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THE DIMENSIONS OF THE MINIMUM AND
MAXIMUM CYLINDRICAL LOCAL DIMENSION SETS

IN-S0o0 BAEK*

ABSTRACT. We compute the Hausdorff and packing dimensions of
the cylindrical lower or upper local dimension set for a self-similar
measure having different minimum and maximum of the local di-
mension on a self-similar set satisfying the open set condition.

1. Introduction

Recently using the parameter distribution, we got the parallel results
([3]) for the self-similar set(attractor of the IFS(iterated function system)
consisting of n(> 2) similitudes satisfying the OSC(open set condition))
instead of the self-similar Cantor set([1]). We used some parameter axes
to get the results. We also gave an example of the different distribution
sets by the differently chosen parameter axes giving the same cylindrical
local dimension set. In this paper, we give the Hausdorff dimensions
and packing dimensions for the minimum local dimension set and the
maximum local dimension set. We([3]) had some results about the di-
mensions for the minimum local dimension set and the maximum local
dimension set when the self-similar measure has all different values of

{iggg: }V_,. In this paper, we just assume that the minimum and the
g Pk

maximum of {Lgiak}k]v:l are different. Finally we give a concrete exam-

ple such that the dimensions of the minimum and maximum cylindrical
local dimension sets are not zero.
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2. Preliminaries

Let N and R be the set of positive integers and the set of real numbers
respectively. An attractor K in the d-dimensional Euclidean space R?
of the IFS (f1,---, fn) of contractions where N > 2 makes each point
v € K have an infinite sequence w = (my,ma,---) € ¥ = {1,--- N}V
where

{’U} = ﬂ Kw|n
n=1

for Kyjn = Ky, mp = fmg © -+ © fin, (K)([4]) where w|n denotes the
truncation of w to the nth place. In such case, we sometimes write m(w)
for such v using the natural projection 7 : ¥ — K and call K, the
cylinder of v. We note that K,,,, may be different for the same v € K
since v may have different codes w. Therefore we write K,,,, for such
distinction for the cylinder of v. We call such K, the cylinders of K
and call K a self-similar set if the IFS (f1,--- , fn) are similitudes.
Each infinite sequence w = (mq,ma,---) in the coding space X has
the unique subset A(x,(w)) of its accumulation points in the simplex
of probability vectors in RV of the vector-valued sequence {z,(w)} =

{(u1,-- ,un)n} of the probability vectors where uj for 1 < k < N in
the probability vector (u1,--- ,un), for each n € N is defined by
Hl1<l<n:m =k}
up = p .

The uy, for the nth place gives the frequency of the digit & in win =
(my,---,my). Sometimes we write ng(w|n) for such ug. It is well-
known([5]) that a set A(zy(w)) of the accumulation points of the vector-
valued sequence {x,(w)} is a continuum in R,

For the self-similar measure v, on K associated with the probability
vector p = (p1,--- ,pn) € (0,1)V, we recall the cylindrical lower and
upper local dimension sets([3]):

1 K, in
EP) = r{w e ¥ : liminf m

= a},
n—oo  log |Kw|n‘

=(P) . log ’Yp(Kw|n)
E,) =m{we ¥ limsup ——— = a}

“ n—00 log ’Kw|n‘
where |K,,| denotes the diameter of the cylinder K. In this paper,
we assume that the IFS satisfies the open set condition(OSC)(][2, 4, 5]).

In this paper, we assume that 0log0 = 0 for convenience.
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From now on, dim(£) denotes the Hausdorff dimension of E and
Dim(E) denotes the packing dimension of E([4]). We note that dim(E) <
Dim(FE) for every set E([4]).

3. Relation between frequency and density

From now on, we assume that the similarity ratios of the similari-
ties (f1, -, fn) are aj,--- ,ay and K is the self-similar set for the IFS
(f1,---, fn) satisfying the OSC and 7p on K is the self-similar measure
associated with the probability vector p and (a1,---,ay) € (0,1)V sat-
isfying Zi\;l aj = 1. To avoid the degeneration case, we also assume

that p = (p1,--- ,pn) # (af, - ,a}) with Zszl a = 1( <= log pis

log ay,
is not the same for all k = 1,--- | N). We call the set of the elements
y = (y1,--- ,yn) satisfying y € [0,1]" satisfying Zgzl yr = 1 the sim-
plex in this paper.

REMARK 3.1. Let r = (r,---,ry) € [0,1]V with S 7 = 1 and
let
N
—1 "k 10g
ole,p) = A TEIOED
> ke Tk logag
Then
log py, logpr _

Qmin = min
1<k<N log aj

<g(r,p) < max

~1<k<Nlogay

We also define a function f : (amin, @max) — R by

fla) = aq+ B(q)

for a« = —F'(q) where Z]kvzl pZaf(q) = 1. The following Lemma 3.2 (2)
is the key idea to explain our multifractal results.

LEMMA 3.2. Let p = (p1,--- ,pn) € (0,1) with Zszlpk =1 and
consider a function (3(q) satisfying Z;CV:1 pZa}f(q) =1. Given appy < a <
Omax,

(1) when a € (Qumin, max), there exists qo € R such that g(r,p) = «

forr = (r1,--- ,ry) where r, = pzoaf(qo) such that '(q) = —a,
and when « € {min, Omax }, there exists a real sequence {qy} such
that g(r,p) = « forr = (r1,--- ,rn) where r, = lim,, o pZ"aZ(q”)

and lim, . B'(qn) = —q,
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(2) when o € (Qmin, Omax), if g(y,Pp) = o with y in the simplex, then
g(y,r) = g(r,r), conversely if g(y,r) = g(r,r) with qo # O then
9(y,p) = a,
and when « € {amin, Omax }, if g(y,P) = a with y in the simplex,
then ¢g(y,r) = g(r,r).

Proof. Tt follows essentially from [3]. We only need to show the fol-
lowings. Note that r = lim, .1, and r, = (ry1, - ,7,N) Where

N

qn ﬁ(Qn) . Zk:1 T,k 10g Dk
T = a for each k=1,---,N. Then since o,, = &k=1- % =77
nk = Pr A, T nT SN raclogar

N
o Zk:l Tn,k log Tn,k:
Q(I‘n, rn) = N
Y k1 Tk log ag

= anqn + B(gn) = flan).

When a € {amin, max}, since lim, oo a, = a where a,, = —f'(qp),
noting f(an) = angn + B8(gn) for a, = —f'(gn) and we have

SNy log limy, oo [pi" 0]

i1 i log ay
= lim [g,g(y, p) + B(an)]

= lim [ag, + 5(gn)]

gly,r) =

= nh_{go[an(Jn + ﬁ(Qn)]
= lim f(an)

n—oo

= lim g(rna rn)

n—oo
= g(r,r).
O

From now on, without specific mention, we fix distinct i, j respectively
satisfying

logp; . logpg logpr  logp;
= min < max = .
loga; 1<k<Nlogar 1<k<N logag log a;

It is obvious that there is a unique z € (0,1)" for y in the simplex
such that g(y,p) = g(z,p) where z = (z1,- - , zy) with z; =1 — z; and
2z, = 0if k #4,j. We put zy = 2; from now on. More precisely, zy is
the projection of y in the simplex into the unit interval [0, 1] satisfying
zy = z; where g(y,p) = 9(z,p).
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THEOREM 3.3. ([3], Theorem 3.4) Forlogp;/loga; < o <logp;/loga;,

we have
EY = n(£(t)
where

F(t)={w: min 2z, =t}

EO)=tw:  fitay™ =1
and

tlogp; + (1 —t)logp; _

tloga; + (1 —t)loga;

THEOREM 3.4. ([3], Theorem 3.5) Forlogp;/loga; < o <logp;/loga;,
we have
EP) = x(F(t)
where
Fit)={w: max 2z, =t},
B =t ey ™ =4
and

tlogp; + (1 —t)logp;

tloga; + (1 —t)loga;

4. Subset relation and multifratal spectrum

In the following Theorems, let tg be the real number satisfying

tologp; + (1 — to) log p;

=g(r
tologa; + (1 — t(]) log a; g( 0 p)
for ro = (af,---,a}) with Zivzl aj = 1. We note that when o €
(Omin, Omax ), there exists ¢p € R such that g(r,p) = aforr = (r, - ,rn)

where 7, = p,‘ioaf(qo) such that #'(qo) = —a by Lemma 3.2 (1). There-

fore in the following Theorems, given 0 < ¢ < 1, we put r = r(t) =

(ry,---,ry) satisfying r, = pzoa'g(qo) for #'(qo) = —a where
tl ; 1-1)1 j
Oé:Oé(t): ngl+( ) ngj'
tloga; + (1 —t)loga;

REMARK 4.1. For t = 1, we put r(1) = (ry,--- ,ry) satisfying ry =
limy, o0 pz"a’,f(q”) and lim, o 3'(¢n) = —a(l) = —amin. In this case,
we can put ¢, = n. For t = 0, we put r(0) = (ry,---,ry) satisfying
= limy,— oo pznag(q") and lim, 0 8'(gn) = —a(0) = —amax. In this

case, we can put g, = —n.
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REMARK 4.2. We remark that

lim —f'(n) = a(1) = cmin

and
lim —f'(—n) = a(0) = omax

n—oo
since a(1) and «(0) are the slopes of the asymptotes of the convex
function([4]).

We have the followings.

THEOREM 4.3. For every n € N, r, = (ry,---,ry) where rp, =
p’éa}f(n) for each k = 1,--- N and r—_,, = (ry,---,ry) where rp =

p;”ag(_n) for each k =1,--- ,N. Then
(1) if0 <tp <t <1, then
+(P) +(rn)
Eyp =m(E®) = Eyiynism)
(2) if0 <t <ty<1, then
7(1)) o _ (I‘,n)
Eatty = T(E(®) = Eo)(—n)+8(-n)
(3) if0 <tp<t<1, then
P _ (% _ (rn)
Eyy = m(F(1) = Eqy@ynspm)
(4) if 0 <t <ty <1, then

(p) _ Snl _ w(r—n)
Bow = mF ) = Bag)(n)+p(-n)-
Proof. For (1), from [3], we only need to show
=) _ F(rn)
Eaw = Eawn+sm)-

It follows from 7y, (K, )n) = yp(Kw|n)”|Kw|n|5(”) since
Iog’Yp(KwM)

—(p) .
E == E : l =
aty = ™Mw € msup = Kol a(t)},
and
+(rn) . T log’)/rn(Kw\n) i
Ea@ntpm = m{w € X : limsup ol a(t)yn + B(n)}.

For (2), from [3], we only need to show

7(1)) _ (I‘,n)
Eat) = Loty (—ny+p(—n)-
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It follows from ~y_, (K, n) = fyp(me)_”\Kw‘nW(_”) since

_ lo K,
ESEI):) = 7m{w € X : limsup 8 ! | )

n—00 log |Kw|n’

= a(t)},

and

logve_, (Kypn)
(r-n) _ Nim inf g e \Bwn) _ _
Bow(em+pm = T{w € 2 liminf =0 Kol a(t)(=n) + B(-n)}.

(3), (4) also follow from the similar arguments above. O
REMARK 4.4. We note that r(1) = lim, o ry, and r(0) = lim,, 0o T—p.
We have the followings.

THEOREM 4.5.

(1) dim(r(£(1)))
g(r(1),r(1))

Dim(r(E(1))) = dim(EF))) = Dim(E))) =

@) dim(x(£0) = dim(EX))) = g((0),(0)) and Dim(n(F(0)) =
Dim(FE a(O)) =s

(3) dim(x(F(1))) = dim(E))) = g(x(1),x(1)) and Dim(r(F(1))) =
Dim(E a(l)) =s

(4) dim(r(F(0))) = Dim(r(F(0))) = dim(EP)) = Dim(EP)) =
9(x(0),2(0)).

Proof. From the above Theorem (1) and the proposition 2.1([3]), we
have Dim(m(£(1))) < lim,_co(a(l)n + B(n)). Noting the proof of
Lemma 3.2 (2), we have hmneoo( ()n + B(n)) = g(r(1),r(1)). Fur-
ther we have dim(w(F(1))) > g(r(1),r(1)) since {r(1)} C F(1) and
dim(r({r(1)})) = g(r(l),r(l))([2]). Similar arguments give (4). For
(2), by the above Theorem (2), dim(7(F(0))) < limp—oo((0)(—n) +
B(—n)) = ¢g(r(0),r(0)) from the above similar arguments. Since {r(0)} C
F(0) and dim(x({x(0)})) = g(r(0), 2(0))([2]), we have dim(r(F(0))) >
g(r(0),r(0)). We note that there is {w : A(z,(w)) = C} C F(0) sat-
isfying ro = (aj,...,a%;) € C where Z,ivzl aj = 1 and C is a contin-
uum. Clearly Dim(7({w : A(z,(w)) = C})) = s([2]). (2) follows since
Dim(7(F£(0))) < Dim(K) = s. (3) follows from the similar arguments
with the proof of (2). O
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logpr _ logpi _
REMARK 4.6. If 1720k = 7258 = (1), then

Tim ppal") — g SO,

Putting lim,, . f(—3(n)) = f(a(1)), we note that

1= lim g pkak g ag(a(l))
n—oo
=1 L= a:(l)

This also gives the information of r(1), that is its kth component is
ag(a(l)) and its k'th component is 0 if p # ak, . We note that f(ay,) =
/ _ Y 1pa()10gpk
—f'(n) = SN g ey
that f(a(1)) = g(r(1),r(1)). For, g(r(1),r(1)) = limy—oc apyn + B(n) =
It also holds for the case: 18Pk — 1982i _ a(0). That is, f(a(0)) =

log ay, log a;

g(r(0),r(0)) where f(a(0)) = lim, o0 f(—5'(—n)). We also have the

information of r(0), that 1s its k-th component is ak( *O) and its k'-th
(0)

apn + B(n) where o, = Hence we see

component is 0 if ppr # ak,
REMARK 4.7. We have

lim g(r(t),x(t)) = g(r(1),r(1))

1
and
1;{519( r(t),r(t)) = g(r(0),r(0)).
Further for g(r,,r,) = a,n + ﬁ(n) where ry, = (1,1, -+ ,7p N) With

Tk = pkak( " for each k = L.+, N, lim, . f(an) = f(a(l)) where
flem) = apn + B(n) with

B(n )1

Zk 1 pk lOg ag
Similarly for g(ry,r,) = an(—n)+B(—n) where ry, = (rp1, -+ ,Tn.N)

with 7, x = p. " ’8( ") for each k = 1.+, N, lim, oo flan) = f(a(0))
where f(ay,) = an( n) + B(—n) with

Ay =

—n)

pi"al "™ log py
= () = DB g ne
Zk 1Pk ak log ay,



The dimensions of the minimum and maximum cylindrical local dimension sets37

The above facts also assure that the continuous function
f & (Omin, Omax) — R
can be extended to the continuous function
£+ [@min, max] — R.

Noting that ¢ determines the distribution set F'(¢) and 7 (F(t)) and its
Hausdorff dimension g(r(t),r(t)) = aq + 5(q) = f(«)(see [3]), we have
that the dimension function dim(w(F(t))) is continuous on [0, 1]. More
precisely, t € (0,1) determines a = «a(t) and « determines ¢ € R such
that #'(¢) = —«a and they determine f(a) = ag+(g). Further ¢ € [0, 1]
also determines f(«) since t = 1 gives f(amin) and ¢t = 0 gives f(amax)-

We have the followings.

COROLLARY 4.8. If there are unique 1, j such that

log p; . logpg logpy  logp;
min < max = :
loga; 1<k<Nlogar 1<k<Nloga, loga;

(1) dim(r(£(1))) = Dim(r(E(1))) = dim(EX))) = Dim(Ewy))) =0
(2) dim(n(E(0))) = dim(E%y,) = 0, Dim(r(E(0))) = Dim(ERy) = s
(3) dim(r(F(1))) = dim(EP))) = 0, Dim(r(F(1))) = Dim(E®))) = s
(4) dim(x(F(0))) = Dim(r(F(0))) = dim(EP) ) = Dim(EP) ) = 0.

Proof. 1t is not difficult to show that g(r(1),r(1)) = 0 = g(r(0),r(0)),
if there are unique %, j such that

logpi _ . logpe - logpr _ logp;

loga; 1<k<Nlogay  1<k<Nloga loga;

This is a variation of the exercise 11.2([4]). It easily follows from the
above Theorem. O

REMARK 4.9. The above Corollary is a more generalized form of the
theorem 4.4([3]) since the assumption of the above Corollary is weaker
than the condition of all different values of {lggg BN

ExXAMPLE 4.10. Let K = [0,1] be the self-similar set for the IFS
(f1, f2, f3) satisfying the OSC whose similarity ratios are (a1, a2, a3) =
(1/9,5/9,1/3) and ~p on K be the self-similar measure associated with
p = (p1,p2,p3) = (1/4,1/4,1/2). We([3]) had two different distribution
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structures fixing distinct ¢, j, that is, for (i,7) = (1,2) and (3,7) = (3, 2)
respectively

log p; . logpr log2 log 4 logpr  logp;

loga; 1<k<3logap log3 ~ log9/5 e logay loga;’

In this case, we have dim(Egz)l)) = Dim(FgE)l)) = ¢g(r(1),r(1)) and

dim(E®))) = g(r(1),x(1)), and Dim(E®))) = 1 where (1) = &2,
5—1

r(l) = (3_2‘/5,0, ‘/52_1), and ¢(r(1),r(1)) = lo_ngTg > 0. However since

there is unique j(= 2) such that maxj<k<3 iggii = iggi;, we have

dim(E.R))) = 0 and Dim(E%), ) = 1, and dim(E®) ) = Dim(EF) ) = 0.

In this case, a(0) = lgggg%, r(0) = (0,1,0), and g(r(0),r(0)) = 0.
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