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A POINT STAR-CONFIGURATION IN P* HAVING
GENERIC HILBERT FUNCTION

YONG-SU SHIN*

ABSTRACT. We find a necessary and sufficient condition for which
a point star-configuration in P™ has generic Hilbert function. More
precisely, a point star-configuration in P" defined by general forms
of degrees di,...,ds with 3 < n < s has generic Hilbert function
if and only if di = --- = ds—1 = 1 and ds = 1,2. Otherwise,
the Hilbert function of a point star-configuration in P" is NEVER
generic.

1. Introduction

Throughout the paper, R = Kk[zo,x1,...,2y] is an (n + 1)-variable
polynomial ring over an infinite field k of any characteristic, and the sym-
bol P" will denote the projective n-space over a field k. Let Fy,..., F;
be general forms in R of degrees dy < --- < ds; with 2 < n < s. The
variety X in P" of the ideal

N (BB

1<i1 << <s

is called a star-configuration in P™ of type (r,s). If the F; are all gen-
eral linear forms in R, the star-configuration X is called a linear star-
configuration in P™. In particular, if r = n, then the variety X is called
a point star-configuration in P™, which we shall discuss in this paper.
Let I be a homogeneous ideal of R. Then the numerical function
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is called the Hilbert function of the ring R/I. If I := Ix is the ideal of a
subscheme X in P”, then we denote

Hx(t) = HR/Ix(t) for ¢ Z 0

and call it the Hilbert function of X.

Many interesting problems in the study of Hilbert functions and min-
imal free resolutions of star-configurations in P"™ have been extensively
studied (see [1, 2, 3, 4, 5, 6]). In this paper, we study point star-
configurations in P" defined by general forms for n > 3 (see [4]). Based
on the degrees of these general forms, we find a necessary and sufficient
condition for a point star-configuration in P™ to have generic Hilbert
function for n > 3 (see Theorem 2.8).

2. A star-configuration in P"

The authors [1] showed that a star-configuration X in P? has generic
Hilbert function if X is defined by general forms F, ..., F of the same
degree d = 1, or 2, and that X has NEVER generic Hilbert function if
X is defined by general forms Fi,..., Fs of the same degree d > 3. In
[6], the author generalized the result as follows.

THEOREM 2.1 ([6, Theorem 2.7]). Let X be a star-configuration in
IP? defined by general forms Fy, ..., Fy of degrees di,...,ds with 3 < s.
Then X has generic Hilbert function if and only if d; < 2 for every
1=1,...,s.

The following is an immediate corollary of Theorem 3.4 in [4] (see
also [2, 3]).

COROLLARY 2.2 ([4, Corollary 2.4]). Let X be a linear star-configu-
ration in P" of type (n,s) with 2 < n < s. Then X has generic Hilbert
function i.e.,

Hx(7) = min { deg(X), (H?;n) }

for every i > 0.

The following examples are motivation to this study: under what
conditions given point star configurations in P" to have generic Hilbert
functions.

ExaMPLE 2.3.
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(a) Consider a point star-configuration X in P3 defined by 5-general
forms of degrees 1,1,1,1,2. Then, by Theorem 3.4 in [4], X has
generic Hilbert function

Hy : 1 4 10 16 —.

(b) However, if we consider a point star-configuration Y in P? defined
by 5-forms of degrees 1,1, 1, 2,2, then the Hilbert function of Y is

Hy : 1 4 10 19 25 —,
which is not generic.

As seen in Example 2.3 (a), there exists a non-linear point star-
configuration in P3 having generic Hilbert function. This motivates the
following proposition, which generalises Corollary 2.2.

LEMMA 2.4. Let X be a point star-configuration in P™ defined by
general forms of degrees 1 < d; < --- <dgwith2<n<s. Ifdy=---=
ds—1 =1 and ds = 2, then X has generic Hilbert function.

Proof. By Theorem 2.1, if n = 2, then X has generic Hilbert function.
We assume n > 2. If s = n, then X is a complete intersection of 2-points
in P”, and hence the result is immediate. Now suppose n < s.

Note that, by Theorem 3.4 in [4], the degrees of the minimal gener-
ators are s —n + 1 or s —n + 2. Hence the Hilbert function of X up to
degrees < s —n is

Hy : 1 (H") ((S*”H") e

n n

and
deg(X) = (1) +2- (;20)-

Recall that (g) = (agl) + (gj) for 1 < B < a. Since the ideal Ix has

(371)-generators in degree s —n + 1, we get that

n—2
Hx(s—n+1)= ((S_"+1)+n) _ (5—1) _ (s+1) B (5—1)

n n—2 n n—2

(")) +2- (07) = deg(X),
and thus X has generic Hilbert function, as we wished. O

LEMMA 2.5. Let X be a point star-configuration in P" defined by
general forms of degrees 1 < d; < ---<dgwith3<n<s. Ifdy=---=
ds—1 =1 and 2 < dg, then the Hilbert function of X is NEVER generic.
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Proof. If s = n, then X is a complete intersection in P" and the first
two values of the Hilbert function of X are 1 and 2. Moreover, since
deg(X) = ds > 2, the Hilbert function of X is not generic.

Now assume that s > n. Notice that Ix has (Z:;)—generators in
degree s — n + 1, and deg(X) = (5;1) +ds - (2:11) Moreover, since

deg(X) —Hx(s —n+1)
= () e G0) = (050 — ()
o R e R 0 Ry )
() +ds - G2 = [() #2020 + (22) — G2
= (ds=2)-(371) >0,
which means that X does not have generic Hilbert function. This com-
pletes the proof. O

To show that the condition in Lemma 2.4 is actually an equivalent
relation for a point star-configuration X in P™ to have generic Hilbert
function, we need one more notion o(X) which is defined to be

0(X) = min{d | Hx(d — 1) = Hx(d)}.
We will use the following proposition, which generalizes Proposition 3.6

in [6], in the proof of the main theorem (see Theorem 2.8).

PROPOSITION 2.6. Let X := X(™) be a point star-configuration in
P™ defined by general forms F1, ..., Fs of degrees 1 < d; < --- < ds with
2 <n<s. Then

o(X) = [ di] — (n—1).

Proof. We shall prove this by double induction on n and s. If n = 2,
then by Proposition 3.6 in [6] it holds. Suppose n > 2. If s = n, then
X is a complete intersection, and thus the statement is true. Now we
assume that n < s. By Proposition 2.6 in [3], for ¢ > 0,

Hx (t) = Hym-1,s-1) (t) + Hy(no-1) (t — ds) — Hygn-1.s-1) (t — ds)
Define d:=>"7 d;, and d' := Zf;lldi =d —ds. By induction on s,
c(XMs =d' — (n—1), ie.,
Hynen(d — (n+ 1)) < Hy@oon(d —n) = Hyon (d = (n - 1)),

Since X(»~1s=1) is arithmetically Cohen-Macaulay and o (X"~ 1s=1)) =
d' — (n — 2) as a point star-configuration in P!, we get that



A point star-configuration in P having generic Hilbert function 123

Hy(d— (n — 1)) — Hy(d — n)
= [Hyw-1s-0(d = (n = 1)) + Hg(no(d = (n = 1)) =
Hyxn-1,5-1) (d —(n— 1))] —

= [Hygw-15-1(d = (n = 1)) = Hy@-1.0-1(d = n)| +
[Hynomn (&' = (n = 1)) = Hynony(d' = n)] =
[Hy 1.0 (d = (n = 1)) = Hy-r5-1) (d' — n)]

— [Hyoro0(d— (- 1) Hyoro(d—m)] -
[Hx(nfl,sfl) (d, - (n - 1)) - Hx(nfl,sfl) (d/ - n)]
(since o(X("5~1) = d' — (n — 1) by induction on s)
AHX(nfLsfn (d - (n - 1)) - AHx(nfl,‘sfl)(d/ - (n - 1))
0.

By the same argument as above, we have that

Hy(d —n) — Hx(d — (n+1))
= AHx(nfl,s—l) (d - n) - AHx(nfl,sfl) (d/ - n) > 0.

This implies that
Hy(d — (n+1)) < Hx(d —n) = Hy(d — (n— 1)),
and thus
o(X)=d—(n—1) =[] d] - (n—1),
as we wished. O

PROPOSITION 2.7. Let X be a point star-configuration in P™ defined
by general forms of degrees 1 < d; < -+ < dg for 3 < n < s. If
di=---=dy_1=1land 2 <dp <---<dg with1l </¢<s—1, then the
Hilbert function of X is NEVER generic.

Proof. By Proposition 2.6 in [3],

deg(X) — Hx(d — (n + 1))
= deg(X) — [Hx(n—l,s—l) (d —(n+ 1)) —Hym-1,5-1) (d/ — (n + 1))
+Hy (o1 (d — (n+1))]
= deg(X) — [(ds —1) ~deg(X(”_175_1)) + AHg(n-1.s-1)(d — n)
+HX(n,571)(d/ — (n + 1))]
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> deg(X) — [ds - deg(X 17D 4 Hyguamn (d = (n+1))]
(by Proposition 2.6, o(X("=1s=D) = ¢’ — (n — 2) in P" 1)
> [deg(X) — d, - deg(X("191)] — Hyou(d — (n+1))
= deg(X™s= D) — Hy(ne1y(d' — (n+1)) (by Proposition 2.6 in [3])
> 0 (by Proposition 2.6, o(X("s=D) = d’' — (n — 1)).
Notice that, by Theorem 3.4 in [4], Ix has at least one generator in
degree d — (ds—p42+ - -+ dp) =di1 + -+ - + ds_p+1. Moreover,

[d=(n+1)]—[d+ -+ ds—ns1]
= (ds—n42+ - +ds1+ds) = (n+1)
= (@snp2+-+({dsa—1)+(ds = 1)) = (n—1)
> 0 (since 2 < ds_1 < dy),

ie,di+ - +ds—ny1 <d— (n+ 1), which implies that
Hy(d— (n+1)) < () = (41,

n

Therefore, Hx(d — (n + 1)) < min{deg(X), (dgl)}, and thus the Hilbert
function of X is not generic. This completes the proof. O

It is from Corollary 2.2, Lemmas 2.4, 2.5, and Proposition 2.7 that
the following main theorem is immediate.

THEOREM 2.8. Let X := X(™%) be a point star-configuration in P"
defined by general forms of degrees 1 < dy < --- < dg with 3 < n < s.
Then X has generic Hilbert function if and only ifdy = --- =ds_1 =1
and d; =1,2.
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