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GLOBAL SOLUTIONS TO CHEMOTAXIS-HAPTOTAXIS
TUMOR INVASION SYSTEM WITH TISSUE
RE-ESTABLISHMENT

EnsiL KANG* AND JIHOON LEE**

ABSTRACT. In this paper, we consider the chemotaxis-haptotaxis
model of tumor invasion with the proliferation and tissue re-establishment
term in dimensions one and two. We show the global in time exis-
tence of a unique classical solution for the the model in two dimen-
sional spatial domain without any restrictions on the coefficients.

1. Introduction

In this paper, we are interested in the mathematical analysis on the
system of partial differential equations modelling such tumor cell inva-
sion, especially, the model suggested by Chaplain-Lolas[5].

There are many mathematical models describing tumor invasion in
different mechanisms of various stages of the invasion([1, 2, 3, 4, 5, 7, 9]
and see references therein). In most of the models, they adopted hap-
totaxis as the direct movement of tumor cells. But recently, Chaplain-
Lolas [4, 5] suggested a model presenting the behavior of tumor cells
by both haptotaxis and chemotaxis movements. There are a few re-
sults in mathematical analysis for this Chaplain-Lolas model[5]. Tao-
Wang[13] proved the global-in-time existence of a classical solution to
the system of the model in [5] neglecting tissue re-establishment in one
dimensionsional spatial domains and in two and three dimensional do-
mains under the assumption that the ratio % in (1.1) is sufficiently

small. Tao[11] showed the global-in-time existence for the model in two

Received January 17, 2015; Accepted February 04, 2015.

2010 Mathematics Subject Classification: Primary 35B45, 35B65; Secondary
92C17.

Key words and phrases: haptotaxis, chemotaxis, existence of solution, tissue re-
establishment, a priori estimates, cancer invasion.

Correspondence should be addressed to Jihoon Lee, jhleepde@cau.ac.kr.

*This study was supported by research fund from Chosun University, 2014.



162 Ensil Kang and Jihoon Lee

dimensional spatial domain without that assumption. For the hapto-
taxis only model, Walker-Webb[15] proved the unique global existence
of classical solution to the system of a model not considering chemotaxis.
Szymariska, Morales-Rodrigo, Lachowicz and Chaplain[10] also proved
the unique global existence of a classical solution for a non-local system
of haptotaxis model.

We note that the above mentioned analytical results are mainly fo-
cused on the tumor invasion model neglecting tissue re-establishment.
As far as we know, the first analytical result for the tumor invasion
model considering extracellular matrix(ECM) tissue re-establishment is
[12]. In [12], Tao proved the global-in-time existence of a classical solu-
tion to a haptotaxis only model in [3] of two dimensions for p; > o€,
where p1, p2, Ay and & are nonnegative constants in the system (1.1)—
(1.3). Also boundedness of solutions in two and three dimensions is
proved in [12] for the haptotaxis model. As indicated in [12], the models
of tumor invasion with ECM tissue re-establishment are difficult to be
analyzed for the regularity because of the strong coupling between ECM
tissue density and tumor cell density. Very recently, Fan and Zhaol6]
obtained global-in-time existence of smooth solution in three dimensions
with the same assumption as [12] for the two dimensions.

The followings are the chemotaxis-haptotaxis model of tumor invasion
suggested by Chaplain-Lolas[5] ;

(1.1)

0
a—; = | Ac' —xV - (cVu) =&V - (¢V) + pic(l — c— Av),  in Qg
dispersion chemotaxis haptotaxis proliferation

(1.2)

dv + ppo(1 Aoc) in £
— = — uv v(l —v— Agc m

ot - T 2 "

degradation re—establishment

(1.3)

ou .
T Au  + c - u in Qr,

dispersion  production  decay

where © is a smooth bounded domain in R?, Q7 := Q x (0,7T) for any
0 < T < o0, and the coefficients x, &, p1, p2, A1 and Ao are nonnegative
constants. Here, they denote the tumor cell density by ¢, the ECM
protein density (in normal tissue) by v, and the urokinase Plasminogen
Activator (uPA- a matrix(ECM) degrading enzyme). Also y and & are
the chemotactic and haptotactic coefficients, respectively, u; the tumor
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cell proliferation rate, puo the ECM re-establishment rate, and A; and
Ao the competition rates for space by the presence of ECM and by the
presence of tumor cells. We impose boundary condition and initial data

% - c% =0 and % =0, (c(x,0), u(z,0), v(z,0)) = (co(x), uo(x), vo(z)).

Considering only the case x, &, u1, pu2, A1 > 0, we obtain the follow-
ing results.

THEOREM 1.1. Let Q C R? and ||(cg, uo, vo)||c2 < oo. If Ag > 0, then

. . o . 240,145
there exists a unique global-in-time solution (¢, u, v) € fotm T (Q0)

to the system (1.1)—(1.3).

We will prove above Theorem in the following sections by obtain-
ing some delicate a priori estimates in section 2 and using parabolic
estimates in section 3.

2. A priori estimates

Throughout this section, we obtain some a priori estimates for solu-

tions in C, ;"2 (Q7) on [0, 7).

For Ay > 0 and Q C R2, we have the following result by maximum
principle.
24+0,1+2 . .
LEMMA 2.1. If (c,u,v) € C,, 7 *(Qr) is a solution to the system
(1.1)«(1.3), then ¢ >0, u >0 and 0 < v < 1.

For Xy > 0 and © C R?, we have L' norm estimates for c.

LEMMA 2.2. If (¢c,u,v) € CiIU’HE(QT) is a solution to the system
(1.1)—(1.3), we have
(2.1)

T
sup /C(SE,t)d:E-I-,M/ /Cdeds < (/ Co(fB)d:E) (Te’“T—{—l).
tefo,1] JQ o Ja o

Proof. If we integrate (1.1) over €2, then we obtain

c(x, t)dx + /

Az, t)dx + / v(z, t)c(z, t)de = ,u1/ c(z, t)de.
Q Q Q

dt Ja
Using Gronwall’s inequality, we have (2.1). O
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For the further a priori estimates, we use the following equations
which are equivalent to (1.1)-(1.3) by the transform ¢ = ae®".

(

? — Au+u = e,
(2.2) a —e 8V - (e EUV(L) + €75V - (xet aVu)

= {auv + p1a(1l — ae®’ — \w) — pofav(l — v — Apela),
( (I7O)a (fL‘,O), (m,O)) (ao( ),UO($),UQ($)),

= —uv + pov(l — v — Aoaet?),

da  Ou
o Ov
The advantage of the system (2.2) is that the boundary condition @ —

fc% = 0 is transformed into the condition a—l‘f = 0. It is easy to check

that if (¢, u, v) € 02+J It 2(Qr) is a solution to the system (1.1)—(1.3),

then (a, u, v) € C’2+0 I+e (Qr) is a solution to the system (2.2). We also

note that a(x,t) S c(x,t) < a(z,t)et because 0 < v < 1. This makes
it possible to replace ||al| 2 and ||Val|2 by [|lae |12 and |[|[Va|eF || 2,
respectively, and vice versa.

Throughout this paper, C' denotes a generic constant (its value may
change from line to line) and € a sufficiently small positive constant.

LEMMA 2.3. Let (a, u, v) € 02+U 1+2(

(2.2) and Q C R2. We have
(2.3)
T T
sup [Ju(t)2s +2 /0 IVul2, + llul22dt < ugl2s + C /0 lal2adt,

0<t<T

Q1) be a solution to the system

and
(2.4)

T T
sup V(@3 + [ 18uls + [VulBadt < Vol +C [ folBad
0 0

0<t<T

Proof. Taking scalar product the first equation of (2.2) with w, using
eV < C and integrating over [0,7], we have (2.3). Also taking scalar
product the first equation of (2.2) with —Aw and using

’/ S aAudx
Q

we have (2.4) by integrating over [0, 7. O

1
< Clalffs + 31 Aulf,
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By (2.1), we obtain ¢ € L?(Qr), hence a € L?(Q) if ap € L1(Q2). By
(2.3) and (2.4), we have
u € L*(0,T; L*(Q)) N L>(0,T; H*(Q)) and Vu, Au € L*(Qr) if ug € H(Q).

The following a priori estimates show that the regularity of Vv and Av
is intimately related with the regularity of Va and Aa, respectively.

24+0,1+%

LEMMA 2.4. Let (a, u, v) € C, (Q7) be a solution to the system
(2.2) and Q C R2. We have
(2.5)

T
sup ||Vol|zr < <||Vv0\Lp + C’/ [Vl Lr + HVa‘Lpdt> exp(CT),
te(0,17] 0

and
T
sup [|Avzr < <HAvoIILp + [ Nl + ||Aa|Lpdt>
te(0,77] 0

T

(26)  xexp (c | U9l + 190l + [Vl + 1>dt)
0

for 1 < p < oo.

Proof. We have the following a priori estimate from the equation for
vin (2.2) ;

1d
ngVvH]zp+/u|V’u|pdx+2u2/U|Vv|pdac+)\2u2/(l+§v)ae£”|Vv|pdx
P Q Q Q

< Vullee Vol 2" + w2l VollL, + pereet (| VallLe | Vol

By Gronwall’s inequality, (2.5) follows directly.
For the estimate (2.6), we take A operator on the both sides of the
equation for v :

WAV + uAv + 20Av + poXo(1 + §U)Avae§”
= —2Vu - Vv — Auv + paAv — 2| V|? — 219 M€ | V|*aet’
— peA2Va - Vo(l 4+ fv)egv — podaAaves?.

Next, taking Av as a test function to obtain the following ;
1d —1 ~1
Eallﬁv\lﬁp < OVl 20 | Vol g2 [ Av|[T5 " + Cll Aull e | A7,

+CO| V72 (1 + lall )| Av]l7,
+OVoll 20 [ Val 2o | A0 |75 + CllAa] o | Av|[ 75" + CllAv],.
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Then applying Gronwall’s inequality to the above, we obtain (2.6). This
completes the proof. ]

By using the transformed equation of a instead of the equation of ¢, we
can obtain L? a priori estimates because the WP estimates of v is not
necessary. The following is a key estimate to prove existence of a regular
solution without restrictions on the coefficients. We have [|a[|7. in the
right hand side and it can be estimated by using Gronwall’s inequality
and the fact that a € L?(Q7) by (2.1).

LEMMA 2.5. Let Ay > 0 and (a, u, v) € C’i:a’l+§(QT) be a solution

to the system (2.2) on Q2 C R%. Then we have
a e L®(0, T; L3(Q)) N L*(0, T; HY(Q)), and Vu € L=(0, T; L*(2)),
and furthermore,
llallLee o, 7.r2(0)) + IVallL20, 7:22(0)) + IVul| e 0.1,04(02))
< C([laollz2(0), IVuoll sy, T)-
Proof. We note that
da ¢ 10
ot T 20t

Multiplying equation of a in (2.2) by ae®’ and integrating over €2, we
have

(a265”) f%aQe@quga%@ (uv + pov? + ,ug)\2m265”> )

ld
24t Jq

+ ul/ a?e®dx + () + ,ugfz)/ va’et’dx
Q Q

aZegvdaH—/ |Va2f3£”da:+£/ a?eSCuvda
Q 2 Jo

:x/(Va-Vu)aefvd:U+£/ aquefvd:U+u1/ a?eVdx
Q Q Q
A
+M2£/ CL2’U2€€Udl'+M22§/ va®e®dx
2 Ja 2 Ja

N “;5/ Pvetde = I + I + Iy + Iy + 5 + I.
Q

Hoélder’s inequality, interpolation inequality and Young’s inequality gives
us that

L] =x|[o(Va: Vu)actdz| < C|[Vullpa]|Val 2]la] s

1 2 & &
< C|Vulpallalz.Vall7. < ClIVuljallae™ |72 + elle Vall7..
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For the other terms, we have
2 1 4 2
I < Cllu|psllallzs < Cllul i Vull}:llal 2 Vall;
1 &
< Cllull2[|Vul 22llallZz + el [Vale? ||,
and
3|, 14|, 16| < C’/ a2etVdz.
Q
I5 can be estimated as follows :
&
|I5] < Cllallis < Cllal72]VallL2 < Cllalzz + €ll[Vale ™ ||7.

Combining all the above estimates, we have

d
/ aQefvd:L‘+/ \Va|?eUdx

+ p1 / a®e®dx + (A + ,ugg)/ va’efVdx
(2.7) Q Q

I3 1
< C||Vulpallae |72 + Cllull 2| Vul 22 llal 72
£
+ C/ a?ef’dx + Cllae> 122 ]|al|3s.
Q

Taking V operator on the equation of u in (2.2), multiplying |Vu|?Vu,
and integrating over €2, we obtain

1d 4 3 2012 4
oI Fule + SIVIVeP )3 + [Vull,

< lall pall VIV ul?|| g2 | V| s
< Cllallz2 IVal 2| VullZa + ell VIVl 2.
v
< e VIVul’llZ: + elllVale = |[7: + Clal|z: [ Vul s

Now choosing € to be sufficiently small positive constant and adding
(2.7) and (2.8) to obtain

d
— </ aQegvda?—i-/ ]Vu\4da:> —|—/ Va|?etda
dt \ Jo Q Q
+/ |VVu|2\2dx+,u1/a362£”dx+/ |Vu|*dz
Q Q Q

1 & &
< Cllullr2l|Vull2:llaez 172 + C(llall 72 + 1) (I Vul| 74 + lae 2 ||75),

and apply the Gronwall inequality for the following inequality ;
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sup (/ azegvdaﬁ—i—/ \Vu]4dx>
te(0,7] \Jo Q
T T
+/ /|Va\2e€“da:dt+/ /\V|Vu\2|2d:rdt
0 Q 0 Q
T T
—|—/ /a3e2£”d$dt—|—/ /|Vu\4d:5dt
0o Jo 0o Jo

T 1
< C (|laolZ2 + [[Vuol74) exp (C/O [l 2l Vull2; + llall 2 + 1dt> :

Using Lemmas 2.2 and 2.3, the right hand side of above is bounded by
the initial data and 7. This completes the proof. O

For the higher order regularity, ||a||; (0.7;71) 18 estimated simulta-
neously with [|Vvl[ e 7,4y in the next lemma(see also Lemma 4.2 in

[12]).

LEMMA 2.6. Let A2 > 0 and (a, u, v) € Aol

z,t

to the system (2.2) on Q C R2. Then we have

(Qr) be a solution

a e L>®0, T; HY(Q)) N L*0, T; H*(Q)) and Vv € L>®(0, T; L*(Q)),
and furthermore,

lall o 0, 7172 @)y T 120l r20, 7 02(0)) + IV VI 20 0, 7 14(02))
< C(llaoll gy IVvollzas lluoll g2y, T)-

Proof. Taking V operator on the second equation of (2.2), multiply-
ing |Vo|?Vv and integrating over €, we have

(2.9)

1d
\\Vv!]‘i4+/u|Vv\4da:+u2)\2/ aeﬁvyvuy4dx+c/uyvu|4dx

S/ \VUHVU\de—l—,ug)\g/ \VaHVv]geE”dx+u2/ \Vo|*dz
Q Q Q
< IVull 2 Voll74 + ClIVal 4 Voll7a + ClI Vol 74

2
< C|IVullza + C([Vallf + DI Vol|74 + €l Aal 7.
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Multiplying —Aa to the equation of a in (2.2) and integrating over £,
we obtain

(2.10)
%%HVLLH%Q + [|Aal3: < —f/QVv -VaAadz + X/QVa - Vuladz
+ x€ /Q a(Vv - Vu)Aadz — §/QauvAadx + p2é /Q av(l — v — Apet’a) Aadx
+ X/ aAuAadr — / a(l — eYa — \jv)Aadx
= Ilf—lk L+I:3+ 14 +I5Q+ Is + I7.

We now estimate Iy, --- , I7 as follows ;

1 3
1| < ClIVollpal|Val pal|Aall 2 < Ol Vol al[Vall 2| Aal 7

< ellAal7 + CVol|74 ] Va2,
12| < C|IVal 72l Vulla + el AalZ2,

3 7
13| < Cllallze= [ Vullal[Vollzal|Aall 2 < Cllal[zs | Vullpa [ Vol o[ Aall
10 10

< CllalZsVull AVl 2 + el AallZ2,
14| < Cllallzz|lullz= | Aall 2 < Clalfallullfe + el Aall?.,
|5, |I7] < Cllallzs + Cllallf2 + ellAal7

< Clali2]Val iz + Clall7z + el Aall7s,

|Is| < Cllallza | Aullzs + el AalZ2 < Cllall 2l Val 2| AulZa + €| AallZ..
Adding (2.9) and (2.10) and absorbing € terms to the left hand side, we
obtain

d 2 4 2

5 IVallzz +[Vol[zs) + | Aal7

< C(IValz: + llal 72 Vul s + DIVl 7a + C(IVul70) | Va7

+ Ol Vg + Clallfa (1 + [ful Zo)-

By Gronwall’s inequality, we have the desired estimates. O

Note that LP estimate of Vv (2 < p < 00) can be obtained directly
from Lemma 2.6. But L*-estimate of Vv is not clear. Since the proof is
just a calculation as previous lemmas, we present the following Lemma
without proof.
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LEMMA 2.7. Let Ay > 0 and (a, u, v) € 02+a,1+§

x,t

to the system (2.2) on Q C R%. Then we have

(Q7) be a solution

a e L®0, T; H*(Q)) N L300, T; H3*(Q)) and  Av € L®(0,T; L*(Q)),
and furthermore,

lall oo 0, 7 1r1.(02)) + N1Aallz2(0, 7:12(0)) + 1AV Lo (0,714 (02))
< C([laoll g2 1Al s, T).

3. Proof of theorem

The local existence and uniqueness of classical solution to the system
(2.2) can be shown by using the standard contraction mapping methods
as [8] and [13]. See [8] and [11] for the details.

. . . 2+0,1+F
PROPOSITION 3.1. There exists a unique solution (a, u, v) € C, 2

(Qr) to the system (2.2) for sufficiently small T which depends on
1(a0, wo, vo)llg2+e(q)-

We now consider the global existence of a solution to the system (2.2).

Proof of Theorem 1.1. Let us define the Sobolev space
WqZ:l(QT) = {w S Lq(QT) | ”'lUHWqQ,l(QT) < OO}
with the norm
[wllyy21, = [wllLa@r) + V0l La@r) + V2wl Loy + 1000l oo

for g > 1 and T > 0. Suppose that T* is a finite maximal time validating
the solution (a,u,v) in Proposition 3.1. For any T" € (0, T*|, we have
(3.1)

ou
1Al 2o o,m; 20 ) Fl g e o msze @) < Clllwollwz @) +lellzoo,rzo@)))-
By using Lemma 2.6, the right hand side of (3.1) is bounded by a con-

stant which depends on M (||uo|[w2.r(q) and [|co|| g1(q) are controlled by
M). Then the Sobolev embedding for sufficiently large p gives us that

IVul .5, <C(M).

C,.2(Qr) —
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To apply the parabolic LP estimate for a, we rewrite the equation of
a in the non-divergence form

(3.2) i Aa — (Vv — xVu) - Va+ (x¢Vu - Vo + xAu)a

= tauv + pa(l — ea — \w) — paav(l — v — Agea).
By the boundedness of ||Vu||c;,t% () and by Lemma 2.4 and Lemma
2.7, we obtain for any p > 2,
1EVY — xVul[ ooy < C(M),  [[XEVu - Vo + xAul|pro,) < C(M),
|€auv + pra(l — eVa — A1) — pofav(l — v — )\2€£va)||Lp(QT) < C(M).
Here, using the parabolic LP estimates, we have
lally 21y < CCM).

For a sufficiently large p, we have the following from Sobolev’s embed-
ding

Val| +.¢ <CM), ||Vl o < C(M).
IVl 5 g, < COD. 90, < COM)
By Schauder estimates of parabolic equations, we finally have
o < .
H (a7 u? ’U) ch:ml-&- 2 (QT) — C(M)
This contradicts to the assumption that T is a finite maximal time, and
we conclude T = cc. O
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