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DOUBLE (r,s)(u,v)-PREOPEN SETS

EuN Pyo LEE* AND SEUNG ON LEE**

ABSTRACT. We introduce the concepts of double (r, s)(u, v)-preopen
sets, double (7, s)(u, v)-preclosed sets and double pairwise (r, s)(u, v)-
precontinuous mappings in double bitopological spaces and investi-
gate some of their characteristic properties.

1. Introduction

Chang [2] defined fuzzy topological spaces. These spaces and its
generalizations are later studied by several authors, one of which, devel-
oped by Sostak [12], used the idea of degree of openness. This type of
generalization of fuzzy topological spaces was later rephrased by Chat-
topadhyay, Hazra, and Samanta [3], and by Ramadan [11].

As a generalization of fuzzy sets, the concept of intuitionistic fuzzy
sets was introduced by Atanassov [1]. Coker and his colleagues [4, 6,
7] introduced intuitionistic fuzzy topological spaces using intuitionistic
fuzzy sets. Using the idea of degree of openness and degree of nonopen-
ness, Coker and M. Demirci [5] defined intuitionistic fuzzy topological
spaces in Sostak’s sense as a generalization of smooth fuzzy topological
spaces and intuitionistic fuzzy topological spaces.

Kandil [8] introduced and studied the notion of fuzzy bitopological
spaces as a natural generalization of fuzzy topological spaces.

In this paper, we introduce the concepts of double (r, s)(u, v)-preopen
sets, double (7, s)(u,v)-preclosed sets and double pairwise (r,s)(u,v)-
precontinuous mappings in double bitopological spaces and investigate
some of their characteristic properties.
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2. Preliminaries

Let I be the unit interval [0, 1] of the real line. A member u of IX
is called a fuzzy set of X. For any u € IX, u¢ denotes the complement
1 — p. By 0 and 1 we denote constant maps on X with value 0 and
1, respectively. All other notations are standard notations of fuzzy set
theory.

Let X be a nonempty set. An intuitionistic fuzzy set A is an ordered
pair

A= (pa,74)
where the functions g : X — I and v4 : X — I denote the degree of
membership and the degree of nonmembership, respectively, and pa +
ya < 1.

Obviously every fuzzy set 1 on X is an intuitionistic fuzzy set of the
form (p, 1 — p).

DEFINITION 2.1. [1] Let A = (pa,v4) and B = (up,yp) be intu-
itionistic fuzzy sets on X. Then
( ) ACBIiff ua < up and v4 > vp.
2) A Biff AC B and B C A.
) (")/AvMA)
) ANB = (pa A p,¥A V VB)-
) AUB = (uaV pup,va AB)-
) 0~ = (0,1) and 1. = (1,0).

Let f be a mapping from a set X to a set Y. Let A = (ua,7v4) be
an intuitionistic fuzzy set of X and B = (up,yp) an intuitionistic fuzzy
set of Y. Then:

(1) The image of A under f, denoted by f(A), is an intuitionistic fuzzy
set in Y defined by

F(A) = (f(pa), 1= F(1 = 7a)).
(2) The inverse image of B under f, denoted by f~!(B), is an intu-
itionistic fuzzy set in X defined by

FHB) = (fHus), fH(1B)).

An intuitionistic fuzzy topology on X is a family T of intuitionistic
fuzzy sets in X which satisfies the following properties:

(1) 0,1 € T.
(2) If A1, Ao €T, then AiNAy eT.
(3) If A; € T for all 4, then |JA; € T.
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The pair (X, T) is called an intuitionistic fuzzy topological space.
Let I(X) be a family of all intuitionistic fuzzy sets of X and let I ® I
be the set of the pair (r,s) such that r,s € I and r + s < 1.

DEFINITION 2.2. [12] Let X be a nonempty set. An intuitionistic
fuzzy topology in Sostak’s sense THY = (T*,T7) on X is a mapping
T I(X) - I QI(TH,TY : I(X) — I) which satisfies the following
properties:

(1) THO0~) =TH(1~)=1and T7(0~) =T7(1~) = 0.

(2) THANB) > THA)ANTH(B) and TY(ANB) < TV(A) VvV TY(B).

(3) THUAi) = ATH(Ai) and T7(UJ Ai) <V T7(4).
The (X, THY) = (X, TH*,T7) is said to be an intuitionistic fuzzy topolog-
ical space in Sostak’s sense. Also, we call TH(A) a gradation of openness
of A and T7(A) a gradation of nonopenness of A.

Let A be an intuitionistic fuzzy set in an intuitionistic fuzzy topolog-
ical space in Sostak’s sense (X,7*,77) and (r,s) € I ® I. Then A is
said to be

(1) a TH-fuzzy (1, s)-open set if TH(A) > r and T7(A) < s,
(2) a TH -fuzzy (1, s)-closed set if TH(A®) > r and T7(A°) < s.

Let (X, 7", 77) be an intuitionistic fuzzy topological space in Sostak’s
sense. For each (r,s) € I®I and for each A € I(X), the THV-fuzzy (r, s)-
closure is defined by

THI-cl(A,r,s) ﬂ{B € I(X)| ACB,B is T"-fuzzy (r,s)-closed}
and the THY-fuzzy (r, s)-interior is defined by
TH-int(A, 7, s) U{B € I(X)| AD B, B is TH-fuzzy (r,s)-open}.

LEMMA 2.3. [9] For an intuitionistic fuzzy set A in an intuitionistic
fuzzy topological space in Sostak’s sense (X, 7, 77) and (r,s) € I ® I,
we have:

(1) TH-cl(A, 1, s)¢ = TH-int(A°, r, s).
(2) TH-int(A,r, s)¢ = TH-cl(A%, 1, s).

A system (X, THY UHY) consisting of a set X with two intuitionistic
fuzzy topologies in Sostak’s sense 7#7 and U*7 on X is called a double
bitopological space.

DEFINITION 2.4. [9] Let A be an intuitionistic fuzzy set of a double
bitopological space (X, 7Y, U*7) and (r,s), (u,v) € I ® I. Then A is
said to be
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(1) (THY,U*7)-double (r, s)(u, v)-semiopen if there is a TH7-fuzzy (r, s)-
open set B in X such that B C A C UM -cl(B, u,v),

(2) (UM, THY)-double (u,v)(r,s)-semiopen if there is an U"V-fuzzy
(u,v)-open set B in X such that B C A C TH-cl(B,r,s),

(3) (TH*Y,UF7)-double (r,s)(u,v)-semiclosed if there is a THV-fuzzy
(r,s)-closed set B in X such that U*7-int(B,u,v) C A C B,

(4) (U*Y, THY)-double (u,v)(r,s)-semiclosed if there is an UHV-fuzzy
(u,v)-closed set B in X such that 7#7-int(B,r,s) C A C B.

3. Double (r,s)(u,v)-preopen sets

DEeFINITION 3.1. Let A be an intuitionistic fuzzy set of a double
bitopological space (X, THY,U"Y) and (r,s), (u,v) € I @ I. Then A is
said to be

(1) a (TH,UM)-double (r,s)(u,v)-preopen set if
A C THY-Ant (UMY -cl(A, u,v), T, 8),

(2) an (UMY, THY)-double (u,v)(r, s)-preopen set if
A CUM-int(TH-cl(A,r, s),u,v),

(3) a (TH,UM)-double (r,s)(u,v)-preclosed set if
A D THY-cl((UM-int(A, u,v), T, s),

(4) an (UMY, THY)-double (u,v)(r, s)-preclosed set if
A D UM -cl((THM-int(A, 1, s), u,v).

THEOREM 3.2. Let A be an intuitionistic fuzzy set of a double bitopo-
logical space (X, THY,U*Y) and (7, s), (u,v) € I ® I. Then the following
statements are equivalent:

(1) Ais a (TH,U*)-double (r, s)(u,v)-preopen set.
(2) A®is a (THY,U*7)-double (r,s)(u,v)-preclosed set.

Proof. 1t follows from Lemma 2.3. O

COROLLARY 3.3. Let A be an intuitionistic fuzzy set of a double
bitopological space (X, 7TH*7,U"Y) and (r,s), (u,v) € I ® I. Then the
following statements are equivalent:

(1) Aisan (UMY, THY)-double (u,v)(r,s)-preopen set.
(2) A¢is an (UMY, THY)-double (u,v)(r, s)-preclosed set.

THEOREM 3.4. Let A be an intuitionistic fuzzy set of a double bitopo-
logical space (X, TH*Y,U"7) and (r,s), (u,v) € I ® I.

(1) If A is TH'-fuzzy (r,s)-open of (X, THY), then A is (THY,U7)-
double (r, s)(u,v)-preopen of (X, THY UFT).
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(2) If A is TH-fuzzy (r,s)-closed of (X, THY), then A is (THY,U"7)-
double (r, s)(u,v)-preclosed of (X, THY,UM7).
Proof. (1) Let A be a TH-fuzzy (r,s)-open set of (X,T#7). Then
A = TH-int(A,r,s). Clearly, we have A C UMV-cl(A,u,v) and hence
A=TH-nt(A,r,s) C TH-int(U""-cl(A, u,v),r,s).
Thus A is (THY,U*7)-double (r, s)(u, v)-preopen of (X, THY,UFT).
(2) Let A be a THY-fuzzy (r,s)-closed set of (X,TH#7). Then A =
THI-cl(A,r,s). Clearly, we have A D UH7-int(A, u,v) and hence
A=TH-cl(A,r,s) D TH -cl(U*-int(A, u,v), T, s).
Thus A is (TH7,U*7)-double (r, s)(u, v)-preclosed of (X, THY,U"Y). O
COROLLARY 3.5. Let A be an intuitionistic fuzzy set of a double
bitopological space (X, 7*Y,U*Y) and (r,s), (u,v) € I @ I.
(1) If A is UM'-fuzzy (u,v)-open of (X,UM7), then A is (UMY, THY)-
double (u,v)(r, s)-preopen of (X, THY UFY).
(2) If A is UM-fuzzy (u,v)-closed of (X,U"7), then A is (UMY, THY)-
double (u,v)(r, s)-preclosed of (X, THY,UM7).

But the converses in the above theorem and corollary need not be
true which is shown by the following example.

ExXAMPLE 3.6. Let X = {z,y} and let Ay, Ay, A3 and A4 be intu-
itionistic fuzzy sets of X defined as

As(z) = (0.5,0.2), As(y) = (0.1,0.8);
and
Ay(z) = (0.5,0.3), As(y) =(0.2,0.4).
Define T#7": I(X) - I ®@ I and UM : [(X) - I ® I by
(1,0) if A=0.,1.,
TH(A) = (TMA), T(A) = { (5,5) if A=Ay,
(0,1) otherwise;
and
1,0) if A=0.,1.,
UM(A) = U"(A)U(A) = (3,7) if A=Ay,
0

(0,1) otherwise.
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Then clearly (X, 7#Y,U"7) is a double bitopological space on X. The

intuitionistic fuzzy set A is a (7#7,U*7)-double (3,1)(},)-preopen

set which is not a TH7-fuzzy (3, 1)-open set and A§ is a (TH7,UM7)-
double (1, 1)(3, 1)-preclosed set which is not a TH#-fuzzy (3, 1)-closed
set. Also Ay is an (U*Y, T*7)-double (3, 1)(3, £)-preopen set which is not
an U -fuzzy (3, 1)-open set and A§ is an (Z/IW TH7)-double (%, H(3, %)—

preclosed set which is not an U*7-fuzzy ( -closed set.

51

LEMMA 3.7. That (7#Y,U"7)-double (r, s)(u, v)-semiopen ((UH7, THY)-
double (u,v)(r, s)-semiopen) and (7#7,U"Y)-double (r, s)(u, v)-preopen
(UMY, THY)-double (u, v)(r, s)-preopen) are independent notions is shown
by the following example.

ExXAMPLE 3.8. Let X = {z,y} and let A;, Ay, A3, Ay, A5 and Ag be
intuitionistic fuzzy sets of X defined as

Ai(z) =(0.2,0.7), Ai(y) =(0.5,0.3);
Ay(z) = (0.5,04), As(y) =(0.2,0.6);
As(z) = (0.5,0.3),  As(y) = (0.4,0.2);
Au(z) = (0.3,0.6), Au(y) = (0.5,0.2);
A5(3J) = (0.8,0 1), A5(y) = (0.1,0 7),

and

Ag(z) = (0.6,0.2), Ag(y) =(0.2,0.5).
Define TH7: [(X) - I @I and UM : [(X) - I ® I by
0

(1
TH(A) = (TMA), TI(A) =1 (3,5) if A=Ay,
(0,1) otherwise;
and
(1,0) if A=0.,1-,
U(A) = UMA)U(A) = (5.7) if A=A,
(0,1) otherwise.
Then clearly (X, 7#Y,U"7) is a double bitopological space on X. The
intuitionistic fuzzy set Az is a (7#7,U*Y)-double (1, 1)(1, 1)-preopen set

2531
which is not a (7#7,U"7)-double (3, $)(3, 1)-semiopen set and Ay is a
(TH*7,U*)-double (3, £)(3,1)-semiopen set which is not a (77, U")-

double (1,1)(3, 1)-preopen set. Also Aj is an (UMY, THY)-double (3, 1)
(3, é) -preopen set which is not an (U7, TH7)-double ( il,’, (3, é) -semiopen
set and Ag is an (UMY, T*7)-double (3, 1)(3, £)-semiopen set which is not

an (UMY, TH)-fuzzy (3,1)(%, +)-preopen set.
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THEOREM 3.9. Let (X, THY,U"Y) be a double bitopological space and
(r,s), (u,v) e I®I.

(1) If {Ag} is a family of (THY,U*Y)-double (r, s)(u, v)-preopen sets of
X, then |J Ay is a (TH*Y,U*7)-double (r, s)(u, v)-preopen set.

(2) If {Ag} is a family of (U7, THY)-double (u,v)(r, s)-preopen sets of
X, then |J Ay is an (U7, THY)-double (u,v)(r, s)-preopen set.

(3) If {Ag} is a family of (TH7,U*7)-double (r, s)(u, v)-preclosed sets
of X, then () Ay is a (THY,U"Y)-double (r, s)(u,v)-preclosed set.

(4) If {Ag} is a family of (U*Y, T#7)-double (u,v)(r, s)-preclosed sets
of X, then () Ay is an (U*7, THY)-double (u,v)(r, s)-preclosed set.

)_

Proof. (1) Let {Ax} be a collection of (THY,U*7)-double (r, s)(u,v)-
preopen sets. Then for each k, A C THY-int(UH*7-cl(Ag, u,v),r,s). So

U A € |77 -int(@*7-cl(Ag, u,v), 7, 5)
C TH-int(UM-cl(( A, u, v),7, 5).

Thus |J Ay, is a (T#7,UH7)-double (r, s)(u, v)-preopen set.
(2) Let {Ag} be a collection of (U*Y, THY)-double (u,v)(r, s)-preopen
sets. Then for each k, Ay C UM -int(TH7-cl(Ag,7,s),u,v). So

UAk C UL{“V—int(T“'V—Cl(Ak, T, 8), U, V)
- U‘"’—int(T’w—cl(U Ag,7,8),u,0).

Thus |J Ay, is an (U7, THY)-double (u, v)(r, s)-preopen set.
(3) It follows from (1) using Theorem 3.2.
(4) It follows from (2) using Corollary 3.3 O

DEFINITION 3.10. Let f: (X, THY,U*) — (Y, VF, WHY) be a map-
ping from a double bitopological space X to a double bitopological space
Y and (r,s), (u,v) € I ®I. Then f is called double pairwise (r,s)(u,v)-
precontinuous if f~1(A) is a (T*Y,U*7)-double (r, s)(u, v)-preopen set of
X for each VW-fuzzy (r, s)-open set A of Y and f~1(B) is an (UHY, TH7)-
double (u,v)(r, s)-preopen set of X for each WHY-fuzzy (u,v)-open set
BofY.

THEOREM 3.11. Let f : (X, THY,U*Y) — (Y, V7 WHY) be a mapping
and (7, s), (u,v) € I @ I. Then the following statements are equivalent:

(1) fis a double pairwise (, s)(u, v)-precontinuous mapping.
(2) f71(A) is a (TH,U*Y)-double (r,s)(u,v)-preclosed set of X for
each VW'-fuzzy (r, s)-closed set A of Y and f~1(B) is an (U, TH)-

double (u,v)(r, s)-preclosed set of X for each WHY-fuzzy (u,v)-
closed set B of Y.
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(3) For each intuitionistic fuzzy set A of Y,
FEWVR-cl(A, 7, 5)) D TH-cl(U*-int(f 1 (A), u, v), 7, 5)
and
FEOVPICl(A, u,v)) D UPT-c(TH-int (F~H(A), 7, 5), u, v).
(4) For each intuitionistic fuzzy set C' of X,
VRV -cl(f(C),r,s) D f(TH-cl(U*7-int(C, u,v), T, s)
and
WHI-cl(f(C),u,v) D f(U*-cl(T*-int(C,r, s), u, v).

Proof. (1) = (2) Let A be any V*V-fuzzy (r, s)-closed set and B any
WHY-fuzzy (u,v)-closed set of Y. Then A€ is a V¥*V-fuzzy (r, s)-open set
and B¢ is a WH-fuzzy (u,v)-open set of Y. Since f is double pairwise
(r,5)(u, v)-precontinuous, f~1(A€) is a (TH7,U*Y)-double (r,s)(u,v)-
preopen set and f~1(B¢) is an (U7, TH7)-double (u, v)(r, s)-preopen set
of X. By Theorem 3.2 and Corollary 3.3, f~1(A) is a (T*Y,U*")-double
(r, s)(u, v)-preclosed set and f~1(B) is an (U*7, T*Y)-double (u,v)(r, s)-
preclosed set of X.

(2) = (1) Let A be any V¥*V-fuzzy (r, s)-open set and B any WH7-fuzzy
(u,v)-open set of Y. Then A¢ is a V*7-fuzzy (r, s)-closed set and B¢ is a
WH-fuzzy (u,v)-closed set of Y. By (2), f~1(A°)is a (T*Y,U*Y)-double
(7, s)(u, v)-preclosed set and f~1(B¢) is an (U*Y, TH7)-double (u, v)(r, s)-
preclosed set of X. By Theorem 3.2 and Corollary 3.3, f~1(4) is a
(THY,U*7)-double (r, s)(u,v)-preopen set and f~1(B) is an (U*Y, TH)-
double (u, v)(r, s)-preopen set of X. Thus f is a double pairwise (r, s)(u, v)-
precontinuous mapping.

(2) = (3) Let A be any intuitionistic fuzzy set of Y. Then V¥7-cl(A,r, s)
is a V¥7-fuzzy (r, s)-closed set and WHV-cl(A, u, v) is a WHI-fuzzy (u,v)-
closed set of Y. By (2), f~1(V¥-cl(A,r,s)) is a (TH,U*7)-double
(7, 8)(u, v)-preclosed set and f~1(WH-cl(A,u,v)) is an (UH7, T*Y)-double
(u,v)(r, s)-preclosed set of X. Thus

FHVM-l(A, 7, 5)) D TH -cl(UM-int(f~(V*T-cl(A, 7, 8)), u, v), T, 5)
D T -cl (UM -int(f 1 (A),u,v),7, s)
and
FEOWH-Cl(A, u,v)) D UM -cl(TH-int(f L (WH-cl(A, u,v)), T, ), u, v)
D UM -l(TM-int(f 1 (A), 7, 8), u,v).
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(3) = (4) Let C be any intuitionistic fuzzy set of X. Then f(C) is
an intuitionistic fuzzy set of Y. By (3),
f_l(vlufy_CI(f(C): r, S)) 2 Tﬂﬁ/_Cl(uuﬂy—int(f_lf(C)a u, U)v r, S)
O THY-cl(U*-int(C, u, v), r, s)

and
FTEOV-Cl(£(C), u,v)) 2 UMT-cl(TH-int(f = (C), 7, ), u,v)
D UM -cl(TH-int(C, 1y 8), u, v).
Hence
Vle_Cl(f(C% T, 5) 2 ff_l(V#’Y_CI(f(C)a T, 8))

D f(TH-cl(UM-int(C, u, v), 1, 5))

and

WIA(F(C)u0) D £ V- (C), u,0))

D fUM-c(TH-int(C, r, 8), u, v)).

(4) = (2) Let A be any V*7-fuzzy (r,s)-closed set and B any WH7-
fuzzy (u,v)-closed set of Y. Then f~'(A) and f~!(B) are intuitionistic
fuzzy sets of X. By (4),

A=VMcl(A,r,5) DVFI-c(ff 1 (A),r,5)
D f(TH-clU*-int(f~L(A), u,v),7,5))

and
B = WH-cl(B, u,v) 2 WW-cl(ffH(B), u,v)
D fUM-l(THM-int(f~H(B),r, 5),u,v)).
So
FHA) D f AT el UM -int (f T (A), u, ), 7 8))
D THY-cl(UM-int(f~1(A),u,v),, s)
and

f~YB) D fF U -cl(THW-int(f~Y(B),r, 5),u,v))
D UM -cl(TW-int(f~H(B),r, s),u,v).

Therefore f~1(A) is a (T*,U*Y)-double (r, s)(u,v)-preclosed set and
f~Y(B) is an (UMY, TH)-double (u,v)(r, s)-preclosed set of X. O
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