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CHARACTERIZATIONS OF PARETO, WEIBULL AND
POWER FUNCTION DISTRIBUTIONS BASED ON
GENERALIZED ORDER STATISTICS

MOHAMMAD AHSANULLAH* AND G.G. HAMEDANI**

ABSTRACT. Characterizations of probability distributions by dif-
ferent regression conditions on generalized order statistics has at-
tracted the attention of many researchers. We present here, char-
acterization of Pareto and Weibull distributions based on the con-
ditional expectation of generalized order statistics extending the
characterization results reported by Jin and Lee (2014). We also
present a characterization of the power function distribution based
on the conditional expectation of lower generalized order statistics.

1. Introduction

The concept of generalized order statistics (gos) was introduced by
Kamps [8] in terms of their joint pdf (probability density function).
The order statistics, record values, k-record values, Pfifer records and
progressive type Il order statistics are special cases of the gos. The
rv’'s (random variables) X (1,n,m, k), X (2,n,m,k) ,..., X (n,n,m, k),
k>0, m € R, are n gos from an absolutely continuous cdf (cumulative
distribution function) F' with corresponding pdf f if their joint pdf,
fi 2,..n (21,22, ...,2y) , can be written as

(1.1)
fi2n (@122, n) = K <Hjn:_11 ’Yj) |:Hjn:_11 (F (z))" f(xj)} x

(F (@) f (@n) , FH0+) <1 <@a < oo <y < F7H(1-),
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where F(z) =1—F(z) and v =k+ (n—j)(m+1) for all j ,
1<j5<n,k is a positive integer and m > —1 .

If k=1 and m =0, then X (r,n,m,k) reduces to the ordinary
rth order statistic and (1.1) will be the joint pdf of order statistics
Xin<Xop<..<X,,fromF. If k=1 and m = —1, then (1.1)
will be the joint pdf of the first n upper record values of the i.i.d.
(independent and identically distributed) rv’s with edf F and pdf f.

Integrating out xy,x9,...,Tr—1,Tpy1,...,x, from (1.1) we obtain
the pdf frnmpr of X (r,n,m,k)

(1.2) Frmmas (@) = = (F @) (@) g7 (F @),

where ¢, =1II_, 7; and

— _ ; m+1
g (@) = hon (@) = b (0) = —— [1=(1=2)"™" | . m# -1,
=—In(l—-z), m=-1, xz e (0,1)
and
_ 1 m—41
=—In(l—x) , m=—1. z € (0,1)
Note that, since lim,, —._; #H [1 - (1- x)mH] =—In(1—2z), wewill
write
_ 1 m+1 .
gm () = o [1 (1—x) } , forall ze€(0,1) and all m with
g-1(z) = lim gn ().

The joint pdf of X (s,n,m,k) and X (r,n,m,k),r < s, is given
by (see Kamps [8], p.68)
Cs— e m—1 r—
formmp (T,y) = Wir—l)' (F (JU)) f(x) g, L(F (2)) x

[ (F () = o (F @) (F ()™ f (). y 2w
Consequently, the conditional pdf of X (s1,n,m,k) given X (r,n,m,k) =
xz,for sy =s5+1, s>2 and m # —1, is
(1.3)
fsi | rnmk (Y|2)
Cs1—1

— PRy Pa—T [hn(F (y)) — h(F (x))]sl—r—l
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Burkschat et al. [5] introduced lower generalized order statistics
(lgos) as follows:

The mv's X*(1,n,m,k), X*(2,n,m, k) ,..., X* (n,n,m,k) , k>0,
m € R ,are n Igos from an absolutely continuous cdf F with
corresponding pdf f if their joint pdf f* (x1,z2,...,2,), can be written
as

I @1, wn) = k(T2 ) 25 (F @)™ f ()] %
(F )" f(zn), FLA=) >z > 20> o> 20 > F7H(04).
The marginal pdf f;, , .(z) is

(15)  fnnae @) = (= (FG)™ ™ 1 @) 0™ (F ()

. 1 (1
qm_m—i—l v

=—In(x), for m=-1.

(1.4)

where

™ for m A —1

The joint pdf of X*(s,n,m,k)and X*(r,n,m,k), r < s, is given
by

(1.6)
Forman (2:9) = 0y =y (F @)™ @) o™ (F () %
[ (F () = iy (F @) (F @) f ()2 >y,
where
hy,(z) = —#xmﬂ for m# -1
m m+ 1 b

=—In(x), for m=-—1.
Consequently, the conditional pdf of X* (s1,n,m,k) given X* (r,n,
m,k = x, is
(1.7)

Fov s Wl) :c,q_l(sclsl__; —) (b, (F (y) — b, (F (x))]* "

(F(y)) !
(F(z))r

fly), y <z
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2. Characterization results

Characterizations of probability distributions by different regression
conditions on generalized order statistics has attracted the attention of
many researchers (e.g., Bieniek and Szynal [4], Cramer et al. [6] and
Bieniek [3]), to name a few. In [4] , the authors consider all cdf 's F
for which the following linearity of regression holds:

E[ (X (T+l’nvmuk)) | X(T7n7muk)] :aX(r,n,m,k)+b.

They conclude that only exponential, Pareto and power function dis-
tributions satisfy this equation. Using this result they obtain char-
acterizations of these distributions based on sequential order statistics,
records and progressive type II censored order statistics. Cramer et
al. [6] , point out that characterizations of distributions based on linear
regressions

(2.1) EW (X (r+l,nmk))| X (r,nmk)=]=¢()

have been studied extensively for order statistics and record values (r € N,
I = 1. Since gos provide a unifying approach to these models, they
set up a comprehensive solution related to characterization problems.
They started with the case of adjacent gos (I =1) and then pointed
out that for larger [ the calculations become more difficult. In or-
der to obtain an explicit result, they restricted themselves to a linear
function ¢ . They showed that the linearity of the conditional expec-
tation provides a characterization of generalized Pareto distributions.
Ahsanullah and Hamedani [1] presented characterizations of continuous
distributions based on (2.1) for [ = 1 but without the assumptions
of monotonicity of () and linearity of ¢ (-) . Jin and Lee [7] pre-
sented the characterizations of Pareto and Weibull distributions based
on conditional expectations of the upper record values. Following [7]
we present similar characterization based on conditional expectations of
gos extending the characterization results of Jin and Lee [7]. We also
present a characterization of the power function distribution based on
the conditional expectation of lower generalized order statistics.

THEOREM 2.1. Let {X, , n>1} be a sequence of i.i.d. random
variables with an absolutely continuous cdf F (x) , corresponding pdf
f(x) and E[XP]<oo,peN. ForleN and p<6eR"

(2.2)
(09541 — p)(0Vs1+2 — p)-(0¥5+1 — D)
Vs+17s+2---Vs+l

B(XP(s+,n,m, k) | X (r,n,m, k) = )
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=0'E(XP(s+1,n,m, k) | X(r,n,m,k) = x),
if and only if
(2.3) Fx)y=1-27% 2z>1.

Proof. Suppose (2.3) holds and as before, let s; = s+ 1. Then
Cs1—1 1

— s1—r—1
fsy | rnmak (ylz) er1(s1 —1 — 1)! (m T 1) x
1 1 s1—r—1 1 Vs =17 .0\ o
(=i * ) ) @)
and
- 0 0 Yr+1 1
E(XP(s1,n,m,k) | X(r,n,m,k) =x) = Cs10(2) sl

ro1(s1—r—1)I'm+1

> 1 1
—(0vs; —p)—1 s1—r—1 /
/ac Y () ( ye(m 1) x(’(mH)) 1 Y

Since # —p >0, v, > 1, then 6y, —p >0 and using integration
by parts on the right hand side of the above equality, we arrive at

E(Xp(817n7m>k) | X(T,?’L, m, k) = $>
_ Csy—10%(29)r+1 1 ( 1
cr—1(s1—r—2)1 (0ys, —p) m+1

00 1 1
—(0vs; —p)—0(m+1)—1, s1—r—2
/:1: Y ( 1 ) ( ye(m‘f‘l) T $9(m+1)) 1 dy.

)sl—r—Q %

Observing that (0vs, —p) + 60 (m+1) = 6vs,-1 —p , we have
E(XP(s1,n,m,k) | X(r,n,m,k) =zx)

Coy 102 (z0) 41 1 1
" (s — 7 = 2)1 (07, — p) - +1

1 1
0vs;—1—p)—1 s1—r—2 /
/x Y ( e ) ( ye(’”""l) x(’(“H-l)) ' Y

Employing integration by parts on the right hand side of the above
equality, results in

E(XP(s1,n,m,k) | X(r,n,m,k) =x)
_ s 103 (20) 1 1 1
cr—1(s1 =7 = 3)! (075, —p) (0ys,-1 —p) m+1

o 1 1
—(0vsy—1—p)—0(m+1)—1 s1-r=3,
/m Yy ( T p) ( ya(m+1) $9(m+1)) ' Y-

)51—r—2

X

X

)5177"73

Continuing in this manner, we arrive at
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E(X?(s1,n,m,k) | X(r,n,m,k) = x)
sy 10 (x0) 11 1 1

_ )slfrflx
ero1(s1 =71 = DT (075, —p) m+1

1 1
0vsy——1—p)—1 s1—r—l1 ]
/ Yy ( o1~ ) ( ye(m+1) x@(m—i—l)) ' Y

178+l )
01 17

a Hé:l (0vs,—i — p)

which is now (2.2).
Now assume (2.2) holds. Then

(2.4)
(07541 — ) (052 — p)eos (07541 — D)
Vst 1Ys 42+ Ys41(51 — 17— 1)!
/ YT han(F (y)) = b (F (2))]7 711 = F(y)™1 7 f(y)dy

g! 00
— oy P ) ) = F ) )y

E(XP(s,n,m,k) | X(r,n,m,k) = z),

Differentiating both sides of (2.4) (s —r) times with respect to x,
we obtain

/OO Y lhan(F () = b (F (@)1 (1 = F(y))> " f(y)dy
(2.5) ’

91%+1’Y +2---Vs+l 1
— 5 5 xp 1 — F xr Vst .
(07s+1 = P)(0Ys42 = p)--- (075, — ) ( (=)

_ Vs
Letting u = (1 F(y)> in (2.5), we arrive at

1-F(z)
(F @)™ = (F@u)™"

/0 (F_l <u1/%f($)))p e

_ o —1 e
(ul/%F (CC))’Y (1ulvs F (:c)) du
Vs

X

0'Yst1Ys 2 Vst
= o e a a? (1 — F (x))" 1,
Gror =) 09s2 — )y —p) " L~ E @)

or
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(07541 — P)(0Ys42 — D)....(07s, — D)
Vs+1Vs+2+-+-Vs+1

1 1 m+1 \ [—1
/0 <F—1 (m/wf(@))” (;ﬁ;) du = 027,

and letting v = u!/7 and F (z) =t , we have

X

(0751 = P) (07542 = P) (0751 —P)
Vs+1Vs+2--+Vs+l

[y (5 o (7o)

Putting v =e " and t=e " in (2.6) , we obtain, upon simplifi-
cation

(2.6)

(973+1 - p) (975—1—2 - p)""(0751 B p)
Vs+1Vs+2---Vs+l

[ o) (S5) T o ey
0

for 0 <w < o0.

Now, the rest follows from the proof of Theorem 2.1 of Jin and Lee
([7], page 245). O

X

We need the following definition for our characterization of the Weibull
distribution.

DEFINITION 2.2. The random variable X with cdf F belongs to the
class C' if for some & > 0 , either (F(z + 1))/ > (F(z))/(F(y))"/?,
for all 2,5 >0, or (F(z+41y))"/° < (F(x))"°(F(y))Y/?, for all z,y > 0.

THEOREM 2.3. Let {X,, n>1} be a sequence of i.i.d. random
variables with an absolutely continuous cdf F (x) , corresponding pdf
f(z) and E [X‘S] < 00,6 > 0. We assume that F(0) = 0 and
F(x) >0 forall x > 0. For | € N, the following statements are
equivalent:

(i) Fiz)=1—e2",2>0.
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(#9) The random variable X belongs to the class C' and

(2.7)
E|(X(s+1,mnk))° | (X(r,mn.k)= m}
1 1 1
S ot —+E [(X(s,m.n.k))5 | (X(r,mnk) = 2|
Vsl Vs+i-1 Vs+1

Proof. Suppose (i) holds and let Y = X? | then Y has an exponential
distribution with parameter 1. We know that (see, [2], page 71)

T

d Y;
Y(r,n,m, k) = Z—J ,
=17
s s+l
Y, Y,
Y (s,n,m,k) 4 Z—J and Y(s+1,n,m,k) 4 Z—],
=19 =19

where Y, =1,2,...,s + 1 are i.i.d with cdf Fy(y)=1—-e7Y,y >0,
and

s s+l

1 1
E(Y(s,n,m,k)) = Z— and E(Y(s+1l,n,m,k)) = Z —.
= =1 1

Thus,

EY(s+1l,n,m,k)|E(r,n,m,k) =t)
s+l 1
= Z — + E(Y (s,n,m,k)|Y(r,n,m,k) =t), s >r.
il

Writing the above equation in terms of X, we have (2.7).

Now, assume (7i) holds. Then, the left hand side of (2.7) can be
expressed as

E[(X(s+1,mn.k)° | (X(r,m.nk) = z]

= Cgi_ll (s+1 _17, —1) /°° yé(hm(y) — hm(z))sﬂﬂfl(

Thus,
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(2.8)
o — 01 / ¥ () — (@)™ (F () () dy

1 1 1 _
= < + +..+ > (F(x))7r+t
VYs+l  Vs+i-1 Vs+1

ot [T )~ ) F ) )

Now, differentiating both sides of (2.8) with respect to z, (s —7)
times, we arrive at

ottt [ ) ) F ) )y

= Vr41Yr+2-7s(

1 - Cs—1 §
+ F(x)'rtt + ——=2°(F(x))"+!.
Vs+1 Vs+i—1 Vs+1 )( ( )) Cr—1 ( ( ))

We can write the above equation as

o[ (M) (7)) A

(2.9) ) ) )
Sl N + ot ) T g0,
Cs+l—1 Vs+l  Vs+i-1 Ys+1 Cs+1-1
Putting u = ;Ezg in (2.9), we obtain
1 QA 0 1\0—1 -1
/ <F (uF(m))) (1 — ™ th by v+ dy
(2.10) (-0 J
' cs—1 , 1 1 1 Cs—
G e )+ ——a?.
Cs+1-1 Vs+l Vs+i—-1 Vs+1 Cs+i1—1

Substituting u = eV and F(z) = e~ in (2.10), we have

(2.11)
1 x )
In —(w+w) 1 —(m+1)v\l-1/,—v Vsl
el A G Cat) U R G R
Co—1 [——1, .. \O Cs—1 1 1 1
_ F e W = =+ + ...+ .
Cs+i-1 ( ( )> Cs+l-1 (%+l Vs+i-1 %H)
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We observe that the right hand side of (2.11) is independent of w |,
so letting w = 0 in (2.11) and noting that F_l(l) =0, we arrive at

0 . ! /ooo (F ) (et emmpecian

Co— 1 1
S Ny o+ —).
Cst1—1 s+l Vs+i-1 Vs+1

(2.12)

Now, in view of (2.11) and (2.12), we have

1 > =1 —(wtv J —(m v\l— —v
(l—l)!/o (F (e +))> (1 — e~ mHDvY=1 (=0 YTor gy

_ (l—ll)' /OOO (F_l(e*”))é (1 — e~ (D)=t (=) et gy

s (Ffl(e—w))‘;.

Cs+1-1

(2.13)

Let H = [;°(1 — e (mDv)l=l(e=v)¥s+idy. Putting z = (m+ 1)v ,
we have

H :/ (1— e*(mﬂ)”)l*l(e*”)%ﬂdp
(2.14) 0 )

Vs+1

—z\l-1_—
= - 1 — z m+lzd .
1 /0 (I—e7?)""e z

Upon integration by parts on the right hand side of (2.14) , I time
and substituting v = (m+1)

= Gl (F_l(e_w))s.

Cs+1—1

, we have

(2.15)

In view of (2.13) and (2.15) , we obtain
o, 0
/ (F 1(6—(w+v))> (1 _ e—(m—i—l)v)l—l(e—v)%HdU
0
© é
_/ (F 1(671))) (1 _ ef(m+1)v)l71(efv)'ys+ldv
0

=1

= /OOO <F (efw)>6 (1 — e~ D)1 (em0) Yot gy,
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Upon simplification of the above equality, we arrive at
o0 0 0 é
——1, _ ——1, _ ——1, _
[T E ) = (7 en) - (Fem)]
0

(1 _ e—(m—&—l)v)l—l(e—v)vstv
=0.

(2.16)

In view of the fact that X belongs to the class C' , we must have
(2.17)

<F_1(e—(w+v)))5 = (F_l(e_“))(s + <F_1(e_“’)>5, for all v and w > 0.

Putting G (u) = ( (e‘“)) , we can write (2.17) as
(2.18) G y) =G (x)+G(y) , forall zandy>0.

(z +
Equation (2.18 ) s the well-known Cauchy functional equation whose
solution is G (z) = £ | for all > 0 where 6 is a constant. Thus

—_ é
(F 1(6_”6)) =53 from which we have F (z) =1—e7%. In view of the
boundary conditions F (0) =0 and lim, .o F () =1, we must have
(2.19) F@)=1-¢%" 2>0 0>0, 6>0.
O

Note that we can assume without loss of generality 6 = 1.

REMARK 2.4. For § =1, Theorem 2.2 gives a characterization of
the exponential distribution based on the generalized order statistics.

The following theorem gives characterization of power function dis-
tribution using lgos.

THEOREM 2.5. Let {X, , n>1} be a sequence of i.i.d. random

variables with an absolutely continuous cdf F (x) , corresponding pdf
f(z) and E[XP]<oo. Forf >0 andl €N

(07s+1 + P)(0Vs+2 + p)-e (0754, + D) "

Vs+1Vs42-++-Vs+l
(2.20) E((X*(s +1,n,m, k)P |(X(r,n,m, k) = z)

if and only if
(2.21) Fz)=4 0<z<1.
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Proof. Is similar to that of Theorem 2.1. O

(1]

*
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