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SOME GENERALIZATIONS OF WEAKLY
M-SEMI-CONTINUOUS AND WEAKLY
M-PRECONTINUOUS FUNCTIONS

TAKASHI NOIRI* AND VALERIU POPA**

ABSTRACT. As a generalization of (i, j)-weakly m-continuous func-
tions [43], we introduce the notion of weakly M (3, j)-continuous
functions and obtain many characterizations and some properties
of the functions. We show that the function is a unified form of some
functions between m-spaces and certain kinds of weakly continuous
functions in bitopological spaces.

1. Introduction

Semi-open sets, preopen sets, a-open sets and S-open sets play an im-
portant role in the researching of generalizations of continuity in topolog-
ical spaces and bitopological spaces. By using these sets many authors
introduced and studied various types of modifications of continuity in
topological spaces and bitopological spaces. Khedr [18] and the present
authors [42], [46], [51] introduced and studied weakly semi-continuous
functions and weakly precontinuous functions in bitopological spaces.
Irresolute functions in bitopological spaces was defined by Mukherjee
[35]. Khedr and Noiri introduced and studied in [21], [22] the notions
of quasi-irresolute functions and almost s-continuous functions which
are generalizations of weakly continuous functions between topological
spaces due to Levine [23].

In [47]-[50], the present authors introduced and investigated the no-
tions of minimal structures, m-spaces, m-continuous functions, M-conti
nuous functions, weakly m-continuous functions and weakly M-continuous
functions. Recently, in [39], [41] and other papers the present authors
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reduced the study of some forms of continuity between bitological spaces
to the study of m-continuity and M-continuity between m-spaces.

Also Min and Kim [29]-[34] introduced and studied the notions of m-
semi-open, m-preopen, a-m-open, B-m-open sets and M-semi-continuity,
m~semi-continuity, ma-continuity. Quite recently, the notions of weakly
M -semi-continuous functions and weakly M-precontinuous functions have
been introduced in [33] and [34], respectively. And also these notions
are introduced and studied in [8], [52] and other papers.

Quite recently, the first author [38] introduced the notion of bi-
m-spaces which are called bi-minimal structure spaces in [5]. Some
propeties of biminimal structure spaces are studied in [4]-[6] and other
papers. The purpose of this paper is to introduce and investigate the
notion of weakly M (i, j)-continuous functions. This function is a gen-
eralization of weak M-semicontinuty [33], weak M-precontinuity [34],
(i,7)-weak m-continuity [43], (i,j)-weak quasi continuity [18], (i,j)-
weak precontinuity [42], (7, j)-quasi irresoluteness [21] and (4, j)-almost
s-continuity [22].

2. Preliminaries

Let (X, 7) be a topological space and A a subset of X. The closure of
A and the interior of A are denoted by CI(A) and Int(A), respectively.
We recall some generalized open sets in topological spaces.

DEFINITION 2.1. Let (X, 7) be a topological space. A subset A of X
is said to be

(1) a-open [37] if A C Int(Cl(Int(A))),

(2) semi-open [24] if A C Cl(Int(A)),

(3) preopen [27] if A C Int(Cl(A)),

(4) B-open [1] or semi-preopen [3] if A C Cl(Int(Cl(A))).

The family of all a-open (resp. semi-open, preopen, ($-open) sets in
(X, 7) is denoted by a(X) (resp. SO(X), PO(X), 5(X)).

DEFINITION 2.2. Let (X, 7) be a topological space. A subset A of
X is said to be a-closed [28] (resp. semi-closed 9], preclosed [27], [3-
closed [1]) if the complement of A is c-open (resp. semi-open, preopen,

[-open).

DEFINITION 2.3. Let (X,7) be a topological space and A a subset
of X. The intersection of all a-closed (resp. semi-closed, preclosed,
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B-closed) sets of X containing A is called the a-closure [28] (resp. semi-
closure [9], preclosure [10], 5-closure [2]) of A and is denoted by aCl(A)
(resp. sCI(A), pCl(A), gCI(A)).

DEFINITION 2.4. Let (X, 7) be a topological space and A a subset of
X. The union of all a-open (resp. semi-open, preopen, 3-open) sets of
X contained in A is called the a-interior [28] (resp. semi-interior 9],
preinterior [10], [-interior [2]) of A and is denoted by alnt(A) (resp.
sInt(A), pInt(A), glnt(A)).

3. Minimal structures and bi-m-spaces

DEFINITION 3.1. Let X be a nonempty set and P(X) the power set
of X. A subfamily my of P(X) is called a minimal structure (briefly
m-structure) on X [47], [48] if ) € mx and X € mx.

By (X, mx), we denote a nonempty set X with an m-structure myx
on X and call it an m-space. Each member of mx is said to be mx-open
(briefly m-open) and the complement of an mx-open set is said to be
mx -closed (briefly m-closed).

REMARK 3.2. Let (X, 7) be a topological space. The families 7, a(X),
SO(X), PO(X) and (X)) are all minimal structures on X.

DEerFINITION 3.3. Let X be a nonempty set and mx an m-structure
on X. For a subset A of X, the myx-closure of A and the mx-interior
of A are defined in [26] as follows:

(1) mCl(A) =n{F:ACF,X\F€mx},

(2) mInt(A) = U{U : U C A,U € mx}.

REMARK 3.4. Let (X, 7) be a topological space and A a subset of X.
If my = 7 (resp. SO(X), PO(X), a(X), 5(X)), then we have

(1) mCI(A) = CI(A) (resp. sCl(A), pCl(A), aCl(A), 3CI(A)),

(2) mInt(A) = Int(A) (resp. sInt(A), pInt(A), alnt(A), gInt(A4)).

LEMMA 3.5. (Maki et al. [26]). Let X be a nonempty set and mx

a minimal structure on X. For subsets A and B of X, the following
properties hold:

(1) mCl(X \ A) = X \ mInt(A) and mInt(X \ A) = X \ mCIl(A),

(2) If (X \ A) € mx, then mCl(A) = A and if A € mx, then mInt(A)

— A,
(3) mCl(0) =0, mCl(X) = X, mInt(0)) = ) and mInt(X) = X,
(4) If A C B, then mCl(A) C mCl(B) and mInt(A) C mInt(B),
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(5) A Cc mCI(A) and mInt(A) C A,
(6) mCl(mCl(A)) = mCl(A) and mInt(mInt(A)) = mInt(A).

LEMMA 3.6. (Popa and Noiri [47]). Let (X, mx) be an m-space and
A a subset of X. Then x € mCI(A) if and only if U N A # () for each
U € mx containing x.

DEFINITION 3.7. An m-structure mx on a nonempty set X is said
to have property B [26] if the union of any family of subsets belonging
to mx belongs to mx.

REMARK 3.8. If (X, 7) is a topological space, then the m-structures
SO(X), PO(X), a(X) and B(X) have property B.

LEMMA 3.9. (Popa and Noiri [49]). Let X be a nonempty set and
myx an m-structure on X satisfying property B. For a subset A of X,
the following properties hold:

(1) A€ mx if and only if mInt(A) = A,
(2) A is mx-closed if and only if mCl(A) = A,
(3) mInt(A) € mx and mCl(A) is mx-closed.

DEFINITION 3.10. Let (X,mx) be an m-space. A subset A of X is
said to be

(1) m-a-open [30] if A C mInt(mCl(mInt(A))),

(2) m-semi-open [29] if A C mCl(mlInt(A)),

(3) m-preopen [31] if A C mInt(mCI(A)),

(4) m-G-open [6] if A C mCl(mInt(mCI(A))).

The family of all m-a-open (resp. m-semi-open, m-preopen, m-g-
open) sets in (X, my) is denoted by ma(X) (resp. mSO(X), mPO(X),
mA3(X)).

REMARK 3.11. Similar definitions of m-semi-open sets, m-preopen
sets, m-a-open sets, m-(-open sets are provided in [8] and [52].

Let (X, mx) be an m-space. We denote by mIT(X) the family of
all m-structures on X determined by iterating operators mInt and mCl
([44], [45]). However, in this paper, by mIT(X) we denote ma(X),
mSO(X), mPO(X) or mfB(X).

REMARK 3.12. (1) It easily follows from Lemma 3.5(3)-(4) that
ma(X), mSO(X), mPO(X) and mf3(X) are minimal structures
with property B. They are also shown in Theorem 3.5 of [29],
Theorem 3.4 of [31] and Theorem 3.4 of [30].
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(2) Let (X, mx) be an m-space and mIT(X) an iterate structure on X.
If mIT(X) = mSO(X) (resp. mPO(X), ma(X), mB(X)), then we
obtain the following definitions provided in [29] (resp. [31], [30]):

mITCl(A) = msCl(A) (resp. mpCl(A), maCl(A), mBCI(A)),
mITInt(A) = msInt(A) (resp. mplnt(A), malnt(A), mGInt(A)).

In Theorem 4.2 of [50] and Theorems 7.4, 8.3 and 8.4 of [40], the au-
thors used first m-spaces with two minimal structures. The first author
[38] called a bi-m-space a nonempty set with two minimal structures on
X. Recently, Boonpok [5] has renamed bi-m-spaces as biminimal struc-
ture spaces. In [4], the author studied some forms of continuity between
two biminimal structure spaces.

Throughout the present paper, (X, 71, 72) (resp. (X, m1,m2)) denotes
a bitopological space (resp. bi-m-space). Let (X,7) be a topological
space and A be a subset of X. Let (X, 71,72) be a bitopological space
and A be a subset of X. The closure of A and the interior of A with
respect to 7; are denoted by iCI1(A) and iInt(A), respectively, for i = 1, 2.
Similarly, we denote the m x-closure of A and the m x-interior of A with
respect to m; are denoted by m% C1(A) and m’ Int(A), respectively, for
i=1,2.

REMARK 3.13. A bitopological space is a particular case of a bi-m-
space.

Let (X, mx) be an m-space and (Y, 01,02) be a bitopological space.
In [43], the authors introduced and studied a form of weakly continuous
functions for a function f: (X,mx) — (Y, 01,09).

DEFINITION 3.14. A function f : (X, mx) — (Y, 01, 02) is said to be
(1, 7)-weakly m-continuous [43] at = € X if for each V € o; containing
f(z), there exists U € mx containing x such that f(U) C jCI(V). The
function f is said to be (i, j)-weakly m-continuous if it has this property
at each point = € X.

Recently, as weak forms of M-continuity [47], some functions between
m-spaces are introduced and studied as follows:

DEFINITION 3.15. A function f : (X,mx) — (Y, my) is said to be
weakly M-continuous [49] = € X if for each V € my containing f(z),
there exists U € mx containing z such that f(U) € mCl(V). The
function f is said to be weakly M -continuous if it has this property at
each point z € X.

DEFINITION 3.16. A function f : (X, mx) — (Y, my) is said to be
weakly M-semicontinuous [33] at x € X if for each V' € my containing
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f(z), there exists U € mSO(X) containing x such that f(U) C msCl(V).
The function f is said to be weakly M -semicontinuous if it has this
property at each point z € X.

DEFINITION 3.17. A function f : (X, mx) — (Y, my) is said to be
weakly M-precontinuous [34] at x € X if for each V' € my contain-
ing f(x), there exists U € mPO(X) containing = such that f(U) C
mpCl(V). The function f is said to be weakly M -precontinuous if the
function f has this property at each point z € X.

Now we introduce a new function which is a generalization of the
above four functions.

DEFINITION 3.18. A function f : (X,mx) — (Y, mi, m?) is said to
be weakly M(i, j)-continuous at x € X if for each V € mg/ containing
f(z), there exists U € mx containing x such that f(U) C ijCl(V).
The function f is said to be weakly M (i, j)-continuous if the function f
has this property at each point x € X.

REMARK 3.19. (1) If we set m%, = o1 and m% = o9 in Definition
3.18, then we obtain the definition of (7, j)-weakly m-continuity
(Definition 3.14).

(2) If we set my = o1 = o9 in Definition 3.18, then we obtain the
definition of weakly M-continuity (Definition 3.6).

(3) If we set mx = mSO(X), my = my and m} = mSO(Y) in Defi-
nition 3.18, then a function f : (X, mx) — (Y, my) is weakly M-
semicontinuous if and only if f : (X, mSO(X)) — (Y, my, mSO(Y))
is weakly M (1,2)-continuous.

(4) If we set mx = mPO(X), mi- = my and m? = mPO(Y) in Defi-
nition 3.18, then a function f : (X, mx) — (Y, my) is weakly M-
precontinuous if and only if f : (X, mPO(X)) — (Y, my,mPO(Y))
is weakly M (1,2)-continuous.

4. Characterizations of weak M (i, j)-continuity

THEOREM 4.1. For a function f : (X,mx) — (Y,mi,,m%), the fol-
lowing properties are equivalent:
(1) fis weakly M(i,j)-continuous at z € X; .
(2) for every V € m}, containing f(x), x € mxInt(f~(mi CL(V)));

(3) for every mi,-closed set F of Y such that x € mxCl(f~!(m{ Int(F))),
z € fHF).
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Proof. (1) = (2): Let V € m} containing f(z). Then, by (1) there
exists U € mx containing x such that f(U) C ijCl(V). Thus z € U C
f‘l(ijCl(V)) and hence z € mxInt(f~!(mi, C1(V))).

(2) = (3): Let F' be any m{/-closed set of Y. Suppose that = ¢
fYF). Then Y\ F € m§/ and z € X\ fYF) = fYY\F). By
(2) and Lemma 3.5, z € mxInt(f~ (m{,Cl(Y \ F))) = mxInt(f~1 (Y \
md Int(F))) = X \ mxCl(f~" (m} Int(F))). Hence
z ¢ mxCl(f 1 (m Int(F))).

(3) = (1): Let V be any mi -open set containing f(x). Then = ¢
FHY \ V) and Y \ V is mé-closed. By (3), x ¢ mXCl(f_l(ijInt(Y\
V) = mxCI(F1 (¥ \ md CI(V))) = mxCLX | L (md, CIV))) = X\
mxInt(f~!(md,C1(V))). Therefore, there exists U € mx containing z
such that U C f‘l(ijCl(V)); hence f(U) C ijCl(V)). O

COROLLARY 4.2. For a function f : (X, mx) — (Y, my), the follow-
ing properties are equivalent:
(1) fis weakly M-semicontinuous at ¢ € X;
(2) for every V € my containing f(x), x € msInt(f~!(msCl(V)));
(3) for every my-closed set F of Y such that x € msCl(f~!(msInt(F))),
z € fHF).

REMARK 4.3. By Remark 3.19, we can obtain a quite similar char-
actrizations of weak M-precontinuity from Theorem 4.1.

DEFINITION 4.4. A subset B of a bi-m-space (Y, mi,,m?.) is said to

be m;;-regular closed [4] if B = IniYCl(mg,Int(B)).

THEOREM 4.5. For a function f : (X,mx) — (Y,mi,m}), where
m%/ and m% have property B, the following properties are equivalent:

(1) fis weakly M (i, j)-continuous at x € X ; _

(2) for every subset B of Y with x € mx C1(f ! (m} Int(mi, C1(B)))),
x € f~(my Cl(B));

(3) for every mj;-regular closed set F of Y such that
z € mxCl(f~H(md{Int(F))), z € f~1(F);

(4) for every ml,-open set V of Y with x € mxCl(f~1(V)), = €
f7H(my, CL(V)).

Proof. (1) = (2): Let B be any subset of Y with
2 € mxCl(f 1 (m{ Int(m{,CI(B)))). Since m} has property B, by Lemma
3.9, mi,Cl(B) is mi-closed. Then, by Theorem 4.1,
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z € mxCl(f~ ! (m! Y Int(m}, Cl(B)))) implies z € f~!(mi,Cl(B)).

(2) = (3): Let F be any m,j—regular closed set of Y such that = €
mx CL(f (i, Int(F))). By (2), & € £~ (mi, CllmTnt(B))) = f~1(F).

(3) = (4): Let V be any mJ-open set of Y with 2 € mxC1(f~1(V)).
Then mi,Cl(V) = miYCl(ijInt(V)) and mi,Cl(V') is m;j-regular closed.
By assumption, z € mxCI(f~}(V)) = mXCl(f_l(m%(Int(V)))
< mxCI(f~ 1 (md, Int(mi, C1(V)))). By (3), z € f~ (mi,CL(V)).

(4) = (1): Let V be any mi.-open set of Y containing f(z). Since m{,
has property B, ijCl(V) is m{,—closed and Y\ ijCI(V) is m{,—open.
Suppose that = ¢ mXInt(f_l(ijCl(V))). Then
z € X \ mxInt( f*l( LCIV))) = mxCl(X \ f*l(m{(m(v»
= mxCI(f~HY \ m{,CL(V))). Slnce Y\ my,Cl(V) is m{,—open, by (4)
v e f- (i CUY \ myCI(V))) = f-1(¥ \ mInt(am, CLVY) € f-1(¥ \
mi Int(V)) = ffl(Y \V)) = X \ f7YV). Hence x ¢ f~1(V) and
f(z) ¢ V. This is a contradiction. Therefore, we obtain that x €
myInt(f~! (mJYCl(V))) By Theorem 4.1, f is weakly M (i, j)-continuous
at . O

COROLLARY 4.6. For a function f : (X, mx) — (Y, my), where my
has property B, the following properties are equivalent:
(1) fis weakly M-semicontinuous at = € X;
(2) for every subset B of Y with x € msCl(f L (msInt(mCl(B)))),
z € f~Y(mCl(B));
(3) for every my; —regular closed set F of Y such that
x € msCl(f~(msInt(F))), z € f~1(F);
(4) for every ms-open set V of Y with x € msCI(f~1(V)),
z € f~H(mCLV)).
REMARK 4.7. By Remark 3.19, we can obtain a quite similar char-
actrizations of weak M-precontinuity from Theorem 4.5.

For a function f : (X,mx) — (Y,m{,m3), we define D y; (f) as
follows:
Dy jy(f) = {z € X : f is not weakly M (i, j)-continuous at z}.

THEOREM 4.8. For a function f : (X,mx) — (Y,m},,m3.), the fol-
lowing properties hold:

Dt () = Ugers 1~ (G) \ mxTne(F~! (md CUG))}
= Urer {mxCl(f~ (mdInt(F)\ 17 (F)},

where F is the family of mi,-closed sets of Y.
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Proof. We show only the first equality because the proof of the other
is similar to the first one. Let x € Dy;(; ;(f). By Theorem 4.1, there ex-

ists V'€ mi, such that f(z) € Vand z ¢ mXInt(f_l(ijCl(V))). There-
fore, we have x € f=1(V) \ mXInt(f_l(ijCl(V))) C UGemg,{f_l(G) \
mXInt(f_l(m%(Cl(G)))}. Conversely, let
S UGEmé/{f_l(G) \ mXInt(f_l(ijCl(G)))}. There exists V € mi,
such that x € f~1(V)\ mXInt(ffl(ijCl(V))). By Theorem 4.1, z €
D (i gy (f)- O
For a function f: (X,mx) — (Y, my), we define Dys4(f) as follows:
Dys(f) = {x € X : f is not weakly M-semicontinuous at x}.
Then by Remark 3.19 and Theorem 4.8 we obtain the following corol-
lary.

COROLLARY 4.9. For a function f : (X, mx) — (Y, my), the follow-
ing properties hold:

Dus(f) = Ugemy, {(£71(G )\mslnt(f (msCl(G)))}
= Uper {msCIL(f~ ! (msInt(F)) \ f~H(F)},

where F' is the family of my-closed sets of Y .

REMARK 4.10. By Remark 3.19, we can obtain a quite similar results
of weak M -precontinuity from Theorem 4.8.

THEOREM 4.11. For a function f : (X,mx) — (Y,mj,,m%.), where
m%/ and m%/ have property B, the following properties hold:

D) (f) = Upep(v) {mxCI(f~ (m Int(mi, C1(B))))\ f~ (m}, C1(B))}
= Usem:, {mel(f’l(G)) \ [y, CU(G))}
= Uper {mxCI(f~ ! (my Int(F))) \ f~1(F)},
where I is the family of m;; regular closed sets of Y.

Proof. The proof is similar to that of Theorem 4.8. O

COROLLARY 4.12. For a function f : (X, mx) — (Y, my), where my
has property B, the following properties hold:

Dyrs(f) = Upep(yy {msCL(f~ (mSIHt(mCI( )\ f~HmCL(B))}
_UGemSO(Y {mSCI( G\ fFH(mCLG))}
= Uper {msCL(f ! (msInt(F))) \ f~1(F)},

where F' is the family of m;; regular closed sets of Y.

REMARK 4.13. By Remark 3.19, we can obtain a quite similar results
of weak M-precontinuity from Theorem 4.11.
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THEOREM 4.14. For a function f : (X,mx) — (Y,mi,m?), the
following properties are equivalent:

(1) fis weakly M (i, j)-continuous;
(2) f7Y(V) C mxInt(f~(md{,CUV))) for every mi -open set V of Y;
(3) mxCl(f~H(mi{ Int(F))) C f~Y(F) for every mi -closed set F of Y.

Proof. (1) = (2): Let V be any mi-open set and z € f~1(V).
Then, by Theorem 4.1 z € mXInt(f_l(m%(Cl(V))) and hence f~1(V) C
mxInt(f~* (md, CL(V))).

(2) = (3): Let F be any m? -closed set of Y. Suppose that x ¢
fYF). Then Y\ Femi isandz € X\ f1(F)=f"YY \F). By
(2) and Lemma 3.5, z € mXInt(f_l(ijCl(Y \ F))) = mxInt(f~1(Y"\
ijInt(F))) =X\ mXCl(ffl(ijInt(F))). Therefore,

z ¢ mxCl(f ! (m{Int(F))) and hence mx C1(f~! (m}, Int(F))) C f~1(F).

(3) = (1): Let V be any mi-open set and x € f~'(V). Then
x ¢ fFUY\V)and Y\V is mi-closed. By (3), 2 ¢ mxCI(f~* (md, Int(¥"\
V) = mxCI(f~ (¥ \ md CIV))) = myxCLX | 4 (md, CIV))) = X\
mxInt(f~!(m}, C1(V))). Therefore, z € mxInt(f~!(m},Cl(V))). By
Theorem 4.1, f is weakly M (i, j)-continuous. O

THEOREM 4.15. For a function f : (X,mx) — (Y,mi,,m%.), where
m%/ and m%/ have property B, the following properties are equivalent:

(1) fis weakly M(i,j)-continuous;
(2) for every subset B of Y,
mx CL(f " (md Tt (myy CU(B)))) < £~ (my CI(B));
(3) for every mjj-regular closed set F' of Y,
mx Cl(f~ (w Int(F))) © f7H(F);
(4) for every m{/-open set V of Y, mxCl(f~1(V)) C £~ (mi,ClV)).

Proof. (1) = (2): Let B be any subset of Y. Suppose
& € mxCI(f ! (md, Int (mi, C1(B)))). By Theorem 4.5, z € f~!(m!,CI(B)).
Hence mxCI(f~!(md, Int(mi, C1(B)))) ¢ f~!(mi CI(B)).

(2) = (3): Let F be any m;j-regular closed set of Y. By (2),
nxCI(f~ (md It (F))) = mx (£~ (i, Tnt (m, Cl(m] Int (F)) )))
C £ ml, Clmd It (F))) = £ (F).

(3) = (4): Let V be any m{,—open set of Y. Then ml,Cl(V) =
miYCI(ranInt(V)) and mi,C1(V) is m;j-regular closed. By (3),
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mxCL(f~1(V)) = mxCl(f~(m{ Int(V))) € mxCL(f~ (md Int(mi, C1(V))))
C f7Hm{ CUV)).

(4) = (1): Let V be any mi-open set of Y. Since m{, has prop-
erty B, ijCl(V) is m{/-closed and Y\ ijCl_(V) is m{/-open. By (4),
mx CL(f~ (Y \ my, C(V))) € f~H(m{ CLY \ my, CL(V)))) € X\ fH(V).
Therefore, we obtain f~1(V) C mXInt(f_l(m%(Cl(V))) and by Theorem
4.14 f is weakly M (i, j)-continuous. O

REMARK 4.16. (1) By Theorems 4.14 and 4.15, we obtain the results
from Theorems 3.3, 3.5 and 3.6 of [33].

(2) By Theorems 4.14 and 4.15, we obtain the results from Theorems
3.3 and 3.5 of [34].

(3) Let mi- = o1 and m? = o9, then by Theorems 4.14 and 4.15 we
obtain Theorem 3.1 of [43].

DEFINITION 4.17. Let (X, m%,m%) be a bi-m-space and A a subset
of X. A point x of X is called an m;;-0-adherent point of A if AN

ijCl(U) # () for every m;-open set U containing x.

The set of all m;;-0-adherent points of A is called the m;;-0-closure
of A and is denoted by m;;Clg(A). If A =m;;Cly(A), then A is said to
be m;;-0-closed. A subset A of X is said to be m;;-0-open if X \ A is
m;j-0-closed.

LEMMA 4.18. Let (X, m}(, m?X) be a bi-m-space, where m’X has prop-
erty B. Then m;;Cly(A) is m’-closed for each subset A of X.

Proof. Let z € X \ m;;Clp(A). Then = ¢ m;;Clg(A). Hence there
exists U, € mY containing x such that ijCl(Uw) NA = 0. Then
UzNA = () which implies that U, Nm;;Cly(A) = 0. Indeed, suppose that
Uz Nm;;Clg(A) # 0. Then, there exists y € U, N'm;;Clp(A). Therefore,
y € Uy and y € m;jClg(A). Therefore, we have ijCl(Um) NnA# (.
This is a contradiction. Hence z € U, C X \ m;;Clp(A). Since m’ has
property B, X \ m;;Cly(A) = UU, € m’. It follows that m;;Cly(A) is
m’-closed. O

LEMMA 4.19. Let (X,m}(, m%) be a bi-m-space. If U is an m’-open
set, then mj;Clg(U) = my Cl(U).

Proof. Suppose that z ¢ m;;Clg(U). Then there exists V' € mJX
containing x such that ml Cl(V)NU = 0; hence V N U = 0. Therefore,
V Nm{ClU) = 0 and hence z ¢ mi Cl(U). Therefore, m;;Cly(U) D
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ijCl(U). Conversely, suppose that x ¢ ijCI(U ). Then there exists
V € m), containing z such that VN U = 0. Since U € me, Un
ml Cl(V) = 0 and hence = ¢ m;;Clp(U). Hence m;;Cly(U) C mXCl(U)
Hence m;;Cly(U) = mXCl(U) O

THEOREM 4.20. For a function f : (X,mx) — (Y,m3j,,m%), where

m%/ and m% have property B, the following properties are equivalent:

(1
(2
(3
(

) f is weakly M (i, j)-continuous;
) f(mXCl(A)) C m;;Clp(f(A)) for every subset A of X;
) mxCl(f~1(B)) C f~1(mi;Cla(B)) for every subset B of Y;
4) mxCl(f~Y( jYInt(mijClg(B)))) C f~1(m;;Cly(B)) for every sub-
set B of Y.

Proof. (1) = (2): Suppose that f is weakly M (4, j)-continuous. Let
A be any subset of X, z € mxCl(A) and V be an m-open set of ¥
containing f(z). Then, there exists an mx-open set U containing = such
that f(U) C mYCI(V). Since € mxCl(A), by Lemma 3.6 we obtain
UNA # () and hence 0 # f(U)Nf(A) C ijCl(V) N f(A). Therefore, we
obtain f(z) € m;;Clyg(f(A)) and hence f(mxCIl(A)) C ijClg(f(A)).

(2) = (3): Let B be any subset of Y. Then f(mxCIl(f~1(B))) C
m;;Clo(f(f~Y(B ))) CmUClg( ) and hence
myCl(f 1 (B)) € £~ (mi;Cly(B)).

(3) = (4): Let B be any subset of Y. Then, by Lemma 4.18
m;;Clg(B)) is mi,-closed in Y and by using Lemmas 4.18 and 4.19 we
obtain . .

(7~ md Int i, Clo(B)) € ! (i, oot (m Clo(5))
= f! (mYCl(mYInt(mUClg(B)))) C f~Hmi, Cl(m;;Cly(B)))
= f_ (mszIG( ) )

(4) = (1): Let V be any mi,-open set of Y. Then by Lemma 4.19,
V C ijInt(miYCl(V)) = mYInt(m,]Clg(V)) and we have
mx Cl(f (V) € mxCl(f~ (my Int(mi;Cla(V)))) € f~H(mi;Clo(V'))
= /71 (my, CL(V)).

Thus we obtain mxCl(f~1(V)) c f~1(m!,CL(V)). It follows from
Theorem 4.15 that f is weakly M (i, j)-continuous. O

DEFINITION 4.21. Let (X, mx) be an m-space and A be a subset of X.
The mx-frontier of A [43], mxFr(A), is defined as follows: mxFr(A) =
mxCl(A) NmxCl(X \ A) = mxCl(A) \ mxInt(A).

THEOREM 4.22. Let (X, mx) be an m-space and (Y,m},,m3.) a bi-
m-space. The set of all points x of X at which a function f : (X, mx) —



Weakly M-semi-continuous and weakly M-precontinuous functions 241

(Y, mi,,m%) is not weakly M (i, j)-continuous is identical with the union

of all mx-frontiers of the inverse images of the m{/-closure of m},-open
sets of Y contining f(x).

Proof. Let = be a point of X at which f is not weakly M(i, j)-
continuous. Then, there exists a m{-open set V of Y containing f(z)
such that U N (X \ f_l(ijCl(V))) # () for every mx-open set U of X
containing z. By Lemma 3.6, z € mxCIl(X \ f‘l(ijCl(V))). Since z €
7 (md, CU(V)), 2 € mxCL(f~ (md, CL(V))) and & € mxFr(f~* (md, C1(V))).

Conversely, if f is weakly M (i, j)-continuous at x, then for each mj -
open set V of Y containing f(z), there exists an m x-open set U contain-
ing = such that f(U) C ijCl(V) and hence z € U C ffl(ijCl(V)).
Therefore, we obtain that = € mXInt(ffl(ijCl(V))) and hence = ¢
mx Fr(f~*(ml, C1(V))). O

COROLLARY 4.23. The set of all points x of X at which a function
f: (X,mx) — (Y,my) is not weakly M-semicontinuous is identical
with the union of all mSO(X)-frontiers of the inverse images of the
my-semi-closure of my-open sets of Y contining f(x).

5. Weak M (i, j)-continuity and M-continuity

DEFINITION 5.1. A function f : (X,mx) — (Y, my) is said to be
M -continuous [47] at x € X if for each V' € my containing f(z), there
exists U € my containing x such that f(U) C V. The function f is said
to be M-continuous if it has this property at each z € X.

DEFINITION 5.2. A function f : (X,mx) — (Y, mi,m?) is said to
be M-i-continuous if f: (X,mx) — (Y,m}) is M-continuous.
LEMMA 5.3. For a function f : (X, mx) — (Y,mi,,m}), the following
properties are equivalent:
(1) fis M-i-continuous; A
(2) f~HV) = mxInt(f~Y(V)) for every mi -open set V of Y;
(3) fFHF) = mxCIl(f~1(F)) for every mi -closed set F of Y.
Proof. The proof follows from Definition 5.2 and Theorem 3.1 of [47].
O
DEFINITION 5.4. A bi-m-space (X, mk, m%) is said to be m;;-regular
if for each x € X and each me-open set U containing z, there exists an
m'-open set V such that x € V C mi C1(V) C U.
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LEMMA 5.5. If A bi-m-space (X, m},m%) is m;j-regular, then
m;;Cly(F) = F for every m% -closed set F of X.

Proof. Let F be any m¥-closed set of X and z € m;;jCly(F), then
mi Cl(U)NF # ( for every m’-open set U containing z. Since X is mi;-
regular, there exists an m’y-open set V' such that z € V C m{Cl(V) C
U. Since z € V € mi, myCL(V) N F # (. This implies that U N F # )
and hence z € mi,CI(F). Then, we have F C m;;Cly(F) C miCI(F) =
F. O

THEOREM 5.6. Let (Y, ml,,m%) be an m;j-regular bi-m-space, where
mi, and m} have property B. For a function f : (X, mx) — (Y, mi,m3.),
the following properties are equivalent:

(1) fis M-i-continuous;
(2) f~Y(mi;jClp(B)) = mxCl(f~(m;;jClp(B))) for every subset B of
Y;
(3) fis weakly M (i, j)-continuous;
(4) fYF) = mxCl(f~H(F)) for every m;;-0-closed set F of Y;
(5) f~HV) = mxInt(f~Y(V)) for every m;;-0-open set V of Y.

Proof. (1) = (2): Let B be any subset of Y. By Lemma 4.18,
m;;Clg(B) is mi-closed in Y. It follows from Lemma 5.5 that f~(m;;Cly(B)) =
mxCL(f ! (my;Cly(B)));

(2) = (3): Let B be any subset of Y. Then by (2) and Lemma 3.5
we have

mxCl(f~1(B)) C mxCl(f~1(m;;Clp(B))) = f~1(m;;Cla(B)).
By Theorem 4.20, f is weakly M(i, j)-continuous.

(3) = (4): Let F be any m;j-6-closed set of Y. Then by Theorem
4.20, mxCl(f~1(F)) C f~1(mijCly(F)) = f~1(F). By Lemma 3.5,
FUF) = mxCI(f 1 (F).

(4) = (5): Let V be any m;;-6-open set of Y. Then by (4), X \
FV) = FAY V) = mxCUFNY \ V) = X\ mxInt(fL (V).
Hence f~1(V) = mxInt(f~1(V)).

(5) = (1): Since (Y, mi,,m?) is m;j-regular, by Lemma 5.5
m;;Clg(B) = B for every m' -closed set B of Y and hence every m!.-open
set is m;;-0-open. Therefore, by Lemma 5.3, f is M-i-continuous. O
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6. Minimal structures in bitopological spaces

DEFINITION 6.1. A subset A of a bitopological space (X, 71, 72) is
said to be

(1) (4,7)-semi-open [25] if A C jCl(iInt(A)), where i # j, i, j =1, 2,

(2) (i,7)-preopen [14] if A C ilnt(jCl(A)), where i # j, i, j =1, 2,

(3) (4,7)-c-open [15] if A C iInt(jCl(iInt(A))), where i # j, i, j = 1,

(4) (i

—~

i,7)-semi-preopen (briefly (i,7)-sp-open) [20] if there exists an

2 J
i, j)-preopen set U such that U C A C jCI(U), where i # j,i,j =
2.

N

—_

9

The family of all (¢, j)-semi-open (resp. (i,j)-preopen, (i,7)-a-open,
(i,7)-sp-open) sets of (X, 71, 72) is denoted by (i,7)SO(X) (resp.
(4, ))PO(X), (i,j)e(X), (,5)SPO(X)).

REMARK 6.2. Let (X, 71, 72) be a bitopological space. Then (7, j)SO(X),
(1,7)PO(X), (i,j)a(X) and (i, 7)SPO(X) are all m-structures on X.

In the following, we denote by m;;(X) a minimal structure on X
determined by 71 and 7 as in Definition 6.1. If m;;(X) = (,)SO(X)
(resp. (i,7)PO(X), (4,))a(X), (i,7)SPO(X)), by Definition 3.3 for a
subset A of X we have

miiCI(A) = (i, /)sC1(4) [25]

(vesp. (i, /)pCI(A) [20], (5, })aCl(A) [36], (i, j)spCI(A)) [20],
my;Int(A) = (4, j)sInt(A) (resp. (4, j)pInt(A), (7, 7)ednt(A), (4, j)spInt(A)).

REMARK 6.3. Let (X, 71, 72) be a bitopological space. Then the fam-
ilies (7,7)SO(X), (4,7)PO(X), (i,7)a(X) and (i,7)SPO(X) are all m-
structures on X satisfying property B by Theorem 2 of [25] (resp. The-
orem 4.2 of [16] or Theorem 3.2 of [20], Theorem 5 of [36], Theorem 3.2
of [20]).

Let (X,7,72) be a bitopological space and A a subset of X. A
point x of X is called an (i, 7)-semi-0-adherent point [21] of A, if AN
(7,4)sCI(U) # 0 for every (i, j)-semi-open set U containing x. The set of
all (7, j)-semi-f-adherent points of A is called the (i, j)-semi-0-closure
of A and is denoted by (i, 7)sClg(A). If A = (7,7)sClg(A), then A is said
to be (i,7)-semi-0-closed. A subset A of X is said to be (i, j)-semi-6-
open if X \ A is (i, j)-semi-6-closed. A bitopological space (X, 71, 72) is
said to be (i, j)-semi-regular [21] if for each (i,7)-semi-open set G and
each x € G, there exists an (i, j)-semi-open set U such that x € U C
(7,7)sCI(U) C G.
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DEFINITION 6.4. A function f : (X, 7, 7) — (Y, 01,02) is said to be
(1, 7)-weakly semi-continuous [18] (resp. (i, j)-weakly precontinuous [42])
if for each x € X and each o;-open set V' of Y containing f(x), there
exists an (i, j)-semi-open (resp. (,j)-preopen) set U containing z such

that f(U) C jCL(V).

Hence, a function f : (X, 71,72) — (Y,01,02) is (i,7)-weakly semi-
continuous (resp. (i,j)-weakly precontinuous) if and only if a func-
tion f : (X, (i,7)SO(X)) — (Y,01,02) (resp. f : (X, (4,/)PO(X)) —
(Y,01,09)) is weakly M (i, j)-continuous.

DEFINITION 6.5. A function f : (X, 7,72) — (Y,01,02) is said to
be (i,7)-quasi irresolute [21] (resp. (i,7)-almost s-continuous [22]) if
for each € X and each (i, j)-semi-open set V' of Y containing f(x),
there exists U € (i,7)SO(X) (resp. U € 7;) containing x such that
F(U) < (G, )sCI(V).

Hence, a function f : (X,7,7) — (Y,01,02) is (4,7)-quasi irres-
olute (resp. (i,j)-almost s-continuous) if and only if a function f :
(X, (i,7)SO(X)) — (Y,(i,7)SO(Y), (4,1)SO(Y)) (resp. [ : (X,7) —
(Y, (2,7)SO(Y), (4,7)SO(Y"))) is weakly M (i, j)-continuous.

Therefore, by the results of Sections 4 and 5, we can obtain the results
established in [18], [21], [22], [42] and [43].

REMARK 6.6. Let (X, 71, 72) be a bitopological space. Then the fam-
ilies (7,7)SO(X) and (i, 7)PO(X) have property B.

(1) If we set mx = (i,7)SO(X), mi = o1 and m? = o9, then by The-
orems 4.14 and 4.15 we obtain the results established in Theorems
2.1 and 2.2 in [18] and Theorems 3.1 and 3.2 in [46].

(2) If we set mx = (i, j)PO(X), mi- = o1 and m?. = o9, then by The-
orems 4.14 and 4.15 we obtain the results established in Theorems
3.1 and 3.2 of [42].

(3) If we set mj, = 01 and m} = o3, then by Theorems 4.14 and 4.15
we obtain the results established in Theorem 3.1 of [43].

(4) If weset mx = (i,5)SO(X), mj = (4,7)SO(Y) and m? = (4, i)SO(Y),
then by Theorem 4.14 we obtain the results established in Propo-
sition 15 (1), (4), (5) of [21] and Theorem 2.4 (1), (2) of [19].

REMARK 6.7. (1) If weset mx = (i,7)SO(X), mi = o1 and m3- =
09, then by Theorem 5.6 we obtain the results established in The-
orem 3.2 in [51].
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(2) If we set mx = (i,7)PO(X), mi, = o1 and m} = o9, then by
Theorem 5.6 we obtain the results established in Theorems 3.3 of
[42].

(3) If we set mi = o1 and m3. = o, then by Theorem 5.6 we obtain
the results established in Theorem 4.1 of [43].

(4) If weset mx = m;;SO(X), mi = (i, j)SO(Y) and m3. = (j,1)SO(Y),
then by Theorem 5.6 we obtain the results established in Theorem
2.7 of [19).

REMARK 6.8. (1) If weset mx = (i,7)SO(X), m} = o1 and m3- =
09, then by Theorem 4.22 we obtain the results established in
Theorem 4.3 in [51].

(2) If we set mx = (i,7)PO(X), mj = o1 and m? = 09, then by
Theorem 4.22 we obtain the results established in Theorem 4.3 of
[42].

By Theorem 4.15, we can obtain the characterizations of (7, j)-almost
s-continuous functions.

COROLLARY 6.9. For a function f : (X,71,72) — (Y,01,02), the
following properties are equivalent:

(1) fis (i,7)-almost s-continuous;
(2) for every subset B of Y,

iCL(f~H (7, )sInt((4, /)sCU(B)))) € (i, 5)sCUB));
(3) for every semi-regular closed set F' of Y,
iCLfH((, )sInt(F)) € f~H(F);
(4) for every (j,i)-semi-open set V of Y, iC1(f~1(V)) € f~1((i,7)sCL(V)).

REMARK 6.10. (1) If we set my = (i,7)SO(X), m, = o1 and
m%, = 09, then by Theorem 4.20 we obtain the results established
in Theorem 3.3 in [46].

(2) If we set mx = (i,7)PO(X), mj, = o1 and m? = o9, then by
Theorem 4.20 we obtain the results established in Theorems 3.2 of
[42].

(3) If we set mi, = o1 and m3- = o, then by Theorem 5.6 we obtain
the results established in Theorem 4.20 of [43].

(4) If weset mx = m;;SO(X), m}, = (i, j)SO(Y) and m3- = (j,i)SO(Y),
then by Theorem 4.20 we obtain the results established in Theorem
2.3 of [19].
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(5) If we set mx = 7, mi- = (4,7)SO(Y) and m3- = (4,1)SO(Y'), then
by Theorem 4.20 we obtain new characterizations of (i, j)-almost
s-continuous functions.

COROLLARY 6.11. For a function f : (X,7,72) — (Y,01,02), the
following properties are equivalent:

(1) fis (4, j)-almost s-continuous;

(2) for every subset A of X, f(iCl(A)) C (Z,j)SClg( (A));

(3) for every subset B of Y, iCl(f~Y(B)) C f~1((i,7)sCly(B));

(4) for every subset set B of Y, iCl(f~1((4,i)Int((i,7)sCly(B)))) C

F7H((E,4)sCla(B)).

For a function f : (X,71,72) — (Y,01,02), we define D(; ;,(f) as
follows:

D j)s(f) = {x € X : f is not (4, j)-weakly semi-continuous at x}.

Then, by Theorems 4.8 and 4.11 we obtain the following corollary.

COROLLARY 6.12. For a function f : (X,m,7) — (Y,01,02), the
following properties hold:
D jys(f) = Ugeo, 171G\ (i,j)slnt(f_l(jCI( )}
= Uper (4, 5)sCUf~ (GInt(F) \ f~H(EF)},
= Ugper) {(i,7)sCl(f " (jInt(iCY(B )))) \ f7H(ECY(B))}
= Urer {04, J')SCl(f’ (jInt(R )) \fHR)Y
= Ugeo, {(i,7)sCUfH(G)) \ 71 (CUG))},
where F' is the family of o;-closed sets of Y and R is the family of (i, j)
regular closed sets of Y.

REMARK 6.13. If we set as follows:

(1) mx = (i,j)PO(X), mi- = o1 and m2. = o9,

(2) mx = (,)SO(X), mb. = (i, /)SO(Y) and m? = (j,)SO(Y),

(3) mx = 7, mi = (4,7)SO(Y) and m? = (4,1)SO(Y),
then by Theorems 4.8 and 4.11 we obtain the similar corollaries with
Corollary 6.12 concerning (1) (4, j)-weakly precontinuity, (2) (4, 7)-quasi
irresoluteness, and (3) (¢, j)-almost s-continuity, respectively.

7. Some properties of weak M (i, j)-continuity

DEFINITION 7.1. A bi-m-space (X, m%, m%) is said to be M;;-Urysohn
if for each distinct points x,y of X there exist an mX open set U and an
m’.-open set V such that 2 € U and y € V and mXCl(U)ﬂmiXCl(V) =0
fori # j,i,5 =1,2.
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REMARK 7.2. If (X, 7, 72) is a bitopological space, then we obtain
the definition of a pairwise Urysohn space [7].

DEFINITION 7.3. A function f : (X,myx) — (Y, my) is said to have
a strongly M-closed graph [49] if for each (z,y) € (X xY) — G(f),
there exist U € mx containing x and V' € my containing y such that
[U x myCl(V)]NG(f)=0.

LEMMA 7.4. (Popa and Noiri [49]) A function f : (X, mx) — (Y, my)
has a strongly M-closed graph if and only if for each (z,y) € (X xY') —
G(f), there exist U € mx containing x and V' € my containing y such
that f(U) NmyCl(V) = 0.

DEFINITION 7.5. A function f : (X,myx) — (Y, my) is said to have
a strongly M-semi-closed graph [33] (resp. strongly M-preclosed graph
[34]) if for each (x,y) € (X xY) — G(f), there exist an m-semi-open
(resp. m-preopen) set U containing x and V € my containing y such

that [U x myCl(V)|NG(f) = 0.

REMARK 7.6. If mx = mSO(X) (resp. mPO(X)) in Definition 7.3,
then we obtain Definition 7.5.

DEFINITION 7.7. A function f : (X,mx) — (Y,mi,m}) is said

to have an M;j-strongly closed graph if f : (X,mx) — (Y, m} ) has a
strongly M-closed graph.

THEOREM 7.8. If a function f : (X,mx) — (Y,mi,,m2) is weakly

M (i, j)-continuous and Y is M;;-Urysohn, then f has an M;;-strongly
closed graph.

Proof. Let (xz,y) € (X xY)— G(f). Then y # f(z). Since Y is
M;;-Urysohn, there exist an m’x}—open set U and an m{,—open set V such
that f(z) € U and y € V, respectively, such that ijCl(U)ﬂmiYCl(V) =
(. By weak M(i,j)-continuity of f, there exists an mx-open set G
containing 2 such that f(G)  m,ClI(U); hence f(G) N mi,Cl(V) = 0.
By Lemma 7.4, f has an M;j-strongly closed graph. O

REMARK 7.9. If mx = mSO(X) (resp. mPO(X)), then we obtain
Theorem 3.9 of [33] (resp. Theorem 3.9 of [34])

DEFINITION 7.10. An m-space (X, mx) is said to be m-Ty [47] if for
each distinct points x,y of X there exist mx-open sets U and V such
that z € U and y € V, respectively, such that U NV = {).
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THEOREM 7.11. If a function f : (X, mx) — (Y,mi,m}) is a weakly

M (i, j)-continuous injection, where mi{, C mj,, and f has an M;;-
strongly closed graph, then (X, mx) is m-T5.

Proof. Let x1 # zo. Then f(z1) # f(x2) and (x1, f(x2)) ¢ G(f).
Since G(f) is M;;-strongly closed, there exist U € mx containing

and V € mi, containing f(x2) such that f(U) Nml,C1(V) = . Since f
is weakly M (i, j)-continuous and f(xz2) € V' € mj,, there exists an mx-
open set W containing x9 such that f(W) C ijCl(V). Since mi, C m{/,
it follows that ijCl(V) C ml,C1(V). Hence f(U)N f(W) = (. This
implies that U N W = () and hence (X, my) is m-Tb. O

REMARK 7.12. If f : (X,mSO(X)) — (Y,my,mSO(Y)) (resp. f :
(X, mPO(X)) — (Y,my,mPO(Y)), then we obtain Theorem 3.10 of
[33] (resp. Theorem 3.10 of [34]).

THEOREM 7.13. If f : (X,mx) — (Y,mi,,m%) is a function such
that

(1) (Y,mi,m¥) is M;;-Urysohn,

(2) F(ws) # 1),

(3) f is weakly M (i, j)-continuous at x; and weakly M3, i)-continuous
at x;j for distinct points xz;, xj; € X,
then (X, mx) is m-Ts.

Proof. Let 21 and x5 be distinct points and y; = f(z;) for i = 1,2.
Then y; # yo. Since (Y, m%/,m%/) is M;;-Urysohn, there exist an mgf—
open set V; and an m{/—open set Vj such that y; € Vi, y; € V; and
ijCl(Vi) N mCl(V;) = 0. Since f is weakly M(i,)-continuous at
z; and f(z;) € V; € mi,, there exists U; € mx containing z; such
that f(U;) C mJYCI(V;) Since f is weakly M(j,i)-continuous at z;
and f(z;) € V; € m{,, there exists U; € mx containing z; such that
f(U;) € mi,CL(V;). Hence f(U;) N f(U;) = O which implies U; N U; = 0.
Therefore, (X, mx) is m-T5. O

DEFINITION 7.14. An m-space (X, mx) is said to be m-connected
[47], [48] if it is not expressed as the union of two disjoint nonempty
m~open sets of X.

DEFINITION 7.15. A bi-m-space (X, m}, m%) is said to be pairwise
m-connected if it cannot be expressed as the union of two nonempty
disjoint sets U € m}( and V € m§(
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THEOREM 7.16. Let a function f : (X, mx) — (Y, mi,m}) be a func-
tion, where mx, m%/ and m%/ have property B. If f is a weakly M (i, j)-
continuous and weakly M (j,1)-continuous surjection and (X, mx) is m-
connected, then (Y, m%,, m%/) is pairwise m-connected.

Proof. Suppose that (Y, mi,, m?) is not pairwise m-connected. Then,
there exist a ag,—open set U and a U{}—open set V such that U # (), V #
0,UNV = and UUV =Y. Since f is surjective, f~1(U) and f~(V) are
nonempty. Moreover f~H(U)N f~4(V) =0 and f~H(U)U f~ (V) = X.
Since f is weakly M (i, j)-continuous and weakly M (74, )-continuous, by
Theorem 4.14 we have f~1(U) C mXInt(f_l(m{(Cl(U))) and f~Y(V) C
mxInt(f~1(m},CI(V))). Since V=X \U € m) and U = X\ V € mi,,
by Lemma 3.9 U = jYCl(U) and V = mi,Cl(V). Therefore, we have
F7YU) € mxInt(f~1(U)) and f~1(V) € mxInt(f~*(V)). Hence by
Lemma 3.5 f~Y(U) = mxInt(f~1(U)) and f~1(V) = mxInt(f~1(V)).
By Lemma 3.3, f~1(U) and f~1(V) are mx-open sets in (X, mx). This
shows that (X,mx) is not m-connected. O

DEFINITION 7.17. A subset K of an m-space (X, my) is said to be
m-compact if [47], [48] if every cover of K by mx-open sets has a finite
subcover.

DEFINITION 7.18. A subset K of a bi-m-space (Y, mi,,m?) is said to
be M;;-quasi H-closed relative to Y if for each cover {U, : o € A} of
K by mg/-open sets of Y, there exists a finite subset Ag of A such that
K U{md, Cl(U,) : € Ag}.

THEOREM 7.19. If f : (X,mx) — (Y,mi,,m3) is weakly M(i, j)-
continuous and K is an m-compact set in (X, mx), then f(K) is M;;-
quasi H-closed relative to Y.

Proof. Let K be an m-compact set of X and {V, : @ € A} any
cover of f(K) by mj-open sets of Y. For each z € K, there exists
a(x) € A such that f(r) € V(). Since f is weakly M (i, j)-continuous,
there exists U, € mx containing = such that f(U,) C my,Cl(Vy).
The family {U, : € K} is a cover of K by mx-open sets. Since K is
m~compact, there exist a finite number of points, say x1, xs, ..., T, in K
such that K C U{U,, : o € K,k = 1,2,...,n}. Therefore, we obtain
FK) C U{f(Us,) s ap € Kk = 1,2,...,n} C U{m{,Cl(Vyy,)) @ 2 €
K,k =1,2,...,n}. This shows that f(K) is M;j-quasi H-closed relative
to Y. O

REMARK 7.20. Let (X, 71, 72) and (Y, 01, 02) be bitopological spaces.
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(1) If we set mx = (i,7)PO(X), mi, = o1 and m} = o9, then by
Theorem 7.19 we obtain the results established in Theorem 6.3 of
[42].

(2) If we set mi = o1 and m2. = o2, then by Theorem 7.19 we obtain
the results established in Theorem 5.3 of [43].

(3) If weset mx = (i,7)SO(X), mi- = (4,5)SO(Y) and m? = (j,i)SO(Y),
then by Theorem 7.19 we obtain the results established in Propo-
sition 17 of [21].

(4) If we set mx = 7, my- = (4,7)SO(Y) and m3- = (j,i)SO(Y), then
by Theorem 7.19 we obtain the results established in Theorem 7
of [22].
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