JOURNAL OF THE

CHUNGCHEONG MATHEMATICAL SOCIETY
Volume 29, No. 3, August 2016
http://dx.doi.org/10.14403/jcms.2016.29.3.465

OPTIMALITY AND DUALITY FOR
NONDIFFERENTIABLE FRACTIONAL
PROGRAMMING WITH GENERALIZED INVEXITY

GwI Soo KiM* AND MooN HEE KiM**

ABSTRACT. We establish necessary and sufficient optimality con-
ditions for a class of generalized nondifferentiable fractional opti-
mization programming problems. Moreover, we prove the weak
and strong duality theorems under (V, p)-invexity assumption.

1. Introduction and preliminaries

Many authors have introduced various concepts of generalized con-
vexity and have obtained optimality and duality results for optimiza-
tion programming problem ([1]-[4], [6]-[12]). Many practical problems
encountered in economics, engineering design, and management science,
and so forth can be described by nonsmooth functions. The theory of
nonsmooth optimization using locally Lipschitz functions was introduced
by Clarke [5].

We consider the following generalized nondifferentiable fractional op-
timization problem (GFP):

(GFP) Minimize max { igg li=1,-- ,p}

subject to hj(x) <0, j=1,---,m,
where f := (f1,---,fp) : R" = RP, g :== (g1,--- ,gp) : R” — RP and
h:=(h1, -+ ,hp) : R" — R™ are locally Lipschitz function. We assume
that fi(x) 2 0 and gi(x) >0, i=1,--- ,p. Let Xo:={z € R" | hj(x) =
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0, j = 1,---,m} be the feasible set of (GFP). Let J = {1,2,--- ,m}
and J(zo) ={j € J | hj(zo) = 0}.
We consider the following fractional optimization problem (FP):

(FP) Minimize max {M li=1,-- ,p}
gi(x)
subject to hi(z) <0, j=1,---,m,

where f := (f1,---,fp) : R" = RP, g := (g1,---,0p) : R* — RP and
h:= (h1, -+ ,hp) : R" — R™ are continuously differentiable function.
For each i = 1,--- ,p, C; is compact convex set of R™ and s(z|C;) :=
max{(z,y;) | yi € Ci}.

Recently, Kim and Kim [7] consider the nondifferentiable fractional
optimization problem (FP), in which each component of the objective
function contains a term involving the support function of a compact
convex set. They established necessary and sufficient optimality condi-
tions for fractional optimization problem (FP). And they formulated a
Mond-Weir type dual problem for (FP) and showed that the weak and
strong duality.

In this paper, we apply the approach of Kim and Kim[7] to the gen-
eralized nondifferentiable fractional optimization problem (GFP), we es-
tablish necessary and sufficient optimality conditions for a nondifferen-
tiable fractional optimization programming involving locally Lipschitz
functions. Moreover, we prove the weak and strong duality theorems
under (V) p)-invexity assumption.

Now we give some notations for our results in this section;

Let a function f: R™ — R be given. We shall suppose that f is locally
Lipschitz, that is, for each x € R™, there exist an open neighborhood U
and a constant L > 0 such that for all y and z in U,

[f(y) = f(2)| < Llly — 2.

Let g : R® — RU {+00} be a convex function. The subdifferential of g
at a € domgy is defined by

dg(a) :={v e R" | g(z) 2 g(a) + (v,z —a) Vz € domg},

where (-, -) is the inner product on R™ and domg := {z € R" : ¢(z) <
+o00}.

DEFINITION 1.1. A vector function f:R™ — RP? is said to be (V, p)-
invex at u € R™ with respect to the function n and 6; : R™ — R if there
exists a; : R" x R" — Ry \{0} and p; € R, i =1,...,p such that for any
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& €0fi(u),i=1,...,pand any x € R", and for alli =1,...,p,

ai(z,w)[fi(z) = fi(w)] = € nlz, u) + pill6:(z, u) .

LEMMA 1.2. [5] Let f and g be Lipschitz near x and suppose that
g(x) # 0. Then g is Lipschitz near x, and one has

1Y ) o 9@ (@)  Fx)0g()
a<g)< ) C wor

If in addition f(z) 20, g(x) > 0 and if f and —g are regular at x, then
equality holds and g is regular at x.

THEOREM 1.3. Assume that f and g are vector-valued differentiable
functions defined on R™ and f(z) > 0, g(x) > 0 for all x € R"™. If f and

—g are regular and (V, p)-invex at x¢, then g is (V, p)-invex at xo, where

1
gi(o)

Proof. Let x, xyg € Xo. Then, by the (V, p)-invexity of f and —g,
there exists a; : R" x R — R, \{0} and p; € R, i = 1,...,p such that
for any & € 0fi(xo), ¢ € 0gi(xp), t = 1,...,p and x € R™, and for all
1=1,...,p,

ai(x, zo)[fi(x) — fi(zo)] > & n(z, x0) + pill0i(x, x0)|1%,
(@, x0)[gi(x) — gi(x0)] = ¢I'nz, x0) + pill6i(x, o) |*.

So, we have for any &; € dfi(xo), ¢; € 0gi(xo), i =1,...,p and z € R",
and for all: =1,...,p,

i, o) (fz@c) fz(fco)>

i, 20) = P E) (2, m0), (s o) :( >é9i(x,xo).

gi(zo)

(v) (x0)
fi(z fz o) _ o 9i(@) = gi(2o)
‘%x“< “”gmmm>>
> ¢l n(x, o) +PzH9 (m zo)*>  filxo
9i(x) 9i(7)gi

Since g;(z) > 0,i=1,...,p for all z € X, we have for any &; € 0f;(x¢),
¢ € 0gi(xp),i=1,...,pand x € R" and for all i = 1,...,p,

() )(Cz n(x, x0) + pill0i(z, o) |1%) -
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fi(x)  filzo)
(7o) <gz<x> B gi@co))
gi(xo)
2 ey (6w o) + pilta o) ]

)
~gil@o) (filzo)Tn@,wo) o filwo) NP, o
( o1 () Ot )

Thus, from Lemma 1.2, for any w; € 8(%) (z0), & € Ofi(xo), ¢

m

0gi(x0),i=1,...,pand z € R", and for all: = 1,...,p,

estenno (5 - 500 ;

i(T i9i(Zo) — Gi JilT g 1 ’
2 S (et ™) e ol () ool

voil () l

= 2 [ atea0) + il () o) P

o ((5}&())))2)% o ol

gilzo) [ 7 AR I AR P
= gilw) 1 o) = il ((%(%)) +( gi(o) ))91( ’ O)H]

_ gi(xo) :w,-TU(x,xo) + pill <(gi(x0>)2.+ (fi(xO))Q) 97;(33’%)”2}

N

b1 ,0)|

+

9i(@) gi(zo)
~ gi(zo) Tl 2 A M P
=0 | i n(w, 0)+Pz( (o))} 0;(z, 0)|| }

Since 1 + <§Zggg) >1,i=1,...,p, we have for any w; € 0 (%) (x0),

os(.20) <fi(fv) B fi<xo>> _ ailao)

WTn(w, 20)+p; ! (22
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Thus, the function g is (V, p)-invex at zp, where

9(2) (T, 0;(x, x :71 (T,
gi(xo)al( @o), Bl o) (gi(xo))%@( /@0)-

a;(x, xo) =

2. Optimality theorems

Now, we establish the Kuhn-Tucker necessary and sufficient condi-
tions for a solution of (GFP).

THEOREM 2.1. (Kuhn-Tucker Necessary Optimality Theorem)
Assume that f and —g are regular. If xg is a solution of (GFP), and
assume that 0 ¢ co{0h;(xo) | j € J(zo)}, then there exist A; > 0,
(B ji=1, . pf = LE9y, S Ai=1and

i € I(zo) :={i | max | '
1€l (zo)

i >0, j=1,...,m such that

0¢e Z A0 <fl> (xo) + Zujahj(xo)
j=1

i€l(zq) gi

and Zﬂjhj(l"o) = 0.
j=1

Proof. Let ¢;(x) = g:gg, i=1,...,p. Let zy be a solution of (GFP)
and let I(xo) = {i | max{¢;(xo) | i = 1,...,p} = ¢i(xo)}. Then by
Proposition 2.3.12 in [5] and Corollary 5.1.8 in [11], there exist p; = 0,

j=1,....m,

(2.1) 0 € cofd¢i(zo) | i € I(zo)} + > 11;0h;(xo)
j=1
and pjhj(xg) =0,

where coA is the convexhull of the set A. By Lemma 1.2,

di(x0) _gil@o) f((;i)(xo))g?( 0) fi(zo)

0 (%) )
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and hence from (2.1), there exist A; > 0, i € I(20), > ;e (z) A = 1 and
i >0, 5 =1,...,m such that
0e Y \d <ﬂ> (w0) + ) 1jOhy(o)
i€l (zo) gi j=1
and Z,ujh](xg) =
j=1
O
COROLLARY 2.2. Let f:=(f1,---,fp) :R" = RP, g := (g1, ,gp) :
R™ — R? and h := (hy, -+ ,hy) : R — R™ are continuously differen-

tiable. If z is a solution of (GFP), and assume that 0 ¢ co{Vh;(zo) \ j €
J(x0)}, then there exist A; > 0, ¢ € I(xg) := {7 | max{f’(wo |i=1,-

gi(zo)
= f;EiE b Yier(woy N =1 and pj > 0, j =1,...,m such that
Z /\V<fZ > Zu]Vh (xg) =0,
ZEI(x
Zﬂjhj(fco) =
j=1

THEOREM 2.3. (Kuhn-Tucker Sufficient Optimality Theorem)
Assume that f and —g are regular. Let xy be a feasible solution of
(GFP). Suppose that there exist \; 2 0, i € I(z0), > ;ef(zo) A = 1 and
i 20, 5=1,...,m such that

(2.2) 0e Z )\8<§Z> xo +Zu38h x0)

ZEI(J:()) ¢

and Z pihj(xo) =
j=1

If f(-) and —g(-) are (V,p)-invex at wg, and h is n-invex at xo with
respect to the same n, and Eiel(xo) Nipil|0i(z,0)||> = 0, then xq is a
solution of (GFP).

Proof. Suppose that z is not a solution of (GFP). Then there exist
a feasible solution x of (GFP) such that
may Ji%0) - file)
1=isp gi(20) ~ 1=isp 9i(%)

zo)
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Then

filxo) _ fi(x) ,
7 (z0) > gi(m),for all i € I(xo),

and hence @;(x, o) > 0,

i (o) [fi(l‘) B fi(l‘o)] <0

gi(z)  gi(xo)

Since f(-) and —g(+) are (V, p)-invex and regular at xo, by Theorem 1.3,
we have for any w; € 0 (%) (x0), i € I(zo)

win(z, o) + pill0(z, o) < 0.
Hence, there exist \; = 0, i € I(xg), Zie](:co) A; = 1 such that

> Awin(zwo) + Y Nipillf(w, wo)|* < 0.
)

S EN) i€l(xo)

Since Yies(ag) Aipill 0, 20)|* 2 0,

Z Aiwin(x, zg) < 0,
)

iEI(aZO

and so, it follows from (2.2) that there exist v; € Ohj(xo), j =1,
such that

m
> wvin(e, xo) > 0.
j=1

Then, by the n-invexity of h, we have
> uihi(@) > pihj(ao).
j=1 j=1

Since Y 7" pihj(wo) = 0, we have 377" pujhj(z) > 0, which is a contra-

diction since p; 2 0, j =1,...,m and x is a feasible solution of (GFP).
Consequently, xg is a solution of (GFP).

O
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3. Duality theorems

Now, we propose the following Mond-Weir type dual problem (DGFP):

(DGFP) Maximize max { fiu) li=1,... ,p}

gi(u)
(3.1) subject to 0 € Z A@( ) Jrz,u]@h
i€l(u)
Zﬂjhj(u) =
j=1
NiZ0,i€l(w), Y o Ni=1 ;20 j=1,...,
1€l (u)

Now we show that the following weak duality theorem holds between

(GFP) and (DGFP).

THEOREM 3.1. (Weak Duality) Assume that f and —g are regular.
Let x be a feasible for (GFP) and let (u, A\, u) be feasible for (DGFP).
Assume that f(-) and —g(-) are (V, p)-invex at u, and let h is n-invex at
u with respect to the same 1, and 3¢y, Nipil|0i(z,w)||* > 0. Then the
following holds:

max{gc:g; |i:1,...,p} gmax{§ZEZ; |i:1,...,p}.

Proof. Let x be any feasible for (GFP) and let (u, A, ) be any feasible
for (DGFP). Then we have

Zu] z) <0 §i

By the n-invexity of hj(u), j =1,...,m, there exists v} € Oh;(u), j =
1,---,m such that

S s 0
Using (3.1), we have there exists w} € 0 (g—z) (u), i€ I(u),

(3.2) Z Ai win(z,u) = 0.

1€l (u)

Now suppose that
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max{ff(@ yizl,...,p} <max{§igzg \z':1,...,p}.

filz) _ fi(u)

< )

gi(x) ~ gi(u)

By Theorem 1.3, we have there exists w} € 8( ) , i € I(u) such
that

for all i € I(u).

O>di(:v,u)[ “]

9i( gi(u)
Z win(z, u) +,0z||9( u)?.
By using A\; 2 0, ¢ € I(u), we have,
Z Aiwin(x,u) Z Aipil|0i(z,u)||* < 0.
€l(u 1€l (u)
Since > ;e ) )\ipiHHi(x,u)HQ = 0, we have
Z Azw:n(xa u) < 07
i€l (u)
which contradicts (3.2). Hence the result holds. O

Now we give a strong duality theorem which holds between (GFP)
and (DGFP).

THEOREM 3.2. (Strong Duality) If z is a solution of (GFP) and
suppose that 0 ¢ co{0h;(zo) | j € J(xo)}. Then there exist A € RP and
fi € R™ such that (z, \, i) is feasible for (DGFP). Moreover if the weak
duality holds, then (Z,\, i) is a solution of (DGFP).

Proof. By Theorem 2.1, there exist A\; > 0, € I(z) := {i |
1,...,p}—gf(é} > Ai=1land ji; >0,j=1,...,m such that
' 1€l(z)

0e > m(f’> (T) + > [i;0h;(z)
i€I(T) j=1

m

and Z ﬁjhj(.i’) =0.
j=1
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Thus (z,\, 1) is a feasible for (DGFP). On the other hand, by weak
duality (Theorem 3.1),

max{ggg li=1,- ,p} zmax{ﬁzg li=1,- ,p}

for any (DGFP) feasible solution (u, A, ). Hence (Z, A, i) is a solution
of (DGFP). O

4. Conclusions

This paper is concerned with optimality conditions and duality the-
orems for fractional optimization problems involving locally Lipschitz
functions. Using Clarke’s generalized subdifferential, we gave necessary
and sufficient optimality theorems for the problems. The sufficient opti-
mality conditions were verified under generalized invexity conditions on
involved functions. The Mond-Weir dual problems were formulated, and
then duality theorems were established, that is, weak and strong duality
theorems for the nondifferentiable fractional optimization problems.
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