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HOMEOMORPHISMS WITH VARIOUS MEASURE
SHADOWING

M. R. BAGHERZAD* AND SANG JIN Kim**

ABSTRACT. In this paper we introduce two notions of measure
shadowing for homeomorphsims, and study the relationship be-
tween them.

1. Introduction

Measure theory is one of the most useful tools for studying dynam-
ical systems. In particular using measure theory enable us to study
a property for a homeomorphism by using different measures, and to
obtain results for that property regardless to measure theoretical point
of view. For instance Morales in [1] showed that there is no expansive
homeomorphsim from S' to S by using notion of measure expansiv-
ity. Shadowing and expansivity are fundamental notions in theory of
dynamical system. Here we introduce different defintions for measure
shadowing and investigate equivalence relation among them.

DEFINITION 1.1. Let (X, d) be a metric space, § > 0, and f: X — X
a homeomorphism. A subsequence {z;};cz C X is called §-pseudo orbit
if
d(f(zi), wit1) <9
for all 7 € Z.

DEFINITION 1.2. Let (X, d) be a metric space, ¢ >0, and f: X — X
a homeomorphism. We say that a d-pseudo orbit {x;};cz C X is e
shadowed by a real orbit if there is x € X such that

(1.1) d(f’(a:),a:z) <e
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for all 7 € Z.

To define the e-shadowing in usual way the inequality (1.1) should be
strict, but one can easily show that these two definitions are equivalent.
Next we are going to define the product space by using the definition
provided in [2, p5].

DEFINITION 1.3. For i € Z let (X;, B;, ;) be a probability space. Let
Y =][xi
€L
and 7; : [[;cz X — Xj be the corresponding projection map on j-th

component. Let i3 < ... < i be a finite subsequence of Z, and A;; be
an arbitary element of B;; for some j € {1,...,k}. Then

j=k
—1
n ﬂ-ij (Al])
j=1
is called a measurable rectangle. We denote the o-algebra generated by
such subsets of Y by B. Define p : B — R by giving the above rectangle
the value H§:1 pi;(Ai;), then p extends to a probability measure 1 on

)
(Y, B) (for more detail see [2, Theorem 0.2 and 0.4]). The probability
measure (X, B, u) is called the product space of the spaces (X;, B;, ;).

Hereafter we assume that (X, d) is a compact metric space, and f :
X — X is a homeomorphism. Moreover we denote

O(0) = {(z4)iez € HX | (zi)iez is a d-pseudo orbit},
1EL
and
St(e,0) = {(zi)iez € HX | (x:)iez € ®f(0) is € shadowed by some point in X}.
1€EL
REMARK 1.4. Note that ®;(0) and S¢(e,d) are Borel sets.

Proof. Let mj : [[;,c;, X — X be the corresponding projection map
on i-th component. If

A= [J{=} x Bs(f(x)),
zeX
and
A; = (m x miy1) " (A),
then
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O4(8) =) Ai-
€7
We show that A is an open set and this implies that A;’s are Borel sets
and consequently ®¢(d) is Borel set. Let (y,z) € A, then by definition
of A we have d(f(y),z) < . Because f is continuous there is &' > 0

such that if d(z,y) < &', then d(f(z), f(y)) < %’ﬂy)). Now one can
easily show that

(y,2) € By (y) x Bsate ) (f(y)) C A,

and so A is open set.
To prove that S¢(e,0) is Borel set we show that

U [ B:-(7i@)),

zeX i€Z

is Borel set. Then because

Sf(&,(S) = <U HBE(]M(:U))> ﬂ(I)f((S),

reX €L
S¢(e,0) is also borel set. We show that

(1.2) U IIBG @y = U | M 7 B @)

xeX i€l neNzeX \[i|<n
Let (2i)icz € pen Uzex (ﬂliISn Wi_l(Ba(fi(ﬂf)))) , then for any n € N
there is z, € X such that
d(xi7 fl(zn)) S 87

for all —n <@ < n. Since X is compact we may assume that {z,}7>; is
convergent to z € X. This implies that if j € Z is large enough then

(i, £1(2)) < dlw, () + d(F (), £(2)) < 2+ d(F(z), (),
and since d(f%(z;), f'(z)) — 0 as j — oo, we conclude that
d(zi, f'(2)) < e.
So (:)iez € Ugex [ Licz Be(f*(x)). On the other hand

(@i)iez € |J [ B-(F1(x)),

zeX i€Z
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implies that

(@i)iez € [ [ B-(f (=),

1€EZ
for some z € X and so (2i)icz. € (<, 7 (B:(fi(x))) for all n € N,
This implies (1.2), and proof is compeleted. O

DEFINITION 1.5. We say that f satisfies product measure shadowing
if for all € > 0 there exists a € > d > 0 such that

P (Pf(8) — Sy(e,6)) =0
for all 4 € M*(X). Here M*(X) is the set of all non-atomic Borel
probability measures on X, and pZ is the product measure generated by
1h.
Note that if f satisfies product measure shadowing, then the set

of §-pseudo orbit which are not shadowed has a measure zero for all
nonatomic product measures.

LEMMA 1.6. Let (X,d) be a compact metric space. Then the identity
map on X satisfies product measure shadowing.

Proof. Let € > 0, and let 0 < § < € be arbitrary real numbers. No-
tice that ®;4(0) and Siq(e, 0) are left shift invariant, and if A C [[;c, X
is measurable and invariant under left shift map then p?(A) = 0 or 1
for all p € M*(X). If p?(®;4(6)) = 0 then since S;q(g,8) C ®;q(9)
we have nothing to prove. Otherwise u?(®;4(9)) = 1, and this im-
plies u?(®;4(6)) = 0. In this case we show that there is zp € X
such that supp(u) C Bs(z9). Suppose by contradiction that there are
x,y € supp(p) such that d(z,y) > 2. Then there are U, and U, neigh-
bourhoods of  and y such that x(U,) > 0, u(Uy) > 0, and d(U,, Uy) > 6.
If

(@i)iez € ... x X x Up x Uy x X X ...,y
then
d(zo,x1) > d(Uy, Uy) > 6,
and
d(id(xo), (.’L‘l)) = d({L‘(), 1‘1).
So (x;)icz can not be a é- pseudo orbit, and we conclude that ... x X X
Up x Uy x X x ... is subset of ®;4(5)¢. But this implies

0= p2(®ig(86)°) > pZ (. x X x Uy x Uy x X % .....) = p(Up)u(U,) > 0,

which is contradiction and supp(u) C Bs(zo) for some zg € X.
Let (zi)iez € Sia(e,9) then there is z € X such that {z;}icz C B:(2)
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which implies (2;)icz € [[;cz B:(2). On the other hand if (x;)icz €
[Licz Be(2) N @4q(5) for some z € X then {z;}icz C B:(z), and conse-
quently (z;);ez € Sia(e,9). So we have

Sia(e,0) = (| [[B:(2)) n ®ia(9),

z2€X i€Z

and

Sia(e,8)° = ([ V(][ B:(2))°) U ®ia(6)".

z€X €7

But p%(®;4(6)¢) = 0, moreover supp() C Bs(zp) so we have
([T BGo)) < (U m  (Bolao) ) = 0.
i€Z i€Z

Whence p?(S;4(¢,6)) = 1 and the proof is completed. O

DEFINITION 1.7. We say that f satisfies measure shadowing if for all
€ > 0 there exists a € > § > 0 such that

(@ (6) — S¢(e,8)) =0

for all p € M*(X?). Here M*(X?) is the set of all nonatomic Borel
measures on the infinite product set X%,

The notion of measure shadowing is stronger than that of product
measure shadowing. In fact, if © is a nonatomic probability measure on
X then p% is also a nonatomic probability measure on X%. We show
that the identity map on the unit circle S' does not satisfy measure
shadowing.

LEMMA 1.8. The identity map on S' does not satisfy measure shad-
owing.

Proof. Suppose that % > ¢ >4 > 0. There are xq, ...z, € S' such
that

(13) d(l’i,l‘i+1) < g foralli=0,...,k—1,
and
(1.4) mazx{d(x;,xj) | 1,7 =0,...,k} > 3e.

For i = 0, ..., k define a nonatomic measure u; € M*(S?) as following

pi(E) = .

Y Leb(ENBs(z,
TebB, () LOE 0 By (i),
2
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where £ C S' is a Borel set and Leb is the Lebegue measure on S*.
Then

p=..xLebx ..x Leb X py X py X ... x px X Leb x Leb x ....
is a nonatomic Borel probability measure on S 12 We show that
...xB%(xO)x...xBg(xo)XB%(330)xB%(xl)><...xB%»(xk)xB%(xo)xB%(xo)x....,
is subset of ®,4(0) — S;q(e, d), and since
p(... x B%(azo) X o X Bg(wo) X B%(xg) x B
X B%(xk) X Bg(w 0) X B
the proof will be completed. Let
(Yi)icz € ... X Bg(l'o) X %( 0) X B%
X Ba(m‘k) X Ba(mo) X g( 0) X wey
then
d(Yi, Yi+1) < d(yi, o) + d(zo,yir1) <6 (i <0ori > k),
and
d(Yi, Yi+1) < d(yi, i) + d(zi, Ti1) + d(Ti1, yip1) < (0 < < k),

hence (y;)icz € ®ia(8). If (yi)icz € Sia(e,d) then there is zg € s! such
that
d(z0,yi) <e forallieZ.

But (1.4) implies that there are 0 < ¢, j < k such that d(z;,z;) > 3e. So
d(yi, y5) < d(yi, z0) + d(yj, 20) < 2,
and
§y 0
3e < d(xi,xj) < d(yi,y;) + d(ys, xi) + d(y;, z5) < 2e + B + 5 < 3g,

which is contradiction. O
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