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AN OPTIMAL CONSUMPTION AND INVESTMENT
PROBLEM WITH LABOR INCOME AND REGIME
SWITCHING

YoNGg HYUuN SHIN*

ABSTRACT. I use the dynamic programming approach to study
the optimal consumption and investment problem with regime-
switching and constant labor income. I derive the optimal solutions
in closed-form with constant absolute risk aversion (CARA) utility
and constant disutility.

1. Introduction

Following the seminal works of Merton [3, 4], the field of continuous-
time portfolio selection is one of the most important areas in mathemat-
ical finance. Also recently regime-switching technique is widely used in
mathematical finance (see [1, 7, 5, 6]).

In this work I study the optimal consumption and investment problem
with two-state regime-switching and constant labor income under the
dynamic programming framework based on Karatzas et al. [2]. T use
the constant absolute risk aversion (CARA) utility function and constant
disutility to derive the optimal solutions in closed-form.

2. The financial market

On a proper probability space (€2, F,P), a standard Brownian motion
B; and a continuous-time two-state Markov chain ¢; are defined and it is
assumed that they are independent. The filtration {F;}+>0 is generated
by both the Brownian motion B; and the Markov chain ;.
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In the financial market, it is assumed that only two assets are traded:
One is a riskless asset with constant interest rate r > 0 and the other
is a risky asset (or stock). It is also assumed that there are two regime
states, 1, 2 in the market and regime ¢ switches into regime j at the
first jump time of an independent Poisson process with intensity A;, for
i,7 € {1,2}. In regime i € {1,2}, the risky asset price process follows
dS;/S; = pidt + 0;dB;. The market price of risk is defined by 0; :=
(i—r)/os, i =1, 2. Let m; be the Fi-progressively measurable portfolio
process at time ¢ and ¢; be the nonnegative F;-progressively measurable
consumption rate process at time t. I assume that the portfolio process
7 and the consumption rate process ¢; satisfy the following conditions:

t t
/ 72ds < oo and / csds < oo, for all t > 0, almost surely (a.s.).
0 0

In regime i € {1,2}, the agent receives constant labor income y; > 0.
The agent’s wealth process X; at time t follows

dX; = [rXe +m (i —r) — ¢ + yi] dt+oymdBy,  Xo=x > —%, 1=1, 2.

3. The optimization problem

The agent’s expected utility maximization problem with CARA util-
ity u(c) := —e~7¢/~ is given by

Ty —YCt
(3.1) Vi(x) = ( 8)1613( )E [/0 e Pt <e o l> dt +e ""Vi(X5) |
c,T T

where 7; is the first jump time from i-th state to j-th state, p > 0 is
a subjective discount factor, v > 0 is the coefficient of absolute risk
aversion, | > 0 is constant disutility because of labor, and A(z) is an
admissible class of pairs (¢, ) at x, where 7,5 € {1,2} and i # j. It
is assumed that the following inequality always holds without further
comments:

ASSUMPTION 3.1.
H2
,0—7“4—?’ >0, i€ {1,2}.

ASSuMPTION 3.2. It is assumed that the value function V;(x) for this
optimization problem (3.1) is an increasing function, that is,

V/(z) >0, fori=1,2.
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In fact, V/(x) > 0 (see (3.11)).

My main results are given in the next theorem.

THEOREM 3.3. The value function for this optimization problem (3.1)
is given by
1 l
V;(l') = _7Mie_,y<mc+yi) ) i = 17 27
ry P
where (Mj, My) is the unique pair solution of the system of algebraic

equations
1
<p —r+ XN+ 29?) e WiM; +re” "iM;log M; — \ie” Vi M; = 0,

for i,j € {1,2} and i # j. And the optimal policies (c},n) for this
optimization problem (3.1) are given by
0;

1
c;‘:r;c—i—yi——logMi and F;k: ,i:l, 2.
ol Ty

Proof. From the expected utility optimization problem (3.1), I derive
the coupled Bellman equations

1
(82)  max \fre+mlu —r) =t} V(@) + goim V(@)

e*’YCi

~(p+ AVile) + AV (@) — S 1] =0,
where i,j € {1,2} and i # j. The first-order conditions (FOCs) for the
Bellman equations (3.2) give

(33) ¢, = —;log{‘/;/(x)} and ™ = —W, 1= ]., 2.

Plugging the FOCs (3.3) into the equations (3.2), then I obtain

"(x 2
B Vi) + i) - 5 V) o (1(0))

~ (p+ MVila) + MVi(a) = ~Vi(a) =1 =0,

where 4,7 € {1,2} and ¢ # j. Now it is assumed that the optimal
consumption ¢ = Cj(z), i = 1, 2, is a function of wealth x. And let
Xi(-), ¢ = 1, 2, be the inverse function of C;(-), i = 1, 2, that is,
X;()=C7Y(-), i =1, 2. Then the FOCs (3.3) give

(2
,-Ye*'YCi (J?)

(35) V@) =% and V(@) = T

(2

Li=1, 2.
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Substituting (3.5) into the equations (3.4), then I have

1
(3.6) rXi(ci)e 7 4+ yie 74+ ZH?Xf(ci)e_w" —cie 14

— (P MVA(Xi(en)) + AV (i) = ~e7% =1 =0

where i,j € {1,2} and i # j. Taking derivative of the equations (3.6)
with respect to ¢; yields

1
2y

1
= SOPX(e)e % e = (p 4 M) X (ei)e " + X (er)e 7 =0,

rXi(ci)e 7% — ryXi(ci)e 7 — yyie 7% + —07 X[ (ci)e

where i,j € {1,2} and i # j. Thus I derive the coupled second order
ordinary differential equations (ODEs)

1 1
(3.7) ZQ?XI{/(Q) — <p —r+ N+ 20?) X!(e;) — ryXi(c)

+ e — i + MiX[(e)e 19T =0,

where i,j € {1,2} and i # j. If I conjecture the solution X;(¢;) to the
coupled ODEs (3.7) of the form
(3.8)
Ci — Y 1 1 )
Xi(e) = + —logM; and c¢;=re+y; ——loghM;, i=1, 2,
ooy ol

for some constant M; > 0, then X/(¢;) = 1/r and X/'(¢;) =0, i =1, 2.
The equations (3.8) yield

liac]

M;’

where i,j € {1,2} and ¢ # j. Thus the coupled ODEs (3.7) can be
reduced into the system of algebraic equations

1
Cj—Ci:yj_yi‘F;lOg

1
3.9) (p—r4+ N+ =607 ) e Wi M; +re i M;log M; — \ie i M; = 0,
2 (2 J
where i, € {1,2} and i # j. Let N; := e "WiM; > 0, then I obtain
1
(3.10) (,0 —r+ XN+ 5«93 + T’yyi> N; 4+ rN;log Ny — A\iN; = 0,
where ¢,7 € {1,2} and i # j.

Now I want to show that there exists a unique pair solution (M7, Ma)
to the system of algebraic equations (3.9). Thus it is enough to show that
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there exists a unique pair solution (N7, N2) to the system of algebraic
equations (3.10). The proof is very similar to the proof of Theorem 3.2
in Shin [6]. Without loss of generality, I may assume that 6; < ;. If I
define

1 1

N;j = f(IV;) := X (p —r+ N+ 5«912 +T'yyi> N; + %Ni log N; > 0,
1 1

for N; > 0, and

N f(Nz) _ 1 ) 1o ) T

J1(Ni) == N p—r A+ S0y )+ y

then f](N;) = r/(AiN;) > 0, that is, fi(-) is increasing. Now I define
the constants z and z with > z as follows:

log N; > 0,

1 1p2 1 192
7o=e r(PH3%) <1 and T = e (P At 302 4r) 1,

where the inequalities are obtained from Assumption 3.1. Then f1(z) =
1+ ryyi/Ni, fi(z) = 0. Thus I have N; > z since f1(V;) > 0 and f1(+)
is increasing.
Now I define
1
g(N;) : = (P —Tr+ A+ 59]2- + 7”’ij> Nif1(Ny)

+ 7N, f1(N;) log { N; f1(Ni)} — Aj Ni,

1
= (o= A+ 58 ) SN+ 1) g (N (VD) .
It can be checked that

91(Z) = {2(9?- — 02) + ryy; + rlog (1 + TZ? )} (1 + Tzi/ >+T7)\jy > 0.

Since, by "'Hospital’s rule,
Nihf;r f1(N;) log {N; f1(N:) }

i 08 INifi(N)} _ SL(N:) (f1(N:) + Ni fi (Vi)

= — =7 = lim =0,
N;—zx+ 1/f1(NZ) Ni—z+ _sz{(Nz)
lim Ni—a+ 01 (N;) = —Aj < 0; Thus, by intermediate value theorem, there

exists N > 0 such that g;(N) =0 and z < N < Z. Taking derivative of
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g1(1V;) gives

1 Ji(Ni
) = (942574 307+ 05 ) JLG) + 74 log (N ()} + 24000
r
= h N; )
o )
where
2 4 g2
h(N;) = <2p —r XA+ — 5 =+ ry(yi + yj)) +rlog {N?f1(N:)} .
Taking derivative of h(N;) implies
2r  fi(Vi)
W(N;) = = + 15 > 0.
(o) Ni o (V)
Thus h(-) is increasing. Also note that limy, 4+ h(N;) = —oo and

o7 = ; Y
hMz)=r+X+X+ 5 +r’y(yi+yj)+rlog<1+ " >>O.

Again, by intermediate value theorem, there exists a unique z* > 0
such that h(z*) = 0 and z < z* < Z. Thus h(N;) < 0 for (z,2*) and
h(N;) > 0 for (z*,00) since h(-) is increasing. This means gj(N;) < 0
for (z,2*) and ¢} (N;) > 0 for (z*,00). Thus g1(N;) is decreasing and
negative for (z,2*) and g(NN;) is increasing for (z*,00). Therefore N
with * < N < Z is the unique solution to g1 (NN;) = 0, and this implies
that I have the unique pair solution (Ni, N3) to (3.10). Therefore I
obtain the unique pair solution (M, Ms) to (3.9).

Now substituting ¢; in (3.8) into (3.5) yields
(3.11)
Vi(x) = Mie7"49) > 0 and  V)(z) = —ryMe YY) < 0,4 =1, 2.

Also substituting (3.11) into the FOCs (3.3) implies the optimal policies

1 i
cf=rz+y ——logM; and wf=—"— i=1,2.
~ a;rYy

Therefore the Bellman equations (3.2) gives the value function

Vi(z) = _iMief'y(eryi) — £
Ty p
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