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GALOIS ACTIONS OF A CLASS INVARIANT OVER
QUADRATIC NUMBER FIELDS WITH DISCRIMINANT
D = 64 (mod 72)

DAEYEOL JEON*

ABSTRACT. A class invariant is the value of a modular function that
generates a ring class field of an imaginary quadratic number field
such as the singular moduli of level 1. In this paper, we compute the
Galois actions of a class invariant from a generalized Weber function
g1 over imaginary quadratic number fields with discriminant D =
64 (mod 72).

1. Introduction

Let K be an imaginary quadratic number field with discriminant D
and the ring of integers O = Z[] where
VD if D=0 (mod 4);

:=¢ 2
VD if D=1 (mod 4).

Then the theory of complex multiplication states that the modular in-
variant j(O) = j(6) generates the ring class field Ho over K with degree
[Ho : K] = h(O), the class number of O, and the conjugates of j(#) un-
der the action of Gal(Hp/K) are singular moduli j(T), where 7 := ¢
is the Heegner point determined by Q(7g,1) = 0 for a positive definite
integral primitive binary quadratic forms

Q(z,y) = [a,b,c] = az® + bry + cy?

with discriminant D = b% — 4ac.
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In his Lehrbuch der Algebra [10], H. Weber calls the value of a mod-
ular function f(6) a class invariant if we have

K(f(9)) = K(5(9)).

Despite a long history of the problem, one began to treat class in-
variants in a systemic and algorithmic way only after Shimura Reci-
procity Law [8] became available. The reciprocity law provides not
only a method of systematically determining whether f(6) is a class
invariant but also a description of the Galois conjugates of f(#) under
Gal(Hp/K). This tool is well illustrated in several works by Alice Gee
and Peter Stevenhagen in [2, 3, 4, 9]. The author[5, 6, 7] compute the
Galois actions of certain class invariants over some cases of quadratic
number fields.

Gee determine the class invariants from a generalized Weber function
g1 by using the Shimura Reciprocity Law as follows:

THEOREM 1.1. [3, p.73, Theorem 1] Let K be an imaginary quadratic
number field with discriminant D = 64 (mod 72) and the ring of integers

O = Z[0] where 0 = @. Then (3493 (0) gives an integral generator for
the ring class field Ho over K where (, is a primitive n-th root of unity
for a positive integer n.

In this paper, we compute the Galois actions of the class invariant
(3¢493(0) under Gal(Hop/K).

2. Preliminary

Let Q% be the set of primitive quadratic forms and C(D) = Q% /T(1)
denote the form class group of discriminant D. Since Gal(Hp/K) is
isomorphic to C(D), it suffices to compute the action of a primitive
quadratic form Q = [a, b, c] on the class invariant (3¢4g3(0).

THEOREM 2.1. [1, 2] Let Z[0] be the ring of integers of an imaginary
quadratic number field K with discriminant D = 0 (mod 4) and let Q) =

[a, b, c] be a primitive quadratic form with discriminant D. Let 0 = @

and 79 = %. Let M = My, € GL2(Z/NZ) be given as follows:

°3) (modp™) if pta;
(2.1) M = *1% *OC> (modp™) ifp|aandptc;
b g b

316) (modp™) ifp|aandp|c,

RS
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where p runs over all prime factors of N and p"||N. Then the Galois
action of the class of [a, —b, c| in C(D) with respect to the Artin map is
given by

FO)70 = M (rg)
for any modular function f of level N such that f(0) € Hp. Here fM
denote the image of f under the action of M.

The action of M depends only on M, for all primes p|N where
My € GLo(Z/p"™Z) is the reduction modulo p™» of M. Every My
with determinant  decomposes as My» = (§9) (24) for some (¢4) €
SLy(Z/p™*Z). Since SLa(Z/p'*Z) is generated by Sp» = (9 ') and
Tyr = (1), it suffices to find the action of (§ g)prp, Spre and Tp,rp on
f for all p|N, where f is a modular function of level N whose Fourier
coefficients belong to Q({n). For ({ 2);;"? , the action on f is given by
lifting the automorphism of Q(¢{x) determined by

Corp — Cop and (grq — Cyra
P D q q

for all prime factors ¢|N with ¢ # p. In order that the actions of the
matrices at different primes commute with each other, we lift S,~» and
Tyre to matrices in SLo(Z/NZ) such that they reduce to the identity
matrix in SLo(Z/q"Z) for all g # p.

The Dedekind-eta function

o0
n(z) = ¢ [J(1—g"), with ¢=e>"
n=1

is holomorphic and non-zero for z in the complex upper half plane H
and A(z) = n?*(z) is modular form of weight 12 with no poles or zeros
on H. Then we have generalized Weber functions as follows:

(2.2)
L) D )
gO() n(z)v 1( )_ 24 77(2) 792( )_ 77(2) 793( )_\/gn(z) .

Note that the functions in (2.2) are modular of level 72. For the
generating matrices S, T € SLy(Z) given by S = (9 ') and T = ({ 1),
the transformation rules o S(z) = v/—izn(z) and 1o T(z) = (aun(z)
hold. Hence

(23) (90a917927g3) oS = (g3><;12g27C§491390)7
(907 g1, 92, 93) ol = (gla C2_42927 90, g224g3)
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3. Results

In this section, we compute the action of a primitive quadratic form
[a, —b,c] on the class invariant (3(4g3(0). For that we need to find the
action of M, € GLa(Z/mZ) with m = 8,9. Combining Lemma 6 of [2]
and the transformation rule (2.3), we obtain the following:

LEMMA 3.1. The actions of (}9), , Sm and T, (m = 8,9) on g7
(1 =0,1,2,3) are given by

g 91 9 g3

(8% g 91 95 03

Sy -g5  —oi —93 03

Ty g5 -0 —93 903

(6%)g, z=-3k+1| g8 (g7 o3 o3
(09, z=-3k—1| g8 (3*a3 Co? o3
Sy -3 (g3 CFo —gp

Ty g1 (05 —g5 (3o3

Theorem 2.1 gives a matrix M € GLo(Z/72Z) that satisfies

¢3¢agl (0)7" = (GFag?) (mq)-
Also
(G3CaaD)™ = (3 (Cag) ™)™

By Lemma 3.1, we have
(GagD)™ = wpagi,

2,
where u = (—1) and g = CZHQH)( it ). Using this, together with
Lemma 3.1, we have the following theorems.

b—2
a+—>5=

THEOREM 3.2. Let D = 64 (mod 72) be a discriminant of an order

. . . . D —b+v D
O = [0,1] in an imaginary quadrei?c field. Let 6 = g, TQ = gia‘r,
u= (—1)‘”‘1)_?2 and iy = CZHQH)(T—FC). IfQ = [a, b, c] is a reduced prim-

itive quadratic form with discriminant D, then the action of [a, —b, ¢| on
(2¢493(0) is as follows:
(1) The case 3 1a.
a) Ifb = 1 (mod 3), then (3¢493(0)!»~>< is given by the following
table:
b=1(mod9) | b=4(mod9) | b=7(mod9)
a =1(mod9) | —uCspag;(rq) | —unags(re) | —ucinags(mq)
a =2(mod9) | —uFrugs(re) | —umags(re) | —ulspagd(ro)
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b) If a + b = 1 (mod 3), then {g@lg%(e)[a?—bﬁ]

lowing table:

a=4(mod9) [ —uCsuagy(rq) | —upagi(r) | —uliuags(rq)
a=5(mod9) | —uCzpagy(rQ) | —upagy(rq) | —ulspags(rq)
a=7(mod9) | —uCzuagy(rQ) | —upags(rq) | —u¢iuags(mq)
a =8 (mod9) | —uC3uags(tqQ) | —upags(rq) | —ulspags(q)

is given by the fol-

b=0(mod9) | b=3(mod9) | b =6 (mod9)
a=1(mod9) | uCGuagi(rQ) | ulspagi(rq) | uugi(rQ)
a=4(mod9) | uCuagi(rq) | upagi(rq) | uCiuagi(rq)
a=T7(mod9) | wugi(rq) | uCGpaei(rq) | ulspagi(rq)

b=2(mod9) | b=5(mod9) | b =8 (mod?9)
a=2(mod9) | uCuagi(rq) | uCiuagi(rq) | upagi(r)
a=5mod9) | uCiuagt(rQ) | wpagi(rq) | ulpagi(rq)
a=8(mod9) [ wugi(rq) | uCpagi(rq) | uliuaei(TQ)

¢) Ifb # 1 (mod3) and a+b # 1 (mod 3), then (3¢4g3(0) [0 is
given by the following table:

b=2(mod9) | b=5(mod9) | b =8 (mod9)
a=1(mod9) | wpags(rq) | uCipags(rq) | ulspags(rq)
a=4(mod9) | uCuags(rg) | upags(rq) | ulipags(tq)
a=T(mod9) | uCGuag3(q) | ulspags(rq) | wiags(rqQ)

b=0(mod9) | b=3(mod9) | b=6(mod9)
a=2(mod9) | upsgi(rq) | ulspgs(rq) | uiuigs(rQ)
a=5(mod9) | uCiuags(rQ) | wpags(rq) | ulsuags(rq)
a=8(mod9) [ uCspuags(1q) | uliuags(rqQ) | upags(1q)

(2) The case 3|a and 3 1 c.

a) Ifb = 2 (mod 3), then (3¢493(0)l*»>< is given by the following

table:
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Gagi(O) " =

(3Cugh(o)l0 =

b=2(mod9) | b=5(mod9) | b =8 (mod?9)
c=1(mod9) | uCipags(re) | upagi(rq) | uCspags(ro)
c=2(mod9) | uspagi(rq) | upagi(rq) | uciuags(rq)
c=4(mod9) | uipags(rq) | wmagi(rq) | uspags(rq)
c=5(mod9) | uCspuagi(ro) | upags(rq) | udipags(ro)
¢ =T(mod9) | uCipags(re) | upagi(rq) | uCspags(ro)
c=8(mod9) | usuagi(rq) | upags(re) | uCiuags(rq)
b) If b # 2 (mod 3) and b+ ¢ = 0 (mod 3), then

b=1(mod9) | b=4(mod9) | b =7 (mod?9)
c=2(mod9) | uCspagy(rg) | upagi(rq) | uciugs(ro)
c=5(mod9) | uCGuags(rq) | ulspags(rq) | upags(rq)
=S (wod9) | umgdire) | uGrel(re) | wsmrg)
c) If b+ ¢ =2 (mod 3), then

b=1(mod9) | b=4(mod9) | b =7 (mod?9)
c=1(mod9) | upsgi(rq) | uCsuagi(rQ) | uliragi(rq)
c=4(mod9) | uCsuagi(rq) | uCipagi(rq) | upagi(rq)
=7 (mod9) | uCipgi(re) | upami(ra) | uCaragi(rq)

(3) The case 3|a and 3|c.
a) If b=1(mod9), then
—upagi(rg)  ife=0 (mod9);

—uCspagy(rq) if ¢ =3 (mod9);

—uC3pagi(rg) ifc=6 (mod9);
b) If b = 8 (mod9), then

upa3(7Q)

ifa =0 (mod9);
uspsgi(tg) ifa =3 (mod9);

uCipagi(rq) if a =6 (mod9);
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