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ON C-DELTA INTEGRAL OF BANACH SPACE
VALUED FUNCTIONS ON TIME SCALES

Ju HAN Yoon*

ABSTRACT. In this paper we introduce the Banach-valued C-delta
integral on time scales and investigate some properties of these in-
tegrals.

1. Introduction and preliminaries

The calculus on time scales was introduced for the first time in 1988
by Hilger[2] to unify the theory of difference equations and the theory
of differential equations. In 2012, Gwang Sik Eun, Ju Han Yoon, Young
Kuk Kim and Byung Moo Kim introduced the C- integral on time scales
and inrestigated some properties of the integral. In this paper, we study
the Banach-valued C-delta integral on time scales. We prove that the
C-integral and the strong C-integral are equivalent if and only if the
Banach space is finite dimensional and F' is the indefinite strong C-
integral on time scales if and only if the C-variational V, F is absolutely
continuous on time scales.

Throughout this paper, X is a real Banach space with norm || - || and
its dual X*. I denote the family of all subintervals of [a,b]p. A time
scale T' is a nonempty closed subset of real number R with the subspace
topology inherited from the standard topology of R. For ¢t € T" we define
the forward jump operator o(t) = inf{s € T : s > t} where inf¢ =
sup T, while the backward jump operator p(t) = sup{s € T : s < t}
where sup ¢ = inf T'. If o(t) > ¢, we say that t is right-scattered, while
if p(t) < t, we say that ¢ is left-scattered. If o(t) = t, we say that ¢ is
right-dense, while if p(t) = ¢, we say that t is left-dense. The forward
graininess function u(t) of t € T is defined by u(t) = o(t) — t, whlie the
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backward graininess function v(t) of t € T' is defined by v(t) =t — p(t).
For a,b € T we denote the closed interval [a,bly = {t € T : a <t < b}.
d = (d1,0R) is a A-gauge on [a,b|r if 6.(t) > 0 on [a,b]r, dr(t) > 0 on
[a,b]T, 6r.(a) >0, 6r(b) > 0 and dgr(t) > u(t) for each t € [a, b]7.
A collection P = {([ti—1,t],&) : 1 < i <n} of tagged intervals is
(1) d-fine McShane partition of [a, b]p if [ti—1,t|r C [& — 00(&%), & +
0r(&)] and &; € [a,b]r for each i =1,2,--- ,n.
(2) o-fine C-partition of [a, b]r if it is a J-fine McShane partition of
[a, b]r and satisfying the condition
Sordist([ti—1, )7, &) < 1,
where dist ([ti—la ti]T,&):infﬂui — fz‘ tu; € [ti—17t’i]T}'
Given a d-fine C-partition P={([t;—1,t;|7,&)}1_,, we write

S(f,P) =370 F(&)(ti —tiz1)

for integral sum over P, whenever f : [a, bl — R.

DEFINITION 1.1 ([1]). A function f : [a,blr — R is C- delta
integrable on [a, b]r if there is a number L such that for each € > 0
there exists a A-gauge, d, on [a, b]r such that

for every d-fine C- partition P = {([ti—1,ti|7,&) : 1 <i <n} of [a,b]r.
The number L is called the C-delta integral of f on [a, b]r.

2. On (C-delta integral of Banach space valued functions on
time scales

In this section, we introduce the C-delta integral of Banach valued
functions on time scales and investigate some properties of the integral.

DEFINITION 2.1. A function f : [a,b]7 — X is C-delta integrable on

[a, b]r if there is a vector L € X such that for each € > 0 there is a
A-gauge, 0, on [a,b]r such that ||S(f, P) — L|| < € for each 6 — fine
C-partition P = ([ti—1, i1, &)iq of [a,b]p. In this case, L is called the
C-integral of f on [a,b]r and we write L = f; fAtor L=(C) f; AL
The function f is C-integrable on a set E C [a,b]7 if fy, is
C-integrable on [a,bl7. We write [, fAt = f; Iyt

By the definition of C-delta integral and similar method of proof of

theorem 2.4 in [1], we can easily get the following theorems and
Lemma.
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THEOREM 2.2. Let f : [a,blr — X be a function. Then
(1) if f is C-delta integrable on [a,b]|r, then f is C-delta integrable
on every subinterval [c,d|r of [a,b]r.
(2) if f is C-delta integrable on [a,c|r and [c,b]r,then f is C-delta
integrable on [a, bl and fab fAt= [T fAL+ fcb fAL.
THEOREM 2.3. let f,g: [a,blr — X be C-delta integrable functions on

[a,b]r and let o, B € R. Then af + Bg is C-delta integrable function on
[a, b]r and

Jiof + Bg)At = a ) AL+ B [V gAt.

LEMMA 2.4 (Saks-Henstock Lemma). Let f : [a,blr — X be C-delta
integrable on [a,b]y. Then for each € > 0 there is a A- gauge, §, on
[a, b]p. such that

IS(£.P) = [, fAt] < e
for each d-fine C- partition P of [a,b|r. If P' = ([ti—1,t:]7,&)ieq IS a
d-fine partial C-partition of [a,b]r, we have
IS(f, P!y — s, [l FAL) <.

THEOREM 2.5. Let f : [a,blr — X be C-delta integrable function on
[a,b]r. Then
(1) for each z* € X*, the function x* f is C-delta integrable on |a, b|r

and
/ab:):*fAt:x*(/abfAt).

(2) if Y is a Banach space and T : X — Y is a continuous linear
operator, then T'f is C- delta integrable on [a, bl and

/abeAt:T</abfAt).

DEFINITION 2.6. A finction f : [a, bl — X is strongly C-delta
integrable on [a, b]7 if there exist an additive function F': I — X such
that for each € > 0 there is a A-gauge, §, on [a, b]7 such that

D 1 (&) (vi — wi) — F(ug, v)|| < e
for each ¢- fine C- partition P = ([u;, vs]7, & )iy of [a,b]p. We denote
F(ui, UZ‘) = F(’Ul) — F(ul)

THEOREM 2.7. Let X be a Banach space of finite dimension. Then
f :la,blr — X is C- delta integrable on [a,b]r if and only if f is
strongly C-delta integrable on [a, b]p.
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Proof. Let f be strongly C-delta integrable on [a, b]7. By definition
2.6, f : [a,blr — X is C-delta integrable on [a, b]r. Conversely, let

f :la,blr — X be C-delta integrable on [a, b]7. For each € > 0 there is
a A-gauge, ¢, on [a, b]r such that

IS(f, P) = Fa,b)|| < e

for each d-fine C-partition P = ([u, v]7, &) of [a,b]r. Let ej,eq, - - e,
be a base of X. By the Hahn-Banach Theorem, for each e;, there is

x; € X* such that
. 1 ifi=yjy,
i (e5) = { e
o ifi#j.
fori,7=1,2,...,n. Define g; = 2} f(1 < i < n), then g; is C-delta
integrable on [a, b]7. For each € > 0 there is a A-gauge, d;, on [a, b|p
such that

1S(gi, i) = 22 [ gildt| < §

for each 6- fine C-partition P; = ([u,v]r, &) of [a,b]r. Since g; is real
valued function. By Saks-Henstock Lemma, we have

2o 1gi(€)(u—v) — [ gildt| < e
Also, we have
F(u,v) = [, At = [[(SiL,gies) At = DL, Gi(u, v)e;
where G;(u,v) = [ giAt. Let § be a positive function on [a,b]7 such

that d(z) < d;(z) on [a,b]r for i =1,2,...,n. For each ¢- fine C-
partition P = ([u,v]p, &) of [a, b]p, we have

M IFEO@=w) = Fu,v)[ <Y1 gil©ei(v —u) = Y Gilu, v)ei|
=1 =1
<Y llell Y 19i(€) (0 = w) = Giu, v)]
i=1

n
<€ |leil.-
=1

Thus f is strongly C-delta integrable on [a, b]p. O
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3. The C-variational measure and the strong C-integral on
time scales

Let F: [a,b]7 — X and let E C [a,b]r and a 6(¢) : E — R be a
positive function. Set

V(F, 6, E) = sup %;|| F(us,v;)||,
D

where the supremum is take over all § - fine partial C-partition
P = ([uj, v]7,&)iy of [a,b]p with & € E. We put

V.F(E) = inf V(F.5,B),

where the infimum is take over all function § : E — R*. It is easy to
know that the set function V., F' is Borel metric outer measure, known
as the C-variational measure generated by F'.

DEFINITION 3.1. V. F is said to be absolutely continuous(AC') on a set
[a, b]p if for each set N C [a,b] such that V,F(N) = 0 whenever
u(N) = 0.

DEFINITION 3.2. A function F : [a,blr — X is A-differentiable at
t € [a,b]r if there is a f(t) € X such that for each € > 0, there exists a
a neghborhood U (t) of ¢ such that

1E(p(t)) = F(s) = fp(t) = s)]| < ellp(t) — s
for all s € U We denote f(t) = F2(t) the A- derivative of F at ¢ .

THEOREM 3.3. Let F : [a,bl7 — X be A-differentiable with f = F®
a.e. on [a,b]p. then F is the indefinite strong C'—integral of f if and
only if the C-variational measure V, F is AC.

Proof. Let E C [a,b]r and u(E) = 0. Assume
E,={{cE:n—-1<|f(Y| <n}forn=1,2,---. Then we have

E = UE,, and u(E,) = 0, so there are open sets Gy, such that E, C G,
and u(Gp) < 55 By The Saks-Henstock Lemma, there exists a
positive function &g such that

2o IS(f; P) = Fui, vi)|| <€

for each dp-fine partial C-partition P = ([u;, v;],&;) of [a,b]r. Now,
for £ € E,, take 0,(£) > 0 such that B(&,d,(£)) C G,. and let

6(§) = min{do(§), 6n (&) }-



162 Ju Han Yoon

Then for §-fine partial C-partition P’ = ([u,v],§) with £ € E, we have

S F(u, )| = E[F(u,v) = f(§) (v —u) + f()(v —u)]|
< B[ F(u,0) = f(E) (v —w)|| + Z[F(E) (v = w)
< e+ EnYeer, [£(E) (v —u)
€
2
n- 2" ¢
This shows that V,F(E) < 2e. Hence the C-variational measure V. F is
AC. Conversely, there exists a set E C [a, b]r measure zero such that
f(€) # FA(€) or FA(€) does not exist for ¢ € E. Define a function f as
follows

v —
v —

<e+Xpn

fla) = FA(z) if x € [a,b]r N E°,
Y ifoc E.

Then for £ € [a,b]r N E° by the definition of A-derivative, for each
e > 0 there is a positive function 0;(§) such that

1A — ) — Flu,v)]| < gy (dist (€, fu,v]) + v — )

for each interval [u,v]p C (& — 01(§),& + 01(€)). Since Vi F is AC on
[a,b]7, then for £ € E, there is a positive function d2(&) such that

2 E(u,v)]l < e

for each 09 - fine partial C-partition Py = ([u,v],€) with £ € E.
Define a positive function §(§) as follows

B 51(5) ifﬁe[a,b]TﬂEC
Ma_{@@)ﬁgeﬂ

Then for each d-fine C-partition of [a, b7, we have
D IFE©) W —u) = F(u,v)]
=Y IF@wv) = fOw=wl+ D [F(uv)=fE)@—u)

sep éelablrnbe
€
< . B
<e—+ 20— a) Z (dist(&, [u,v]r) + v — u)
&€la,bNEe
< et g (2b—a) = 2.
5y 20— )

Hence f is stong C-integrable on [a, b]7 with indefinite strong
C-integral F. O
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