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ON PROPERTIES OF DERIVATIVES
WITH RESPECT TO FUZZY MEASURES

JoNnGgsuNGg CHor*

ABSTRACT. Fuzzy measures in this paper are a class of distorted
Lebesgue measures (see [5]). We investigate some properties of the
derivatives with respect to distorted Lebesgue measures and give
some important examples.

1. Introduction

Let B be the smallest o-algebra including all the closed intervals in
R* = [0,00). We consider a measurable space (R*,B). Let u be a
fuzzy measure on (R™, B). A fuzzy measure is defined as a set function
i B— RY such that

(1) p(¢)=0,

(2) AC B — u(4) < u(B),
(3) (An T A= pu(An) T u(A4)) and (An | A= p(An) | p(A)).
The Choquet integral is a non-additive integral of a function with respect
to a fuzzy measure (see [1,4]). In [5], Sugeno discussed Choquet inte-
gral equations of a measurable, non-negative, continuous and increasing
function g on the non-negative real line. The Choquet integral of g with
respect to a fuzzy measure p on a set A was defined as

L1 f5)=(0) /A g(t)dp = /0 T u{tle®) > 1y Ay dr.

Let F* be a class of measurable, non-negative, continuous and in-
creasing functions such that g : Rt — R™. Let A be a Lebesgue measure
such that A([a,b]) = b — a for [a,b] C [0, 00).

Now we quote two definitons and one theorem from Sugeno (see [5])
to understand our problems.
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DEFINITION 1.1. Let m : Rt — R™ be a continuous and increasing

function m(0) = 0. A fuzzy measure p,,, a distorted Lebesgue measure,
is defined by

(1.2) fim () = m(A()).

THEOREM 1.2. Let g € F*, then the Choquet integral of g with
respect to p on [0,t] is represented as
t

(1.3) /0 T u{tlg(t) > vy 0 [0, )dr = / 4 (fr, ) g(r)dr.

0
In particular, for u = iy,

(1.4) /0 T u{tlg®) > v} 0 [0,1])dr = /0 (1 — 7)g(7)dr

DEFINITION 1.3. For a continuous and increasing function f(t) with
f(0) = 0, the derivatives of a function f with respect to a fuzzy measure
Wm is defined as the inverse operation of the Choquet integral based on
(1.1) and (1.4) by

df (t)
1.5 = g(b),
(15) T = (o)

if g(t) is found to be an element of F .

In section 2, we investigate properties of derivatives with respect to
fuzzy measures. Moreover some important and easy examples are given.

2. Properties of derivatives

From Definition 1.3, we need to consider a class of f(t)’s for a given
m(t) such that

(1L6)  To(F5) = {fIf(t) /m (t — 1)g(r)dr, glt) € FF).

Note that f(t) € Z,,,(FT) is a continous and increasing function with
f(0) = 0. From the condition of g(t), we show that (1.5) is linear only
for non-negative constants.

THEOREM 2.1. If fi(t), fa(t) € Z,n(FT) and « is a non-negative real
d d
number, then . (f1(t) + f2(t)) and T (afi(t)) exist and satisfy the
m Hm

followings:
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1) 2 () + folt)) = TR 4 P20,

) 7 (@hv) =T,

Proof. From the condition of fi(t) and f2(t), we see that

(1.7) fl(t)—/o m'(t—f)dgl(”df

fim

and

(1.8) folt) = /0 m’(t—T)di(:dT.

Adding (1.7) and (1.8), we obtain that
05 0= [Pty (B0 G

dltm dltm

From the definition of 71 and Z,,(F*), we know that

df 1 (t) n df(t)
dptm dpm

e F* and fl(t)+f2(t)€Im(f+).

Hence (1) is proved.
From (1.7), we see that

afl(t):/om'(t o ]dCL(mMT

anlt) € F', we obtain that afi(t) € Z,,(F). Hence (2) is
[tm

proved. ]

Since «

Note that the definition of Choquet integral is convolution. If we
use Laplace transformation, then we can calculate derivatives of some
functions. Of course, those can be also proved by direct calculations.

THEOREM 2.2. Let M (s) be the Laplace transform of m(t). We have
the fol]owings:

dum N
(2) de( /m ) 1d7’>:t”, n=12,....
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Proof. From 1 € F*, we obtain that
t
1
c {/ /(t — T)dT} = sM(s): = M(s)
0

/0 m'(t —7)dr = L7H{M(s)} = m(t).

Hence (1) is proved.
Since t" € F*, we have

{/ m'(t —7)7" dT} = sM(s) ”+'1 _ M)

Sn

nd
t t* —1
/m/(t—T)TndTZ,Cl{ n! } /m U= 4
0 n—l
—n/m —7)"" Ldr.

Hence (2) is proved. O

and

By the almost same method, we can answer what are anti-derivatives
of some transcendental functions with respect to distorted fuzzy mea-
sures.

THEOREM 2.3. If m(t) has the Laplace transform, then we have the
fo]]owmgs

(1) . ( +a/m tTdT)zeat, a >0,

(2) djm< wd7> In(t + 1).

Proof. Since e® € F*, we have

c {/Ot m' (¢ — T)eaTdT} = sM(s)- ! - (1 = a) M{(s)

= M(s) +aM(s)

s—a
and

/m aTdT—El{M(S)JraM(S) : }

Ss—a

+a/m =) dr.



On properties of derivatives with respect to fuzzy measures 473

Hence (1) is proved.
From In(t + 1) € F* and integration by parts, we have

t . B
|t = a4 1 = —m(e = )+ 15+ Dy,
’ o T+1
t J—
o T+1
O

For a given f(t) and a fuzzy measure p,,, to find g(t) is to obtain
the solution of a Volterra integral equation of the first kind (see [3]).
Moreover, we point out that the existence of a solution ¢(t) is based
on the Radon-Nikodym Theorem (see [2]). The existence of derivatives
depends on a fuzzy measure u,,. Now we give some examples.

EXAMPLE 2.4. t € Z,,(F ), that is /E(;i for m(t) = e* — 1.

M

Proof. Suppose that t € Z,,,(F1). From the definition of Z,,,(F 1), we
have

(1.9) t :/0 m/(t — 7)1 (7)dT :/0 e Ty (T)dr

dt
here —— =z (t) € F'.
where I z1(t) €
But differentiating (1.9), we have
t
- et/ e (F)dr + 31 (8) = £+ 21 (1),

0

From the definition of F*, we obtain
r(t)=1—-t¢gFT.

It is proved by this controdiction. O

dt
EXAMPLE 2.5. t € Z,,(F "), that is T € Ft form(t) =t.
Hm

Proof.
(1.10) t :/0 m/(t — 7)xq (7)dr :/0 x1(T)dT

dt
where —— = z1(t) € FT.
e (t)
Differentialing (1.10), we have
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331(75) =1€ er.
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