
exist homology decompositions {X,,, gn,in} and {A,,q),,i,} for X and
A respectively and induced maps {p, : X,, — A, } satisfying

(1) for each n, the following diagram is homotopy commutative

M (Hyi1(X),n) —2 M(Hp1(A),n)
k;l(X)l k;(A)l

Xn L A n

, that is, (k],(A), k], (X)) : p# — pn is a map,
(2) pnt+1 @ Xng1 — Apyg1 given by ppy1 = py satisfying commute
diagram
X, 25 A,

in(:%uo)l "%(:Lk/n(m)l

Pn+1
Xn—‘rl —_— An-‘rlv
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(3) for each n, the following diagram is homotopy commutative

X, —y A,

ol el

x 22 A
THEOREM 3.7. Let X and A be rational spaces and p : X — A a
map, and { X, qn,in} and {A,,q,,, i, } homology decompositions for X
and A respectively.

(1) If X is a co-HP-space for a map p : X — A, then each X, is a co-
HPr-space and the all pair of k" invariants (k],(A), k(X)) : px — pn are
co-HP" -primitive.

(2) If X,,—1 is a co-HPr—'-space and the pair of k'-invariants
(kl,_1(A),kl,_1(X)) : px — pn—1 is co-HPr—'-primitive, then X, is a
co-HP"-space.

Proof. (1) Since X is a co-HP-space for a map p : X — A, there is
amap 0 : X — AV X such that j6 ~ (p x 1)A, where j : AVX —
A x X is the inclusion. Then {4,V X, ¢,V qn, i}, Viy} is a homol-
ogy decomposition for AV X. Then we have, by Toomer’s result
[12,Theorem 4], that there are families of maps p,, : X,, = A, and
On : X, — A, V X, such that i\,p, = ppi1in and ¢, pn ~ Pan,
and (i), V in)0p = Opy1in and (¢}, V ¢n)0n ~ g, for n = 2,3, -
respectively, and &, (A)p« ~ pnk,(X) : M(Hp4+1(X),n) — A, and
(K (A)VE (X)0s ~ Ok (X) : M(Hpy1(X),n) = Ap VX, where
klL(A) : M(Hpy1(A),n) — A, kL (X) : M(Hp41(X),n) = X,
are k’-invariants of A and X respectively, p, : M(Hp11(X),n) —
M(Hp11(A),n) and 6, : M(Hp41(X),n) - M(Hp11(AVX),n) ~
M(Hoi1(A) © Hoy1 (X),n) & M(Hyg1(A),n) V M(Hyi1(X),n)
are the induced maps by p : X — Aand 0 : X — AV X re-
spectively. It is known [12] that the homology decomposition of a
rational space is well defined up to homotopy type. Thus we know
that if f ~g: X — A, then f,, ~ g, : X;, = Ay,. Since p1j0 ~p
and pgjf ~ 1, we know that p1j,.60, ~ p, and p9j,0, ~ 1. Thus
for each n, there exists a co- HP-structure 6,, : X,, — A,V X,, such
that jn,0, ~ (pp x 1)A, where j, : A, V X,, — A, x X,, is the
inclusion and p, : X,, — A, is an induced map from p : X — A,
and X, is a co-HPr-gpace. Moreover, since there is an extension
Hn—i—l : Xn+1 — An+1 vV Xn+1 of Qn such that Hn—‘rlin = (Z;Z V Zn)an,
we know, from Lemma , that (i), Vi,)0,k],(X) ~ % and all the pair
of k" invariants (k],(A), k(X)) : p» — pn are co-HPr-primitive.
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(2) It follows from Theorem 3.6 (1).
U

Observe that X and A are homotopy types of the direct limits hﬂ X,
and @An respectively. Moreover, since each X, a co-HP"-space and
all pair of k' invariants (k],(A), k., (X)) : px — ppn are co-HPr-primitive,
we see that X admit a co-HP-structure. Thus we have the following
corollary.

COROLLARY 3.8. Let X and A be rational spaces and p : X — A
a map, and {X,,qn,in} and {A,,q,,i,} homology decompositions for
X and A respectively. Then X is a co-HP-space for amapp: X — A
if and only if for each n, X, is a co-HPr-space and the all pair of k'
invariants (k},(A), kl,(X)) : px — pn are co-HPm-primitive.

Taking p = 1x,, P = Ly, (X)m), © = § = kp(X), we can ob-
tain, from the fact that ¢, : X, — X, 41 is a co-H-map if and only if
(kI (X), k(X)) :1— 1y, is co-H-primitive and the above corollary, the
following corollary given by Golasinski and Klein [3] for rational spaces.

COROLLARY 3.9. [3] Let X be a rational space and {X,,qn,in} a
homology decomposition for X. Then X is n co-H-space if and only if
for each X,, there exists such a co-H-structure that i, : X,, = Xpy1 is
a co-H-map.

THEOREM 3.10. Let X and A be rational spaces and p : X — A a
map, and { X, qn,in} and {A,,q,,, i, } homology decompositions for X
and A respectively.

(1) If X is a co-TP-space for a map p : X — A, then each X,, is a co-
TPn-space and the all pair of k' invariants (k,(A), k], (X)) : px — pn are
co-TPr-primitive.

(2) If X,,—1 is a co-TPn—1-space and the pair of k'-invariants
(K, _1(A),kl,_1(X)) : D« — pn—1 is co-TPr—'-primitive, then X, is a
co-TPr-space.

Proof. (1) Since X is a co-TP-space for a map p : X — A, there

isamap # : X — AV QXX such that j ~ (p x €')A, where
Jj: AVQYX — Ax QXX is the inclusion. Then {4, VQOXX,, ¢,V
OXqy, i, V Q¥i,} is a homology decomposition for A V QX X.
Then we have, by Toomer’s result [15,Theorem 4], that there are
families of maps p, : X, — A, and 0, : X,, — A, V QX X,
such that i, p, = ppt1in and ¢,pn ~ P, and (i), V Q¥i,)0, =
Opt1in and (g, V Q5qn)0n ~ 0Oqy, for n = 2,3,--- respectively,
and K, (A)ps ~ ppkl(X) : M(Hp41(X),n) — A, and (K, (A4) vV
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K (QEX)0, ~ 0,k (X) : M(Hp1(X),n) = A, VQEX,, where
kl(A) : M(Hpt1(A),n) — Ay, k(X) : M(Hp41(X),n) —» X,
are k’-invariants of A and X respectively, p. : M(Hp4+1(X),n) —
M(H,11(A),n)and 0, : M(Hy,q1(X),n) = M(Hpi1(AVOXX),n) &
M(Hn+1(A)@Hn+1(QZX), n) =~ M(Hn+1(A), n)\/M(Hn+1(QEX), TL)
are the induced maps by p : X — Aand 6 : X - AV Q¥XX
respectively. It is known [12] that the homology decomposition
of a rational space is well defined up to homotopy type. Thus
we know that if f ~ g : X — A, then f, ~ g, : X;, — A,.
Since p1j0 ~ p and pyjf ~ €, we know that py1j,0, ~ p, and
D2JnOn ~ e’Xn. Thus for each n, there exists a co-TP-structure
O, : X, — A,V QXX, such that j,0, ~ (p, % e’Xn)A, where
gn t ApVOQX X, — A, xQXX, is the inclusion and p,, : X,, — A, is
an induced map from p : X — A, and X, is a co-TP"-space. More-
over, since there is an extension 0,11 : Xp11 — Ant1 V QX X011
of 0, such that 6,414, = (i, V Q%i,)60,, we know, from Lemma
, that (i), V Q%i,)0,k!,(X) ~ % and all the pair of k¥’ invariants
(k(A), k(X)) : px — ppn are co-TPr-primitive.
(2) It follows from Theorem 3.6(2).
O

Observe that X and A are homotopy types of the direct limits hﬂ X,
and @An respectively. Moreover, since each X, a co-TP»-space and
all pair of k' invariants (k/,(A), k(X)) : px — pn are co-TPr-primitive,
we see that X admit a co-TP-structure. Thus we have the following
corollary.

COROLLARY 3.11. Let X and A be rational spaces and p: X — A a
map, and { X, qn,in} and {A,,q,,, i, } homology decompositions for X
and A respectively. Then X is a co-TP-space for amapp: X — A if and
only if for each n, X,, is a co-TP-space and the all pair of k' invariants
(kl,(A), k(X)) : D« — pn are co-TPr-primitive.
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