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ON AN R-E-KKM THEOREM AND ITS APPLICATIONS

WonN Kyu Kiv*

ABSTRACT. In this paper, we first introduce an R-E-KKM map in
the E-convex settings, and next we prove an R-E-KKM theorem
which generalizes the KKM theorem and the best proximity theo-
rem simultaneously. As applications, a best proximity theorem and
a fixed point theorem in E-convex sets are given.

1. Introduction

In a recent paper [5], Raj and Somasundaram introduce an R-KKM
map which extends the notion of KKM maps in best proximity settings,
and obtain the finite intersection theorem. As applications, they prove
the existence of a best proximity point which is an extended version of
the Fan-Browder fixed point theorem in a normed linear space. Recently,
in [3], the author introduces a generalized E-KKM map using the E-
convexity, and proves the finite intersection theorem for a generalized
E-KKM map and fixed point theorems as applications.

In this paper, combining those two concepts in [3, 5], we first intro-
duce the R-E-KKM map which generalizes the classical KKM map and
R-KKM map simultaneously in the E-convex settings. Next, we prove
an R-F-KKM theorem which generalizes the classical KKM Theorem
and the best proximity theorem simultaneously. As applications, a best
proximity theorem and a fixed point theorem in E-convex sets are given.
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2. Preliminaries

We begin with some notations and definitions. Let X be a nonempty
subset of a Hausdorff topological vector space Y. We shall denote by 2%
the family of all subsets of X, and for any nonempty subset A of Y, by
co A the convex hull of A in Y. We shall say A is compactly closed if for
each compact subset K in X, AN K is closed in X. When a multimap
T : X — 2Y is given, we shall denote T~!(y) := {r € X | y € T(x)} for
each y € Y. Denote by [0,1]" the Cartesian product of n unit intervals
[0,1] x --- x [0,1], and denote the unit simplex in [0, 1]" by A,_;, and
simply denote A = (A1,...,An) € Ap_q with 2 ;\; = 1. Recall that
a set X is said to be E-convez [6] with respect to a map E: Y — Y if
there is a mapping F : Y — Y such that AE(z) + (1 — \)E(y) € X for
each z,y € X and X € [0, 1].

Let A and B be nonempty subsets of a normed linear space (X, ||-||).
We define a metric d on X by d(z,y) := ||z — yl|| for each z,y € X; and
for each x € A, we denote d(z,B) := infyepd(x,y) and dist(A, B) :=
inf,ca d(x, B). Then the pair (A4, B) is said to be E-proxzimal if for each
x € A, there exists y € B such that d(E(z), E(y)) = dist(A, B). Then,
it is clear that (A, A) is an E-proximal pair.

From now on, we shall assume that (X, ||-]|) is a normed linear space
equipped with a given map £ : X — X.

Now we first introduce the general notion of R-E-KKM maps which
fit into the generalized KKM theorem for best proximity point setting
as follows:

DEFINITION 2.1. Let (A, B) be a nonempty pair of a normed linear
space X with a map F : X — X. A multimap T : A — 2P is called a
generalized R-E-KKM map (simply, R-E-KKM map) on A if for any
finite subset {z1,...,z,} C A, there exists a finite subset {y1,...,yn} C
B such that

||E(z;) — E(y;)|| = dist(A,B) for each i =1,...,n; and

k
co({Bl).- Bwi)}) € U Ty

for any subset {vyi,,..., v, } C{y1,...,yn} (1 <k <n).

REMARK 2.2. If E is the identity map on X, then an R-FE-KKM
map is a generalization of R-KKM maps in [5], and if A = B, then
an R-E-KKM map reduces to the generalized E-KKM map in [3] since
E(z;) = E(y;) for each i = 1,...,n. Furthermore, if A = B and F is the
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identity map on X, then an R-F-KKM map reduces to the generalized
KKM map in [2]. When A = B and FE is the identity map on X, and if
we take x; = y; for each i = 1,...,n, then the R-E-KKM map reduces
to a KKM map in [4].

Now we shall give an example that there exists an R-E-KKM map
which is not an E-KKM map:

EXAMPLE 2.3. Let X =R, A =10,2], and B =10,2]. Let £ : X —
X be a mapping on X defined by

x, foreach 0<x<1;
E(x):={ 2—xz, foreach 1<z<2
0, for each =z € X\ A,

and the multimap T : A — 2P be defined by

[0,1+z], foreach 0<ux<I;
T(z):=
[1,x], foreach 1< <2.

Then, for each x € (1,2], E(x) = 2 —x ¢ T(x) = [1,z] so that T
can not be an E-KKM map on A. Now we show that T is an R-FE-
KKM map on A. Indeed, for any finite set {x1,...,x,} C A, we shall
show that there exists a finite set {y1,...,yn} C B such that for any
subset {yi,, .-, ¥i, } C{y1,---,yn} (1 <k < n), we have that for each
i=1,...,n, ||E(x;)— E(y;)|| = dist(A,B) =0, and

k
co{B(y), - E(yi)}) € |J Tlas,).
j=1

First, in case of 1 < z; < 2 foreach 1 < i < n, if we take
y; == 2 —x; for each 1 < i < n, then for any subset {yi,,..., vy} C
{y1,.-.,yn} (1 <k <n), we have that for eachi=1,...,n,

|E(z:) — E(yi)l| = |1(2 — x5) — yil| = dist(A, B) =0,

and

k k
co{EWi,), -, E(yi,)}) € [0,1] € JT(w,) = [J 0,142 —2));
j=1 i=1

so that T is an R-E-KKM map on A. Next, in case of 0 <x; <1 for
some 1 < i <n, we should take y; := x; for such i; and in case of
1<z; <2 forsome 1< j<n, then we should take y; := 2 — x; for
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such j. Then, for any subset {y;,,...,yi.} € {y1,....yn} (1 < k < n),
we have that for each i =1,...,n,

|E(zi) — E(yi)|| = dist(A, B) =0,
and
CO({E(yil)v ) E(ylk)}) - [Oa ” -

so that T is an R-E-KKM map on A.

T(ys,);

-

Jj=1

3. An R-E-KKM theorem and its applications

Now we begin with the following

THEOREM 3.1. Let (A, B) be a nonempty pair of a normed linear
space X with amap E : X — X, and T : A — 28 be an R-E-KKM
map on A. If T'(x) is finitely closed (i.e., for each finite dimensional
subspace L in X, T(x) N L is closed in the Euclidean topology in L)
for each x € A. Then the family of sets {T'(x) | € A} has the finite
intersection property. Furthermore, if A is E-convex, then for any finite
subset {x1,...,x,} C A, thereexist £ € A and ¢ € (\;_,T(x;) such
that |[|2 —g|| = dist(A, B).

Proof. For any finite subset {z1,...,2,} C A, we first show that
Niey T(x;) # 0. Since T is an R-E-KKM map on A, there exists a
finite subset {y1,...,yn} C B with

||E(zi) — E(y:)|| = dist(A, B) foreach i=1,...,n,
such that for any subset {yi,,..., v, } C{y1,...,yn} (1 <k <n),

Cw

Co({E(yZ&)’ yzk :L'ZJ
holds, and in particular, co({E(y1),.. ( ) C Ui, T ().
Now we consider the (n — 1)- sunple A,_1 with the vertices e; =
(1,0,---,0),e2 = (0,1,0,---,0),-- = (0,0,---,1); and define a

continuous map f: A,_1 — X by

F(E hiey) =3 NiE(yi), foreach (A,...,A\n) € Ay,
Since f(Ap—1) = co{E(y1),...,E(yn)}) is a finite dimensional subset
of Y and T'(z;) is nonempty finitely closed in Y, each f~1(T(x;)) is a
nonempty closed subset of A,,_1. Therefore, we consider the family of
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nonempty n closed subsets {G; := f~Y(T(x;)) | i =1,2,...,n} of A,_1,
and now we will show ()_; G; # 0. Since T is an R-E-KKM map, for
any indices 1 <111 < i < --- <1 <M,

k
FEi A es) = S5\, Blys) € | T(as;)

7=1
so that

. b
S ie; € U Ty) = | F 1 (T ()

j=1 j=1

k
= U Gij C Ap1.
j=1
Therefore, we can apply the KKM theorem [4] to the family of closed
subsets {G; | 1 <i < n} of A,_; so that we have (', G; # (. Hence

n n n
0#(Gi= () (T@) = () T(@)
i=1 i=1 i=1
so that we have (', T'(x;) # 0.
Next, we assume that A is E-convex, then we shall show that for
a given finite subset {z1,...,2,} C A, there exist £ € A and ¢ €
Niz; T(z;) such that ||Z — g|| = dist(A, B). Indeed, if we let é :=
Z?Zl)\iei S m?:l Gy, then g := f(é) = Eg‘:l)\iE(yi) € m?:l T(aﬁz) CB.If
we take I 1= E?le\iE(l'l‘), then # € A since A is E-convex. Therefore,
we have

dist(A, B) < dist(&, () T(x:)) < 1&gl
i=1
= |SE M E () — S ME ()|
< S i - ||B(x) — Ey)|| = dist(A, B)
which completes the proof. [

REMARK 3.2.

(1) Theorem 3.1 generalizes both Theorem 3.1 in [3] and Theorem 3.1
in [5] in the following aspects:
(a) T is an R-E-KKM map which generalizes an R-KKM map in
[5] and generalized E-KKM map in [3] simultaneously;
(b) the pair (A, B) need not be proximal as in Theorem 3.1 [5];
(¢) E need not be the identity map on X as in Theorem 3.1 [3].
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(2) In case of T'(z) =B for 2 € X in the conclusion of Theorem 3.1,
since y € B =T(z), we have

dist(A,B) < d(z,T(z)) < d(z,9) + d(y, T(z))
= dist(A, B) +d(y,T(2)) = dist(A, B)

)
so that we have d(z,T(z)) = dist(A, B), i.e., & is the proximity
point for T'.
(3) In Theorem 3.1, if we replace the finitely closed assumption on
T'(z) with compactly closed assumption on 7'(z), then we can ob-
tain the same conclusion by slight modification of the above proof.

As a consequence of Theorem 3.1, we can obtain the following which
is a generalization of the KKM theorem in E-convex settings:

THEOREM 3.3. Let (A, B) be a nonempty pair of a normed linear
space X with a map E : X — X, A an E-convex set, and T : A — 28
be an R-E-KKM map. If T'(x) is compactly closed for each x € A, and
T(x,) is compact for some x, € A, then [\, .,T(x) # 0, and there
exist & € A and gy € B such that ||z — g|| = dist(A, B).

The following best proximity theorem, which includes the Fan-Browder
fixed point theorem [4] in non-compact E-convex sets in normed linear
spaces, can be a basic tool in proving many variational inequalities and
intersection theorems in E-convex settings:

THEOREM 3.4. Let (A, B) be a nonempty E-proximal pair of a normed
linear space X with a map E: X — X, and let T : A — 2B be a mul-
timap satisfying the following:

(1) for each x € A, T(z) is a compactly open proper subset of B;
(2) for eachy € B, T~(y) is a nonempty E-convex subset of A;
(3) there exists an y, € A such that B\ T'(y,) is compact.

Then there is a best proximity point & € A such that
dist(z,T(2)) = dist(A, B).

Proof. By the assumption (1), each T'(z) is a proper subset of B.
Consider a multimap S : A — 28 defined by

S(z) :==B\T(x) foreachze A.

By the assumption (1), each S(x) is nonempty compactly closed in B,
and by the assumption (3), S(y,) is compact. Note that B = (J,c4 T(x).
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In fact, for each y € B, by the assumption (2), choose z € T~!(y); then
y € T(x). Therefore, B =J,cx T(x) so that we have

() S@) =) (B\T(x)) =B\ [ T(

€A €A €A
Therefore, by Theorem 3.3, S should not be an R-E-KKM map on A.
Therefore, there must exist a finite subset {x1,...,2,,} C A such that

there exist {y1,...,ym} C B with ||E(x;) — E(y;)|| = dist(A,B) (1 <
i <m), and

o(EW)... Elym)}) ¢ Tl (4

Indeed, for given z; € A (1 < i < m), since (A, B) is an E-proximal
pair, there exists y; € B such that ||E(x;) — E(y;)|| = dist(A,B) for
each 1 < i < m. Then, the set {y1,...,ym} C B satisfies the condition
||E(z;) — E(y;)|| = dist(A, B) (1 <i <m). Since S is not an R-E-KKM
map on A, the formula (*) should hold. Therefore, there exists a point
g =X NE(yi) € codEW1), -, E(ym)}) with (M,..., ) € Ay
such that

m

7= SAE) ¢ U S = (1 Tw) = B\ (1700

=1 =1

so that § € NI%, T(x;). Therefore, x; € T—1(y) for each i = 1,...,m.
Since T~1(§) is E-convex by the assumption (2), we have

E(T(9) S col B(T'(§))} € T (9).

If we take 2 := X", \;E(x;) € T71(§) C A, then § € T(£) so that we

have
dist(A, B) < dist(#,T(2)) < ||2 — 9|

= BN E (i) — X A E ()]
< B i [|E(zi) — E(yi)|| = dist(A, B).
Therefore, dist(z,T(z)) = dist(A, B) which completes the proof. [

REMARK 3.5. In Theorem 3.4, when B is a compact set, then each
T(x) is clearly open so that the assumption (3) is automatically satis-
fied. In this case, Theorem 3.4 generalizes the Fan-Browder fixed point
theorem in non-compact E-convex settings in normed linear spaces.

When A = B in Theorem 3.4, since (A, A) is clearly an E-proximal pair
of a normed linear space X, we can obtain the following fixed point
theorem
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COROLLARY 3.6. Let A be a nonempty subset of a normed linear
space X equipped with amap E : X — X, and let T : A — 24 be a
multimap satisfying the following:

(1) for each x € A, T(z) is an open (proper) subset of A;
(2) for eachy € A, T~'(y) is a nonempty E-convex subset of A;
(3) there exists an y, € A such that B\ T'(y,) is compact.

Then there is a fixed point £ € A for T, ie., &€ T(z).
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