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ADDITIVE FUNCTIONAL EQUATION WITH SEVERAL
VARIABLES AND ITS STABILITY

HARK-MAHN KiM* AND HWAN-YONG SHIN**

ABSTRACT. In this paper, we prove the generalized Hyers—Ulam
stability of an n-dimensional additive functional equation, and then
apply stability results to Banach modules over a unital Banach
algebras.

1. Introduction

The stability problem of functional equations originated from a ques-
tion of S. M. Ulam [8] concerning the stability of group homomorphisms.

Let G be a group and G a metric group with metric p(-,-). Given € >
0, does there exist a number & > 0 such that if a mapping f : G1 — Go
satisfies p(f(zy), f(x)f(y)) < for all x,y € G1, then a homomorphism
h: G — Go exists near [ with p(f(x),h(x)) <€ for allx € G1?

In 1941, D. H. Hyers [5] considered the case of approximately addi-
tive mappings between Banach spaces and proved the following result.
Suppose that E; and Es are Banach spaces and a mapping f : E1 — F»
satisfies the following condition: if there is a number € > 0 such that

If(z+y) = flz) - fy)ll < e

for all z,y € Ep, then the limit h(z) = lim,_ % exists for all
x € FE7 and there exists a unique additive mapping h : 1 — FEs such

that
1f(z) — h(z)|| < e
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for all z € E;. Moreover, if f(tx) is continuous in ¢ € R for each x € Ej,
then the mapping h is R-linear.

This result was generalized by T. Aoki [2] for additive mappings and
by Th. M. Rassias [7] for linear mappings by establishing an unbounded
Cauchy difference. A generalization of the Th.M. Rassias theorem was
obtained by P. Gavruta [4] by replacing the unbounded Cauchy differ-
ence by a general control function. The stability problem of various
functional equations has been studied by a number of authors since
then. Recently, P. Nakmahachalasint [6] considered the following n-
dimensional additive functional equation

(1.1) (Z) foz+2f — i),

where xy := x, and n 2 2, and then investigated its Hyers—Ulam—
Rassias stability.

In this paper, we establish the general solution of the following n-
dimensional additive functional equation

(1.2) <Z) Zf$z+2f i — ),

i=1 i#£j
where n > 1 is fixed, and then we investigate its generalized Hyers—Ulam
stability.

2. The first result of Hyers—Ulam stability

We now present the general solution of the equation (1.2) in the class
of functions between two vector spaces.

LEMMA 2.1. Let X and Y be vector spaces. A mapping f : X —
Ysatisfies the functional equation (1.2) if and only if it satisfies the
Cauchy additive functional equation

fla+y)=fz)+ fy)
for all x,y € X.

Proof. Suppose a mapping f : X — Y satisfies the Cauchy additive
functional equation Then, it is straightforward to show that

<Z> Zf””z > Fli— ) = [f(w) — flz;)] =0.

i=1 i#] i#j
Hence, f satisfies the equation (1.2).
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Suppose a mapping f : X — Y satisfies the equation (1.2). Then, by
setting z1 = --- = x,, := 0 in (1.2), we can see that f(0) = 0. Letting
z1 =z and 3 =--- =, :=0in (1.2), we have

0=(n-D[(f(z)+ f(==)],
which shows that f is odd. Putting (z1,z2, - ,zy) = (y,2,0,---,0)
n (1.2), we lead to
flet+y) = f@)+Fy)+0=2)f(@)+ f(=2)+ f(y) + f(-y)]
+fy—2)+ flz—y).
By the oddness of f, we have f(z +vy) = f(z) + f(y), as desired. O

From now on, we denote X and Y by a normed linear space and a
Banach space, respectively. For simplicity, given mappings f : X — Y
and ¢ : X" — [0, 00), we define a difference operator D f by

n

DA ) = 3 )+ 3 o) = (Yo

i#j =1
for all x1, -+ ,2p € X, and ¥; : X — [0,00), ®; : X — [0,00) by
Wi(o) = gl = an+ 2SO + el 0,0 ,0)
+ 2i+1<p(2i:c,2i:v,0,...,0), Vi >0,
®;(z) := 2|n% — 4n + 2| £(0)|| + %w(r(”%, 0,---,0)
+ 2ip(2= g 2=+ 0, ... 0), Vi>0,
for all z € X.

THEOREM 2.2. Let ¢ : X™ — [0,00) be a mapping which satisfies

oo . :
(2w, 2%y,)
Z ( 9 - (ZT 21,"' )<Oo resp)
i=0
for all x1,--- ,xn, € X. If a mapping f : X — Y satisfies the inequality
(2.1) [1Df (@1, zn)ll < @21, 2n)

for all x1,---,z, € X, then there exists a unique additive mapping
L : X — Y such that L satisfies the inequality

(2:2) ||f(a) H<Zw (1@ - H<Z® ), resp.)




384 Hark-Mahn Kim and Hwan-Yong Shin

where the mapping L is given by

L(z) = nlggo 27" (2", (L(a:) = lim 2" f(27"x), resp.)

n—~o0

for all z € X. Moreover, if f is measurable or f(tx) is continuous in
t € R for each fixed x € X, then the mapping L is R-linear.

Proof. If n =2, we set 1 = z3 := z in (2.1), then we have

12f(x) = fF2z)[| < 2 f(0)]] + ¢(x, z)

n—2
= 1~ Ak 2SO + 2 (0, 0) + )
forallz € X. If n > 2, then we set 1 ;== x and 2o = --- =z, := 0 in

(2.1) and so we have

[(n* = 20+ 1) £(0) + (n = 1)(f(2) + f(=2))|| < ¢(,0,---,0)
which is simplified to

Itn =1)£(0) + f(2) + f(=2)ll < ——

for all z € X. Setting z1 = z9:=x and 3 =+ =z, := 0 in (2.1), we
have

12(n = 2)[(n = 1) f(0) + f(2) + f(—2)]

— (n* —4n +2)(0) + 2f (x) — f(22)| < p(a,,0,---,0)
for all x € X. Associating the last two inequalities, one has
(n—2)
(n—1)

1

12f(2) = fRa)ll < |n® —dn+2[[f(0)]| + 2

@(mvov"' 70)
+SO($’:E7O"" 70)

for all x € X and any fixed integer n > 2. Thus, one can prove

m—1
(23)  f(@) —27"f @) < Y lI27f(2') -2 F(2 )|

i=0

S n—2 A

= [21+1|n —4n + 2] £(0 )”"‘((1); (2'x,0,---,0)
1=0

1

+—2i+1 ©(2'z,2'x,0, - - - ,O)}

for all z € X and for every positive integer m. Therefore, for every
positive integers m and k with m > k, we obtain



Additive functional equation with several variables and its stability 385

2 f(@be) — ) = 2R f(be) - 2 H k)|
m—k—1 m—1
< Z 27w, (2kx) W, ()
i=k

for all z € X. Since 30°) W;(z) < oo and S Uy(x) — 0 as k — oo,
the sequence {27 f(2™x)} is a Cauchy in the complete normed space
Y. Thus, we may define

L(z):= lim 27™f(2™z), Vze X.

m—00

Letting m — oo in (2.3), then we get the inequality (2.2). Replace
(x1, -+ ,xpn) by (2™, -+ ,2™x,) in (2.1) and divide it by 2™. Taking
the limit in the resulting inequality, we see that

(Z ) ZLxl—i—ZL T; — xj)

1=1 1#]

forall z1,--- ,z, € X. By Lemma 2.1, the mapping L is additive. Under
the assumption that f is measurable or f(tz) is continuous in ¢t € R for
all z € X, by the same reasoning as in the proof of [7], the additive
mapping L : X — Y satisfies

L(tx) =tL(z), Vze X,VteR.

That is, L is R-linear.
Now, we finally prove the uniqueness. Let L' : X — Y be another
additive mapping satisfying (2.2). Then we have

L) - D@ = gellb@me) - K|

< i(HL(T”OC) = f@ )l + 11 f272) - L'(2")))

< 22 _22\1/

for all x € X and all m € N. This series converges to 0 as m — oco. So
we can conclude that L(z) = L'(z) for all z € X. O

COROLLARY 2.3. Let p # 1 be a positive real number and 6,5 > 0
be real numbers. If a mapping f : X — Y satisfies the inequality

H.Df(.’[‘l,ﬂ??, T ,SCn)H S 5+ 92 Hlep
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for all x1,...,x, € X, where § = 0 when p > 1, then there exists a
unique additive mapping L : X — Y such that L satisfies the inequality

17~ L) < In? — 4n 4+ 20| FO) + (C2=2)5 + ﬂg@ip;

for all x € X, where f(0) =0 if p > 1. Moreover, if f is measurable or
f(tzx) is continuous in t € R for each fixed z € X, then the mapping L
is R-linear.

l[”

Proof. Letting ¢(x1,x2, -+ , &) = 6 + 0> 1, ||ai||? and applying
Theorem 2.2, we get the desired result, as claimed. ]

Corollary 2.3 leaves the case p = 1 undecided. We remark that 1 is
a critical value of p to which Corollary 2.3 cannot extended. In fact, we
shall show that for some € > 0 one can find a function f : R — R such
that

n
(2.4) IDf(z1, 29, ,an)| <) |
i=1
for all x1,x9, - ,x, € R, however, at the same time, there is no constant
0 and no additive function T : R — R satisfying the condition
(2.5) f(z) = T(x)] < 6|z

for all z € R. The following is a modified example of Z. Gajda’s example
[3], which illustrates that Corollary 2.3 fails to hold for p = 1.

Fix ¢ > 0 and put p := m First, we define a function ¢ :
R — R by
W for xe€(l,00)
(2.6) o(z) == < px for ze(-1,1)
— i for x € (—o0,—1].

Evidently, ¢ is continuous and |¢(x)| < p for all z € R. Therefore, a
function f : R — R may be defined by the formula

o0 k
f(z):= Z ¢<§km), x eR.
k=0

Since f is defined by means of a uniformly convergent series of continuous
functions, f itself is continuous and | f(z)| < > 72, ;—k = 2. We are going
to show that f satisfies the inequality (2.4). If x1 =29 = --- =z, =0,
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then (2.4) is trivially fulfilled. Next, assume that 0 < |z1| + |22 + -+ -+
|zn| < 1. Then there exists an N € N such that

1
aN-1"
Hence, |2V~ 1z < 1, |2V Ya; — ;)] < 1 for all 4,5 = 1,2,---,n
and [2Y71(z; + 22 + -+ + 2,)| < 1, which implies that for each k €
{0,1,2,- -+, N—1} the numbers 2*z;, 2 (z;— ;) and 2% (21 422+ - -+2,,)
remain in the interval (—1,1). Since ¢ is linear on this interval, we infer
that

oN <zy| + |xe| 4+ - 4 |zn| <

Do (28 xy, 2%, -+ 2%2,) =0
forall k=0,1,--- ,N — 1. As a result, we get

|_Df($1,.’132,"' 7xn)| ‘Dd) 2k$152 x2, - 72k$n)|
< Z
|z1| + |z2| 4+ - - + |20 26 (|21 | + |w2] + -+ + |2n])

[e.e]

(" +1u
<
- kZ:O?’@N(leIszI+-~+!wn|)

< 2P+ D=
Finally, assume that |z1|+ |z2| + - + |zn| > 1. Then merely by virtue
of the boundedness of f, we have

‘Df(mlax% to l‘n)|
|x1| + |zo| + -+ + |2n| —

<2(n®+1)p

Thus we conclude that f satisfies (2.4) for all z1,z9, -, zy.

Now, contrary to what we claim, suppose that there exist a d € [0, c0)
and an additive function 7' : R — R such that (2.5) holds true. Then, it
follows from the continuity of f that 7" is bounded on some neighborhood
of zero. Now, by a classical result (see e.g. [1], 2.1.1., Theorem 1) there
exists a real constant ¢ such that

T(x)=cx, VzeR.
Hence,
|f(z) —cz| < d|z|, VzeR,

which implies that

\f(x““’) <6+|el, VoeR-{0}.
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On the other hand, we can choose an N’ € N so large that N’y > 6+ |c|.

1
Then picking out an x from the interval (0, W)’ we have 28z € (0,1)
for each k € {0,1,2,--- , N’ — 1}. Consequently, for this z we have
N'—1
fa) > u=Np>d+]d,
v k=0

which yields a contradiction. Thus the function f provides a good ex-
ample to the effect that Corollary 2.3 fails to hold for p = 1.

3. The second result of Hyers—Ulam stability
In this part, we investigate alternative generalized Hyers—Ulam sta-
bility of the equation (1.2).

THEOREM 3.1. If a mapping f : X — Y satisfies the inequality (2.1),
and if p : X™ — [0, 00) satisfies

o p(nia, - nley) T Tn
9 Y
Z i < 00, <Zn’gp(ﬁ, e ’ﬁ) < 00, resp.)
i=0 i=0
for all x1,--- ,x, € X, then there exists a unique additive mapping

L : X — Y such that L satisfies the inequality
(3.1) Hf@ﬁ—lkaS7Mf®ﬂ%+§:ﬁ%jwmhaﬁxw~an%)
i=0
(176@) = L@l < 3wl i v )
for all x € X. The mapping L is given by
L(z) = n}gnoo n~ " f(n"x), (L(x) = n}gnoo n™f(n""x), resp.)

for all x € X. Moreover, if f is measurable or f(tx) is continuous in
t € R for each fixed x € X, then the mapping L is R-linear.

Proof. Setting z1 = -+ =z, := x in (2.1), we have
Inf(z) +n(n = 1)f(0) = f(nz)| < @(z,- -, x)
which is simplified to
3.2)  nf(z) = f(nx)|| < n(n = D[FO) + o(z,- -, z)
for all x € X. Thus
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n‘z nitly
1f(@) = ™ f(nma)| < an( @) _ " a),
=0

nt nz+1
m—1

gz;[

for all x € X and all m > 1. The rest of proof is similar to the proof of
Theorem 2.2. O

1 ) 4
0)]| + —pe(na, - ,n'a)]

COROLLARY 3.2. Let p # 1 be a positive real number and 6,5 > 0
be real numbers. If a mapping f : X — Y satisfies the inequality

n
IDf(@r, - )| <6 +0 [lzll?
i=1
for all ©1,--- ,x, € X, where § = 0 when p > 1, then there exists a
unique additive mapping L : X — Y such that L satisfies the inequality

0 n?
_ L < P
() wmfnwmw+n_l+m_www
for all x € X, where f(0) =0 if p > 1. Moreover, if f is measurable or
f(tz) is continuous in t € R for each fixed x € X, then the mapping L
is R-linear.

4. Applications to Banach modules

Throughout this section, let B be a unital Banach algebra with norm
|-], and let pB; and gBs be left Banach B-modules with norms || - || and
|| - ||, respectively. A linear mapping L : gB; — pBs is called B-linear if

L(ar) = aL(x)
for all « € B and z € gB;. We denote D, f by

D, f(xy, - ,xn Zf (ax;) +Zf (az; — axj) —af(z )

i#]
foralla € B(l):={a € B:|a|=1} and z1, -+ ,z, € gB;.

THEOREM 4.1. Let ¢ : pB} — [0,00) be a mapping which satisfies

> o(nfxy,- - nixn Tn

9 bl
E " (E nip n""“’ —) < 00, resp)
i=0

n’L
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for all x1,--- ,x, € pBy. If a mapping f : pB1 — pBo satisfies the
inequality

(4'1) HDaf(xlv"' 7xn)H S‘P(xlv"' >$n)

for all a € B(1) and x1,--- ,x, € pB1, and if f is measurable or f(tx)

is continuous in t € R for each fixed x € gB1, then there exists a unique
B-linear mapping L : gB1 — pBo such that L satisfies the inequality

,n'w)

1£(@) ~ L)l < nll o)) + 3 L
=0

(1 @) = L@l < 3wl o), resp.)
1=0

for all x € gB;.

Proof. By Theorem 3.1, it follows from the inequality of the state-
ment for a = 1 that there exists a unique additive mapping L : gB; —
BBy satisfying the inequality (3.1). Under the assumption that f is
measurable or f(tz) is continuous in ¢ € R for each fixed x € gBy, the
mapping L is R-linear. And taking 1 = --- = x,, := z in (4.1), then we
get

(4.2) |nf(az) — af(nz)| < n(n = D[FO) + ¢z, 2, z)

for all z € pBy. Dividing (4.2) by n™ and replacing  := n™ tx(m € N),
we get L(ax) = aL(x) for all x € pB; and all a € B(1) by taking
m — oo. The last relation is trivially true for a = 0. For each element

a(#0) € B, a=|af- |a—| and |a—| € B(1). Since L is R-linear, we see
a o'
a « a
L(ax) = L<\a\ : —m) = ]a!L(—x) = |a| - —L(z) = aL(x)
| |al |l

for each nonzero a € B and all z € gB;. So the unique R-linear mapping
L is also B-linear, as desired. O

COROLLARY 4.2. Let p # 1 be a positive real number and 6,5 > 0
be real numbers. If a mapping f : gB1 — pBs satisfies the inequality

n
|Daf (@, e, )| < 5+0° [a]?
=1

for all a € B(1) and all x1,x9, - ,x, € gBy, where 6 = 0 when p > 1,
and if f is measurable or f(tx) is continuous in t € R for each fixed x €
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BB1, then there exists a unique B-linear mapping L : pBy — By such
that L satisfies the inequality

1£(@) = L@ < nlF O] + —— + o)
- n—1|n—nP|

for all x € gB;.

(1]
2l
3]
(4]
5]
(6]
[7]

(8]
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