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WEAK C,f-SPACES FOR MAPS AND THEIR DUALS

YEON SoO0 YooN*

ABSTRACT. In this paper, we introduce and study the concepts
of weak C,f -spaces for maps which are generalized concepts of C,f -
spaces for maps, and introduce the dual concepts of weak C,f -spaces
for maps and obtain some dual results.

1. Introduction

Throughout this paper, a space means a space of the homotopy type
of a locally finite connected C'W complex. All maps shall mean continu-
ous functions. It is known that any space X is filtered by the projective
spaces of QX by a result of Milnor [9] and Stasheff [11];

YOX = PLQX) — PYQX) — - — P®(QX) ~ X.
Foreach 1 <m < n,let jX  : P™(QX) — P"(QX)and e : P"(QX) —
P>*(QX) ~ X be the natural inclusions. Let f: A — X be a map. A
space X is called [6] a C’,{-space if the inclusion e;f : PF(QX) — X is f-
cyclic. It is known [6] that a space X is a C’,{-space foramap f: A — X
if and only if G/(Z, X) = [Z, X] for any space Z with cat Z < k.

In this paper, we introduce the concepts of weak C,{ -spaces for maps
which are generalizations of C,f—spaces for maps [6] and study some
properties of weak C,{—spaces for maps. We show that a space X is a
weak C,{—space for a map f: A — X if and only if WG/(Z, X) = [Z, X]
for any space Z with cat Z < k. Let f: A —- X andg: B — Y

be any maps. Then we show that the product space X x Y is a weak

Clifxg)—space for a map (f x g) : Ax B— X xY if and only if X is a

weak C’,{—space for amap f: A — X and Y is a weak CY-space for a
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map g : B — Y. We also introduce the dual concepts of weak C’,{ -spaces
for maps and obtain some dual results.

2. Weak C,{ -spaces for maps

Let f: A— X be a map. A based map g : B — X is called f-cyclic
[10] if there is a map ¢ : B x A — X such that the diagram

AxB —%, X

i V]
AvB Y9, x v x

is homotopy commute, where j : AV B — A x B is the inclusion and
V: X VX — X is the folding map. We call such a map ¢ an associated
map of a f-cyclic map g. Clearly, g is f-cyclic iff f is g-cyclic. In the case
f=1x:X — X,amap g: B— X is called cyclic [12]. We denote the
set of all homotopy classes of f-cyclic maps from B to X by Gf(B, X)
which is called the Gottlieb set for a map f : A — X. In the case f =
lx : X — X, we called such a set G1(B, X) as the Gottlieb set, denoted
by G(B, X). In particular, G/ (S™, X) will be denoted by Gﬁ(X) which is
called the Gottlieb Group for a map f : A — X. Gottlieb [3] introduced
and studied the evaluation subgroups Gn(X) = GL(X) of m,(X). In
general, G(B, X) ¢ G/(B, X) C [B, X] for any spaces A, B, X and any
map f: A— X.

It is shown [15] that G5(S® x S°) = 2Z @ 2Z # GE(S° x S°) =
2Z.®7 # 75(S° x SO) X Z D Z.

Let f : A — X be a based map. A based map g : B — X is
called a weakly f-cyclic [17] if g4 (mn(B)) C GL(X) for all n. In the
case f =1x : X — X, amap g: B — X is called weakly cyclic [13].
The set of all homotopy classes of weakly f-cyclic maps from B to X
is denoted by WGY(B,X). In the case f = 1y : X — X, we called
such a set WG(B, X) as the weak Gottlieb set, denoted by WG(B, X).
In particular, WG/ (S™, X) will be denoted by WG, (X)) which is called
the weak Gottlieb group for a map f: A — X. It is known [13] that any
cyclic map is a weakly cyclic map, but the converse does not hold. That
means, in general, G(B, X) C WG(B, X) and G/ (B, X) c WG/(B, X).
A space X is called a G-space [3] if G, (X) = m,(X) for all n. A space
X is called a Gf-space for a map f: A — X [17] if G (X) = mp(X) for
all n.
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LEMMA 2.1. Let f: A — X, g: B —Y bemaps. If a: Z — X
is a weakly f-cyclic map and § : C — Z is an arbitrary map, then
aof:C — X is a weakly f-cyclic map.

Proof. Since a: Z — X is a weakly f-cyclic map, (a0 8)y(m,(C)) =

ay 004 (1 (C)) C ax(m(Z)) C GfL(X) for all n. Thus we know avo 6 :
C — X is a weakly f-cyclic map. O

We can obtain, from the above definition, the following proposition.

PRrOPOSITION 2.2. The followings are equivalent;
(1) X is a Gf-space foramap f: A — X
(2) 1x : X — X is weakly f-cyclic
(3) WGH(Z,X) = [Z, X] for any space Z.

Proof. (1) < (2). It follows from the definition of Gf-space. (2)
implies (3). For any space Z, let g : Z — X be any map. Then we
know, from Lemma 2.1, that g = 1x 0o g : Z — X is a weakly f-cyclic.
(3) implies (2). Taking Z = X, then 1x : X — X is a weakly f-cyclic
map. [

It is known that any space X is filtered by the projective spaces of
QX by a result of Milnor [9] and Stasheff [11];

YOX = PHOX) — P?(QX) — - — P®(QX) ~ X.
Foreach 1 < m < n,let ji , : P"(QX) — P"(QX)and ¢; : P*(QX) —
P>*(QX) ~ X be the natural inclusions.

Let f: A — X be amap. A space X is called [6] a C,f:—space for a
map f: A — X if the inclusion e;f : PF(QX) — X is f-cyclic.

THEOREM 2.3. ([1],[2]) The category cat X < k if and only if e :
P*(QX) — X has a right homotopy inverse.

It is known [6] that a space X is a C’,f—space foramap f: A— X if
and only if G/ (Z, X) = [Z, X] for any space Z with cat Z < k.

DEFINITION 2.4. Let f : A — X be a map. A space X is called a
weak C,f—space for amap f: A— X if e? : PF(QX) — X is a weakly
f-cyclic map.

> X denote the reduced suspension of X and X denote the based
loop space of X. The adjoint functor from the group [2X,Y] to the
group [X,QY] will be denoted by 7. The symbols e and e’ denote
77 H1gx) and 7(1xx) respectively.
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PROPOSITION 2.5.

(1) Any weak c -space for amap [ : A — X is a weak Cﬂ,c,,-space for
amap f: A— X for1 <m <n.

(2) X is a weak C’{—space for a map f : A — X if and only if
WGY(EB, X) = [£B, X] for any space B.

Proof. (1) Since e;X ~ e;X ojfé,n : P™(QX) — X and e} : PM(QX) —
X is a weakly f-cyclic map, we know,from Lemma 2.1, that any weak
C’,{—space foramap f: A — X is a weak C’f;—space foramap f: A — X
for 1 <m <n. (2) Suppose X is a weak C’{—space foramap f: A — X.
Thus e : ¥QX = PY(QX) — X is a weakly f-cyclic map. Let B be any
space and g : ¥B — X a map. Then we know, from Lemma 2.1, that
g=eoX7(g): ¥B — X is weakly f-cyclic. On the other hand, taking
B =0X, e: ¥QX — X is a weakly f-cyclic map. Thus X is a weak

C’{—space foramap f: A — X. O

THEOREM 2.6. Let f: A — X be amap. Then X is a weak C’,{—space
for a map f: A — X if and only if WG/(Z,X) = [Z, X] for any space
Z with cat Z < k.

Proof. Suppose that X is a weak C’,{-space. Then e‘lf : PFOX) - X
is weakly f-cyclic. Let Z be a space with cat Z < kand g : Z — X
any map. Since cat Z < k, there exists a map 85 : Z — P*(QZ) such
that ef o sf ~ 1y. We see go ekZ ~ ef o P*(Qg) by the naturality of
the construction of P¥(QZ). Thus we know, from Lemma 2.1, that g ~
goeZos? ~ eXo(P*(Qg)os?) : Z — X is weakly f-cyclic. It follows that
WG/ (Z,X) =[Z,X]. Conversely, assume that WG/ (Z, X) = [Z, X] for
any space Z with cat Z < k. It is known that cat Cy < cat Y + 1 for
any map 0 : X — Y. Thus cat P*(QX) = cat Cy < cat P*71(QX) +1,
where 0 : (QX) *-- - (QX) — P*~1(QX) is the map. By induction, we
have cat P*(QX) < k. Thus we know that e, : PF(QX) — X is weakly
f-cyclic by our assumption, and hence X is a weak C,{ -space for a map
f+A—X. O

We have the following corollary from Theorem 2.6, Proposition 2.2
and Proposition 2.5.

COROLLARY 2.7. Any G7-space is a weak C,{—space and any weak
C]f -space is a weak C’{ -space.

We can easily obtain the following proposition.

PROPOSITION 2.8.
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(1) For any map f: A — X, i: C — A and any space Z, G/ (Z,X) C
GINZ, X).

(2) If r : X — Y is a map, thenry : G/ (Z,X) — G™/(Z,Y) for any
space Z.

PROPOSITION 2.9. [6] Let f: A — X and g : B — Y be any maps.
The relation

Gz X xY)=2GH(Z,X)x GI(Z,Y)

holds for any space Z (under the identification [Z,X x Y] = [Z, X] x
[Z.Y]).

LEMMA 2.10. Let f: A— X, g: B— Y be maps.
(1) If o : Z — X is weakly f-cyclic and 3 : Z — 'Y is weakly g-cyclic,
then (a x B)A : Z — X x Y is weakly (f x g)-cyclic.
(2) If r : X — Y is a map, then ry : WG/(Z,X) — WG/ (Z,Y) for
any space Z.

Proof. (1) Since a : Z — X is weakly f-cyclic and f: Z — Y is
weakly g-cyclic, we have, from Proposition 2.9, that ((ax3)A)4 (7, (Z)) =
ay(mn(Z)) x Bu(mn(Z)) C GH(X) x GI(X) = GL*9(X x X). Thus
(a xB)A: Z — X xY is weakly (f x g)-cyclic. (2) Let g: Z — X be
a weakly f-cyclic map. Then gu(m,(Z)) C GIL(X) for all n. Thus we
know, from Proposition 2.8(2), that (rog)(m,(2)) = ryogu(m(Z2)) C
r#(Gf;(X)) c GiY(Y). Thus we have ryu WG (Z,X) - WG™(Z,Y)
for any space Z. O

ProposiTION 2.11. Let f : A — X, g : B — Y be maps. Then
WGUX9(Z, X xY) =2 WG (Z,X) x WG9(Z,Y) for any space Z.

Proof. Let o : Z — X and f : Z — Y be maps. Suppose that
(o, 3) € WGH(Z, X)xWG9(Z,Y). We know, from Lemma 2.10(1), that
(ax B)oAy is weakly f x g-cyclic and (ax f)oAy € WGT*9(Z, X xY),
where Ay : Z — Z x Z is the diagonal map. Conversely, suppose that
(axB)A e WGM*9(Z, X xY). Letp; : XxY — Xandpy: X xY =Y
be the projections and 71 : X — X XY and i3 : ¥ — X X Y be the
inclusions defined by i1(z) = (z,y0) and i2(y) = (zo,y) for any z € X
and y € Y, where g € X and yp € Y are base points. Then we have,
from Lemma 2.10(2), that a ~ pj o (a x §)A is weakly pj o (f x g)-cyclic
and « is weakly f ~ pj o (f x g) oij-cyclic. Similarly 5 ~ ps o (o x B)A
is weakly g ~ pao (f x g) oia-cyclic. It follows that o € WG7(Z, X) and
BEWGI(Z,Y). Thus (o, B) € WGH(Z, X) x WGI(Z,Y). O
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THEOREM 2.12. Let f : A — X, g: B — Y be maps. Then X xY
is a weak C,gfxg)—space for amap (f X g) : Ax B— X xY if and only

if X is a weak C,{—space foramap f: A— X and Y is a weak C’,g—space
foramapg: B —Y.

Proof. If X xY is a weak C,gfxg)—space foramap (f xg): Ax B —
X x Y, then for any space Z with cat Z < k we see, from Theorem 2.6
and Proposition 2.11, that WG/ (Z, X)xWG9(Z,Y) = WGU*9) (Z, X x
Y)=[Z,X xY]|2[Z X] x|[Z,Y], and hence WG/ (Z, X) = [Z, X] and
WGI(Z,Y)=[Z,Y]. Thus X is a weak C,{-space foramap f: A — X
and Y is a weak CY-space for amap g: B — Y.

Conversely, suppose that X is a weak C’,f -space foramap f: A — X
and Y is a weak Cj-space for a map g : B — Y. Then WGH(Z,X) =
[Z,X] and WGY(Z,Y) = [Z,Y] for any space Z with cat Z < k. It
follows that WG *9(Z, X xY) =2 WGT(Z, X)xWGI(Z,Y) = [Z, X] x
[Z,Y] = [Z,X x Y] for any space Z with cat Z < k. Thus X xY is a
weak C,gfxg)—space foramap (f xg): AxB— X xY. O

3. Weak Dle—spaces for maps

In [2], Ganea introduced the concept of cocategory of a space as
follows; Let X be any space. Define a sequence of cofibrations

Co: X = B, 25 By, (k> 0)

as follows, let Cy : X 9 X 2% $X be the standard cofibration. Assum-
ing Cy, to be defined, let F}_; be the fibre of ) and ¢],; : X — F]
lift €). Define Fy; as the reduced mapping cylinder of e 41 let €}, N
X — Fgy1 be the obvious inclusion map, and let By 1 = Fyy1/e) 1 (X)
and S;H—l : Fyy1 — Fyy1/ex+1(X) the quotient map.

DEFINITION 3.1. [2] The cocategory of X, cocat X, is the least integer
k > 0 for which there is a map r : Fj, — X such that roe) ~ 1. If there
is no such integer, cocat X = oo.

The following remark can easily obtained from the above definition.

REMARK 3.2. cocat X < k if and only if €} : X — F}, has a left
homotopy inverse.
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For a map p : X — A, a based map ¢g : X — B is p-cocyclic [10]
if there is a map 6 : X — AV B such that j0 ~ (p x g)A, where
j: AV B — A x B is the inclusion and A : X — X x X is the diagonal
map. The dual Gottlieb set for a map p : X — A, DGP(X, B), is the
set of all homotopy classes of p-cocyclic maps from X to B. In the
case p = 1x : X — X, we call a 1-cocyclic map is just a cocyclic map,
and denoted by, DG(X, B), which is the set of all homotopy classes of
cocyclic maps from X to B. We can identify H"™(X; ) with [X, K (7, n)],
and defined the coevaluation subgroup G™(X;m) of H"(X;m) to be the
set of all homotopy classes of cocyclic maps from X to K(m,n). The
group G"(X) = G"(X;Z) is the dual of Gottlieb group G, (X) of m,(X)
for all n. A space X is called a G'-space [4] if G"(X) = H"(X) for all
n. In particular, DGP(X, K(Z,n)) will be denoted by G;(X) which is
called the dual Gottlieb group for a map p: X — A.

In general, DG(X,B) C DGP(X,B) C [X, B] for any map p: X —
A and any space B. However, there is an example in [14] such that
DG(X,B) # DGP(X, B) # [X, B].

It is introduced [19] that a space X is called DCY-space for a map
p: X — Aif e;ﬁX : X — FX is p-cocyclic. It is known [18] that for a
map p: X — A, g: X — B is p-cocyclic if and only if ¢*([B, Z]) C
DGP(X, Z) for any space Z.

DEeFINITION 3.3. Let p: X — A be amap, amap g : X — B is called
a weakly p-cocyclic map if g*(H"(B)) C G};(X) for all n. The set of all
homotopy classes of weakly p-cocyclic maps from X to B is denoted
by WDGP(X, B). In particular, W DGP(X, K(Z,n)) will be denoted by
WGZ(X) which is called the weak Gottlieb group for a map p: X — A.

Clearly any p-cocyclic g : X — B is a weakly p-cocyclic, but the
converse does not hold.It is well known [4] that RP? is a G’-space, but
not co-H-space. Thus we easily know that 1 : RP? — RP? is weakly
cocyclic, but not cocyclic.

We showed [19] that a space X is a DC}-space for a map p: X — A
if and only if DGP(X, Z) = [X, Z] for any space Z with cocat Z < k.

DEFINITION 3.4. Let p : X — A be a map. A space X is called a
weak DCY—space forl amapp: X — Aif e;cX X — F,f( is a weakly
p-cocyclic, that is, (e,%)*(H™(F;')) C Gp(X) for all n.

THEOREM 3.5. Let p: X — A be a map. Then a space X is a weak
DCY —space for a map p : X — A if and only if WDGP(X, Z) = [X, Z|
for any space Z with cocat Z < k.
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Proof. Suppose X is a weak DC’,f—space for amap p: X — A. Let
Z be a space with cocat Z < k and g : X — Z any map. For any
n, let @ : Z — K(Z,n) be any map. Since cocat Z < k, there is a
map s : F, — Z such that soe) ~ 1z. Since €}, : X — Fj is weakly
p-cocyclic, aoso F(g)oe), : X — K(Z,n) is p-cocyclic. Thus we have a
map 0 : X — AV K (Z,n) such that j@ ~ (px (aosoFy(g)oe)))A, where
j: AV K(Z,n) — Ax K(Z,n) is the inclusion and A : X — X x X is
the diagonal map. Interpreting F} as a functor, we have the following
homotopy commutative diagram;

| g i\

FuX) 2 9p (2) 22 7 K@)

Thus we have that aoso Fj(g)oe} ~aog: X — K(Z,n) and aog:
X — K(Z,n) is p-cocyclic. Thus we know that g is a weakly p-cocyclic
map and WDGP(X,Z) = [X, Z] for any space Z with cocat Z < k.
On the other hand, we assume that for any space Z with cocat Z < k,
WDGP(X,Z) = [X,Z]. Tt is well known [1] that if F - E % Bis a
fibration, then cocat F' < cocat E + 1. From the fact that Fj, ~ F] —

st
F_4 i Bj._q is a fibration, we know that cocat Fj, < cocat Fj_1 + 1.

Then we have, by induction, cocat Fy < k. Thus we know, by our
assumption, that e} : X — Fj is weakly p-cocyclic and X is a weak
DC%-space for a map p: X — A.

O

PrOPOSITION 3.6. Letp: X — Aandq:Y — A be any maps. Then
the relation

WDGY®PV) (X vY,B) = WDGP(X, B) x WDGY(Y, B)
holds for any space B.

Proof. Let g : X VY — B be a weakly V(pV g)-cocyclic map.For any
n,let « : B — K(Z,n) be any map. Since «og: X VY — K(Z,n) is
V(p V q)-cocyclic, there is a map G : X VY — AV K(Z,n) such that
JG ~ ((V(pV q)) x (a0 g))A, where j : AV K(Z,n) — A x K(Z,n)
is the inclusion and A : X VY — (X VY) x (X VY) is the diagonal.
Consider the maps G1 = Goiy : X — AVK(Z,n) and G = Goiy : Y —
AVK(Z,n),wherei; : X — XVY, iy : Y — X VY are natural inclusions.
Then joGy ~ (p X (aogoiy))A, joGa ~ (¢ x (0o goiaz))A, where
i1: X = XVY, io:Y — X VY are natural inclusions. Thus we know
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(goii,goiz) € WDGP(X,B) x WDGI(Y, B). On the other hand, let
(91,92) € WDGP(X, B)x WDGI(Y, B). For any n, let «: B — K(Z,n)
be any map. Since g; : X — B is weakly p-cocyclic and g2 : Y — B is
weakly g-cocyclic, there are maps G1: X — AV K(Z,n) and G2 : Y —
AV K(Z,n) such that joG1 ~ (px (a0 g1))A, joGay ~ (g x (ogs))A
respectively. Let T': AVK(Z,n)VAVK (Z,n) — AVAVK (Z,n)VK(Z,n)
be the switching map. Then consider the map G = (VVV)oTo(G1VGys) :
XVY - AV K(Z,n). Then joG ~ ((V(pV q) x ao V(g1 V ¢g2))A,
where A: X VY — (X VY) x (X VY) is the diagonal map. Thus we
know V(g1 V go) € WDGVPVI(X VY, B). O

THEOREM 3.7. Let p: X — A and q: Y — A be any maps. Then

the wedge space X VY is a weak DCkv(pVQ)-space for a map V(pV q) :
X VY — A if and only if X is a weak DC}-space for amapp: X — A
and Y is a weak DC}l-space for a map q : Y — A.

Proof. If X VY is a weak DCkv(pvq)—space for amap V(pVg): XV
Y — A, then we know, from Theorem 3.5 and Proposition 3.6, that
WDGP(X,Z) x WDGY(Y,Z) = WDGVW(X VY, Z) = [X VY, Z] =
[X, Z] x [Y, Z] for any space Z with cocat Z < k. Thus WDGP(X,Z) =
[(X,Z], WDG(Y,Z) = [Y,Z] and X is a weak DC}-space for a map
p: X — Aand Y is a weak DC{-space for a map ¢ : ¥ — A. On the
other hand, suppose that X is a weak DC,f—space foramapp: X — A
and Y is a weak DC{-space for a map ¢ : Y — A. Then we know that
WDGP(X,Z) = [X,Z], WDGYY,Z) = [Y, Z] for any space Z with
cocat Z < k. Thus we have, from Proposition 3.6, that W DGY (#Va) (XV
Y,Z)=WDGP(X,Z)x WDGYY,Z) = [X,Z]| x [Y,Z] = [ X VY, Z] for
any space Z with cocat Z < k. Thus we know, from Theorem 3.5, that
X VY is a weak DC’Z(pvq)—space foramap V(pV¢q): X VY — A.
O
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