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BIPOLAR-VALUED FUZZY IDEAL EXTENSIONS OF
BCK-ALGEBRAS

WonN KYyUN JEONG*

ABSTRACT. The notions of the extensions of bipolar fuzzy ideals,
bipolar fuzzy prime ideals and bipolar fuzzy commutative ideals
in BCK-algebras are introduced, and several properties are investi-
gated.

1. Introduction

In 1966, Y. Imai and K. Iséki [1] introduced a notion called a BCK-
algebra, and since then many researchers have investigated various prop-
erties of this algebra. Such algebra generalized the notion of sets with the
set subtraction as the only nonnullary operation. The concept of fuzzy
sets was introduced by L. A. Zadeh [10]. Since then fuzzy sets have
been applied to other algebraic structures such as semigroups, groups
and rings, etc. O. G. Xi [8] applied the concept of fuzzy set to BCK-
algebras, and he investigated some results.

K. M. Lee [6] introduced the notion of bipolar-valued fuzzy sets which
is an extension of fuzzy sets. K. J. Lee [5] introduced the notion of bipo-
lar fuzzy subalgebras/ideals of a BCK-algebra, and investigated several
properties.

In this paper, we introduce the notion of extensions of bipolar fuzzy
ideals in BCK-algebras, and investigate some related properties of it.
We also introduce the notion of bipolar fuzzy commutative ideals in
BCK-algebras, and provide conditions for a bipolar fuzzy ideal to be a
bipolar fuzzy commutative ideal.
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2. Preliminaries

We begin with the following well-known definitions and results which
are necessary for completeness.

An algebra (X;*,0) of type (2,0) is called a BCK-algebra if for all
x,y,z € X the following conditions hold:

() ((zxy)*(z*z)*(zxy) =0,
(b) (2 (zxy))*y) =0,
(¢) xxx =0,
(d) 0%z =0,

(e) xxy=0and y*xz =0 imply z = y.
We can define a partial ordering ”<” on X by z < y if and only if
zxy = 0. Any BCK-algebra X satisfies the following axioms:

(1) Vz e X) (xx0=1x),

(2) Vr,y,z€X) (z<y=axzxz<yxz,z2xy < zx1),

(3) (Vo,y,z€ X) (z*xy)*x2=(xx2)*y),

(4) Vz,y,z€ X) (xx2)*(y*2) <z*xy).

A nonempty subset S of a BCK-algebra X is called a subalgebra of
X if x xy € S whenever xz,y € S. A subset A of a BCK-algebra X is
called an ideal of X if it satisfies the following conditions:

(I1) 0 € A,
(I2) Vz,ye X) (zxye A,yc A=z A).

Now we review some fuzzy logic concepts. A fuzzy set in a set S is a
function p : S — [0,1]. For any fuzzy sets p and v in S, we define

pwCve pu(x) <v(r)foralxeS.

A fuzzy set p in a BCK-algebra X is called a fuzzy subalgebra of X
if pu(zxy) > min{p(x),u(y)} for all z,y € X. A fuzzy set p in a
BCK-algebra X is called a fuzzy ideal of X if it satisfies the following
conditions:
(FI1) (Vo € X) (u(0) = p(a)),
(F12) (Va,y € X) (p(z) = min{u(z *y), u(y)})-

K. M. Lee [6] introduced the notion of bipolar-valued fuzzy sets which
is an extension of fuzzy sets. Let X be the universe of discourse. A
bipolar-valued fuzzy set ¥ in X is an object having the form

U = {(z, py(x), py (@) | € X},

where pf : X — [0,1] and pf : X — [~1,0] are mappings. The
positive membership degree ug (z) denotes the satisfaction degree of an
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element x to the property corresponding to a bipolar-valued fuzzy set
U = {(z,pf (), u (z)) | z € X}, and the negative membership degree
pdy (z) denotes the satisfaction degree of x to some implicit counter-
property of ¥ = {(z, u(z), nd (z)) | x € X}. We shall use the symbol
U = (X; pdy, pl)) for the bipolar-valued fuzzy set ¥ = {(z, pd (z), pf (z))
| x € X}, and use the notion of biploar fuzzy sets instead of the notion of
bipolar-valued fuzzy sets. For any bipolar fuzzy sets ¥ = (X ; “1\;1 , M{I\fl)

and ¥y = (X; ui,u%) in X, we define
Uy C Uy & pf, (2) < pg,(w) and py, () > py, (x) for all z € X.

DEFINITION 2.1. ([5]) A bipolar fuzzy set ¥ = (X;ul,puf) in a
BCK-algebra X is called a bipolar fuzzy subalgebra of X if it satisfies:

(BS1) g (% y) > min{ud (), n§ (y)},
(BS2) piy (2 y) < max{py (), ny ()},

for all z,y € X.

PROPOSITION 2.2. ([5]) Let ¥ = (X;ub,ud) be a bipolar fuzzy
subalgebra of a BCK-algebra X. Then pf(0) > ul(z) and pf(0) <
ply (z), for all z € X.

DEFINITION 2.3. ([5]) A bipolar fuzzy set ¥ = (X;ub,puf) in a
BCK-algebra X is called a bipolar fuzzy ideal of X if it satisfies:
(BIL) 1y (0) 2 pry () and py (0) < pugy(2),
(BI2) puy () = min{py (2 y), py (y)},
(BI3) py(z) < max{pg (z*y), ng (y)},

for all z,y € X.

THEOREM 2.4. ([5]) Every bipolar fuzzy ideal of a BCK-algebra X is
a bipolar fuzzy subalgebra of X.

LEMMA 2.5. ([5]) If @ = (X;ub,ul)) is a bipolar fuzzy ideal of a
BCK-algebra X and if x < y in X, then pk(z) > pf(y) and pf (z) <
N
try (y)-

3. Bipolar fuzzy ideal extensions

In what follows, X would mean a BCK-algebra unless otherwise
specipied.
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DEFINITION 3.1. Let ¥ = (X;,uf;,,ug) be a bipolar fuzzy set of X,
and let a,b € X. The extension (¥, (a,b)) of ¥ by (a,b) is an object
having the form

(@, (a,0) = { (2 (1, a)§ (@), (0,03 @)) | o€ X},
where (u,a)y : X — [0,1] and (u,b)y : X — [~1,0] are mappings
defined by
(1, a)y () = py( + a) and (p,b)y (z) = pg (x  b),
for all x € X, respectively. If a = b, we write (¥, a) in place of (¥, (a, a)).
Note that (¥, (a,b)) is a bipolar fuzzy set of X.

PROPOSITION 3.2. Let ¥ = (X;,u]\;,,u]\l\,f) be a bipolar fuzzy ideal of
X. Ifa<bandc<dinX, then (¥, (a,c)) C (¥, (b,d)).

Proof. Let a,b,c,d € X. If a < band ¢ < d, then we have zxa > zxb
and xxc > xxd, for all x € X. Since ¥ = (X;,ug,,ug) is a bipolar fuzzy
ideal of X, it follows from Lemma 2.5 that <,u,a>€ (z) = ph(z*a) <

ph (@ xb) = (ub)y (@) and (u,e)y (r) = pf(z ) > ph(exd) =
(,d)y (x), for all z € X. Thus, we have (¥, (a,c¢)) C (T, (b, d)). O

DEFINITION 3.3. ([2]) A BCK-algebra X is said to be positive im-
plicative if it satisfies:

(x*xy)*xz=(xxz2)x(y*2),
for all z,y,z € X.

THEOREM 3.4. Let X be a positive implicative BCK-algebra and
let a,b € X. If ¥ = (X;uf;,/ﬂq\,]) is a bipolar fuzzy subalgebra of X,
then the extension (¥, (a,b)) = (X; <u,a>€ s (1, b>]\1\,[) of U by (a,b) is a
bipolar fuzzy subalgebra of X.

Proof. Let ¥ = (X; ug, ug) be a bipolar fuzzy subalgebra of a posi-
tive implicative BCK-algebra X and let a,b € X. Then

(1, a)g (@ xy) = py((@*y) = a)
= py((z % a) * (y * a))
> min{py(z * a), 1y (y * a)}

= min{(y, a)]\; (x), (1, a>§ (y)}
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and
(1, b)y (z 3 y) = iy (2 % y) * b)
= pg ((z ) % (y b))
sm X{M\I/(x*b) M\I/(y*b)}
= max{(u, b)y (z), {11, b)y (1)},

for all xz,y € X. Thus, (¥, (a,b)) = (X; (u, a>€ s (e, b>g) is a bipolar
fuzzy subalgebra of X. This completes the proof. O

THEOREM 3.5. Let X be a positive implicative BCK-algebra and let
(X M\I,, ,u\I,) be a bipolar fuzzy ideal of X. Then the extension

< ,(a,b)) = (X, (1, a )\I, (b g ) of U by (a,b) is a bipolar fuzzy ideal
of X.

Proof. Let ¥ = (X;uf;,ug) be a bipolar fuzzy ideal of a positive
implicative BCK-algebra X and let a,b € X. Since uf(0) > ul(x) for
all x € X, we have

(1) (0) = p

and

forall x € X. If z,y € X, then
(1, a)y (z) = pig(z + a)
> min{puy ((z * a) * (y * a)), p (y ¥ a)}
= min{uy((z * y) * a), py(y * a)}
= min{ (1, a)y; (@ *y), (i, a)y (1)},
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and
(1, b)y () = pg (2 % b)
< max{ud ((z *b) * (y* b)), ud (y*b)}
= max{puy ((z % y) *b), g (y * b)}
= max{(u, by (z*y), (u,b)y (1)}

This shows that (U, (a,b)) = (X; (u,a)s , (i, b>\1,> is a bipolar fuzzy
ideal of X. This completes the proof. O

In the above Theorem, ”positive implicative” is essential as the fol-
lowing example shows.

EXAMPLE 3.6. Let X ={0,1,2,3,4} in which * is defined by :

*|10 1 2 3 4
0j0 0 0 0O
111 0 1 0 1
22 2 0 00
313 3 3 0 3
414 4 2 2 0
Then (X;x*,0) is a BCK-algebra ([4]), but not positive implicative,

since (4%2)*3 =0 and (4% 3)* (2x3) = 2. Let ¥ = (X;pub, ud) be
the bipolar fuzzy set in X defined by

p (01 2 3 4
Pe =11 05 02 01 02

N _ [0 1 2 3 4
Po=1\_08 —05 —03 —01 -03)°

Then, by routine calculations, it is a bipolar fuzzy ideal of X. The
extension (¥,3) = (X; (1, 3>€ s (s 3>J\I\,[> of ¥ by 3, however, is not a
bipolar fuzzy ideal of X, since (u,3)% (4) = 0.2 # 1 = min{{(u, 3)§ (4 *
2), (1,3)g (2)}.

DEFINITION 3.7. ([2]) A BCK-algebra X is said to be implicative if
for all z,y € X,

and

r=x%(y*x).

DEFINITION 3.8. ([2]) A BCK-algebra X is said to be commutative
if it satisfies

w (@ xy) =y (y*x),
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for all z,y € X.

Note that every subalgebra of a commutative BCK-algebra is also
commutative.

THEOREM 3.9. ([2]) A BCK-algebra is implicative if and only if it is
both commutative and positive implicative.

DEeFINITION 3.10. A bipolar fuzzy set ¥ = (X; ,uf;, ,qu\,’) is said to be
non-constant if both ,u]\f, and ;/\I\,f are non-constant mappings.

DEFINITION 3.11. A non-constant bipolar fuzzy ideal ¥ = (X; ,uf;, u]\l\,’)
of a commutative BCK-algebra X is said to be prime if for all z,y € X,

(P1) ply(z Ay) < max{pg (z), n ()},
(P2) py (x Ay) > min{ug (2), py (y)},
where x Ay =y * (y * x).

Since x Ay < z,y and since ug is order reversing and /’LJ\I\IT is order
preserving, it follows that uf () < pb(zAy), ul (v) < ph(zny), ul (x) >
pd (z Ay) and pd (y) > pd (x Ay). Hence a non-constant bipolar fuzzy
ideal ¥ = <X, ,uf;,u{l\,[ > is bipolar fuzzy prime if and only if ,uf;(a: A
y) = max{pg(z), py(y)} and py (z Ay) = min{pg (2), py (y)}, for all
T,y € X.

ExAMPLE 3.12. Let X = {0, a,b,c,d} in which * is defined by :

0 a b

o "o O
O O Ol

Q.0 T o O %
QO T O
Q. T o O
QOO On

d

Then (X;*,0) is a commutative BCK-
X —[0,1] and pf : X — [~1,0] by

p (0 1 2 3 4
Pe =11 08 05 05 05

N [0 1 9 3 4
Po=\_1 —08 —04 —04 —04)°

By routine calculations we know that ¥ = (X ; ,ug, ,ug ) is a bipolar fuzzy
ideal of X, but not a bipolar fuzzy prime ideal of X because

ih(a Ab) =1 % 08 = max{uh(a), uh ()}

0
lgebra. Define mappings ,ug :

Q

and
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THEOREM 3.13. Let ¥ = (X; ,uf;, ,ufl\f) be a bipolar fuzzy prime ideal
of an implicative BCK-algebra X and let a,b € X. If the extension

(U, (a,b)) = (X; (1, a >\I, s (1, b) g ) of ¥ by (a,b) is non-constant, then it
is also a bipolar fuzzy prime ideal of X.

Proof. Let ¥ = (X sl iy ) be a bipolar fuzzy prime ideal of an
implicative BCK-algebra X such that (U, (a,b)) = (X; (1, a>f; (e, b)g)

is non-constant. Clearly, (¥, (a,b)) is a bipolar fuzzy set of X. Let
z,y € X. Since ¥ = (X;,u{;,,u]q\f) is a bipolar fuzzy prime ideal X, we
have

(,a)y (x Ay) = pg((z Ay) *a)
= Mq/(@ xa) A (y=*a))
< max{pug (z * a), py(y * a)}
= max{ (s, a)§ (z), {u, a)y ()},

and

(1, by (@ Ay) = pg (z Ay) *Db)
— (D) Ay )
> min{pd (z * b), uf (y * b)}
= min{ (u, b)Y (), (11, D)5 (¥)}.

Thus, the extension (¥, (a,b)) = <X; (1, ) , (1, b) g ) of ¥ by (a,b) is
a bipolar fuzzy prime ideal of X. This completes the proof. O

4. Bipolar fuzzy commutative ideals

DEFINITION 4.1. A bipolar fuzzy set ¥ = (X; ul\;, ,u{I\f) in X is called
a bipolar fuzzy commutative ideal of X if it satisfies (BI1) and

(BCL) (= (y * (y * 7)) > mm{u\p((:p *Y) * 2), Mm(z)}
(BC2) pff (2 + (y + (y * 2))) < max{puy ((x*y) * 2), ny (2)},

for all z,y,2z € X.

PROPOSITION 4.2. Every bipolar fuzzy commutative ideal of X is a
bipolar fuzzy ideal of X.
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Proof. Let ¥ = (X ; ,uf;,,ug ) be a bipolar fuzzy commutative ideal
of X. Clearly, ¥ satisfies the condition (BI1). Let y = 0 in both
(BC1) and (BC2). Then pf(z) > min{ul (z * 2), uk (2)} and uf (z) <
max{ud (z * 2), u§ (2)}, for all z,z € X. Hence, ¥ satisfies conditions
(BI2) and (BI2). Thus, ¥ = (X;ul,xd) is a bipolar fuzzy ideal of X.
This completes the proof. O

A bipolar fuzzy ideal of a BCK-algebra X may not be a bipolar fuzzy
commutative ideal of X.

EXAMPLE 4.3. Let X = {0,1,2,3,4} in which # is defined by:

*x|0 1 2 3 4
0j0 0 0 0 O
11 01 0 0
212 2 0 0 O
313 3 3 00
414 4 4 3 0

Then (X;*,0) is a BCK-algebra. Define mappings p : X — [0,1]
and p : X — [~1,0] by

p (0 1 2 3 4
e =11 07 03 03 03

N_ [0 1 2 3 4
Fov=1\_09 —05 —01 —01 —01)"

Then ¥ = (X ; uf;, MJ\I\;[ ) is a bipolar fuzzy ideal of X. But it is not a
bipolar fuzzy commutative ideal of X, because ul (2 * (3 * (3 % 2))) #
min{puf (2 3)  0), uy (0)}.

THEOREM 4.4. Let ¥ = (X;pf;,ufl\,f) be a bipolar fuzzy ideal of X.
Then it is a bipolar fuzzy commutative ideal of X if and only if it satisfies
the conditions

(a) py(x* (y* (y * 2))) >
(b) p (* (y * (y * 2))) < pg (% y),
for all z,y € X.

and

Proof. (=) It is straightforward by taking z = 0 in Definition 4.1.
(<) Let ¥ = (X; ul, N]\;\:/) be a bipolar fuzzy ideal of X. Assume that
it satisfies the condisions (a) and (b). Let z,y,z € X. Then

ph(xx (y * (y x x)) > ph(z+y)
> min{pd ((z * y) * 2), ukh (2)}.
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Similarly, we have ud (z* (y* (y*z))) < max{ud ((z*y)*2), ud (2)}, for
all z,y,z € X. Thus, ¥ = (X; uf;, MJ\I\/Z) is a bipolar fuzzy commutative
ideal of X. This completes the proof. O

THEOREM 4.5. Every bipolar fuzzy ideal of a commutative BCK-
algebra is a bipolar fuzzy commutative ideal of X.

Proof. Let ¥ = (X ; ,ug, ,u]\I\,f ) be a bipolar fuzzy ideal of a commutative
BCK-algebra X. Let z,y,z € X. Then

pg (o (y = (y * ) = py (a0 * (z % (% y)))
> gy (2 % y)
> min{py ((z +y) * 2), g ()}

Similarly, we have ud (z* (y* (y*z))) < max{ud ((z*y)*2), u (2)}, for
al z,y,z € X. Thus, ¥ = (X; ,ug,,ug) is a bipolar fuzzy commutative
ideal of X. This completes the proof. O

THEOREM 4.6. Let ¥ = (X;[L];,,U,Z\I\f) be a bipolar fuzzy commuta-
tive ideal of a positive implicative BCK-algebra X. Then the extension

(U, (a,b)) = (X; (i, a)l\; s {1y b>g) of by (a,b) is a bipolar fuzzy commu-
tative ideal of X.

Proof. Let ¥ = (X ; ,ug , ,ufl\,f ) be a bipolar fuzzy commutative ideal of
a positive implicative BCK-algebra X and let a,b € X.

and

(zxa) * ((y*a) * ((y x a) * (z x a)))))
zxa)* (y*a))
((zxy) *xa)
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for all z,y € X. Thus, it follows from Theorem 4.4 that the exten-
sion (¥, (a,b)) = (X; <,u,a>€ , (e, b)g) of ¥ by (a,b) is a bipolar fuzzy

commutative ideal of X. This completes the proof. O
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