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MEASURE EXPANSIVE AND DOMINATED SPLITTING

DAEJUNG Kivm*

ABSTRACT. In this paper, we show that if a nontrivial transitive
set is C'-stably measure expansive, then it admits a dominated
splitting.

1. Introduction

Let M a compact connected C'*° Riemannian manifold without bound-
ary, and Diff 1(M) be the space of diffeomorphisms of M endowed with
the C'-topology. Denote by d the distance on M induced from the
Riemannian metric || - || on the tangent bundle TM. Let f € Diff!(M).

The notion of expansiveness was introduced by Utz [8] in the middle
of the twentieth century. Roughly speaking, a system is expansive if two
orbits cannot remain close to each other under the action of the system.
This notion is very important in the context of the theory of dynamical
systems, for example, the proof of the existence of Markov partitions.
As pointed out by Morales [6], in light of the rich consequences of expan-
siveness in the dynamics of a system, it is natural to consider another
notions of expansiveness.

Let us start with the different definitions of expansiveness we shall
deal with. Given z € M and 0 > 0, define the dynamical §-ball, the set

Ds(z, ) ={y € M : d(f'(x), ['(y)) < 6,0 € Z}.

We simply write I';(z) instead of I's(x, f) when it is understood which
we refer to.

A diffeomorphism f : M — M is called expansive if there is § > 0
such that for every pair of different points z,y € M there is n € Z such
that d(f™(z), f"(y)) > . Equivalently, f is expansive if there is § > 0
such that I's(x) = {z} for all x € M.
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To describe our result, we give some notations on probability mea-
sures of M. Denote by M(M) the set of Borel probability measures of
M endowed with the weak topology, and M (M) C M(M) the set of
f-invariant measures. We say that u € M(M) is non-atomic if it satis-
fies pu({z}) = 0 for each x € M. It is known that the set of non-atomic
measures is a residual set in M(M) (See [3]).

We introduce the notion of measure expansiveness given by Morales.
Let p be a Borel probability measure which is not necessarily f-invariant.
We say that f is measure expansive (or p-expansive) if there is a > 0
such that u(T'y(z)) = 0 for all x € X. Note that if f is expansive then
f is p-expansive. But the converse is not true (See [6]). In [6], the
basic property of measure-expansive homeomorphisms was studied, and
different proofs of the famous results for expansive homeomorphisms
were given from a view point of measure theory, for instance, the non-
existence of expansive homeomorphisms on the circle.

Let A be a closed f-invariant set. We say that A is locally mazimal
if there is a neighborhood U of A such that A =", o, f™(U).

DEFINITION 1.1. Let A be a closed invariant set of f € Diff!(M). We
say that f is Cl-stably p-expansive if there are a compact neighborhood
U of A and a C'-neighborhood U(f) of f such that A = Ay(U) =
Mnez [M(U), and for any g € U(f), Ay(U) is p-expansive, where Ay(U) =
(Nnez 9" (U) is the continuation of A.

Recall that a compact invariant set A is called transitive if w(z) = A
for some = € A.

Recall the notion of a dominated splitting for a compact f-invariant
subset A C M of a diffeomorphism f : M — M. It can be seen as a weak
form of hyperbolicity. But dominated splitting is also a robust property
and it is an important mechanism for many dynamical phenomena.

We say that a compact f-invariant set A C M admits a dominated
splitting if the tangent bundle Ty M has a continuous D f-invariant split-
ting £ @ F and there exist C' > 0,0 < A < 1, such that

|Df"E(z)| - | Df ™ F(f"(z))|| < CA\" forall xe€A,n>0.

In this paper, we study measure expansiveness and dominated split-
ting. In differentiable dynamical systems, dominated splitting is a nat-
ural generalization of hyperbolicity. We say that A is nontrivial if A is
not one orbit. The following is the main result in this paper.

THEOREM 1.2. Let A be a nontrivial transitive set of f € Diff!(M).
If A is C'-stably p-expansive, then it admits a dominated splitting.
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2. Proof of Theorem 1.2

Let M be as before, and let f € Diff'(M). In this section, we intro-
duce the notation of pre-sink (resp. pre-source). A periodic point p of f
is called a pre-sink (vesp. pre-source) if Df®)(p) has a multiplicity one
eigenvalue with modulus 1 and the other eigenvalues has norm strictly
less than 1 (resp. bigger than 1).

The metric between compact sets is the Hausdorff metric. We use dg
to denote the distance of the Hausdorff distance. The limits of compact
sets are under the Hausdorff distance. The following lemma is on the
limit of uniformly dominated splitting.

LEmMA 2.1. [1, Lemma 1.4] Let g, converges to f, and A, be a
closed g,-invariant set such that the Hausdorff limit of A, equal to A.
If Ay, (U) admits a l-dominated splitting respecting g, then A admits
an [-dominated splitting respecting f.

To prove Theorem 1.2, it is enough to show the following proposition.

PROPOSITION 2.2. Let A be a nontrivial transitive set of f. If A is
C'l-stably p-expansive for f, and there exist a sequence g,, goes to f and
periodic orbits P, of g, which converges to A in Hausdorff limits, then
A admits a dominated splitting.

To prove Proposition 2.2, it is enough to show that the following
lemma.

LEMMA 2.3. Let A be a nontrivial transitive set of f. Suppose that A
is C''-stably py-expansive for f. Let U and U(f) be given in the Definition
1.1. Then for any g € U(f), g has neither pre-sink nor pre-sources with
the orbit staying in U.

Proof. To induce the contradiction, we assume that there is g € U(f)
such that g has a pre-sink p with Orb(p) C U. By the well-known
Franks Lemma, we can linearize g at p with respect to the exponential
coordinates exp,, i.e, after an arbitrarily small perturbation, we can get
a diffeomorphism g1 € U(f) such that there is €; > 0 small enough with
B¢, (Orb(p)) C U such that

1
91lB., (gi(p)) = €XPgit1(p) ©Dgi(p)g © EXPyi(p) |Bey (70

for any 0 <i <7(p) — 1.
Since p is pre-sink of g, ng“(p) has a multiplicity one eigenvalue
such that |A\| = 1 and other eigenvalues of ng”(p) have moduli less
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than 1. Denote by Ey the eigenspace corresponding to A, and Ej the
eigenspace corresponding to the eigenvalues with modulus less than 1.
Thus Ty)M = E; & Ej. If A € R, then dim Ej = 1, and if A € C, then
dim Ef = 2.

Let Mz, be the normalized Lebesgue measure on Z,. Define u €
M¢(M) b

—1) Z (0N f(Z,)
7=0

for any Borel sets C of M. It is clear that p is a non-atomic measure. At
first, we consider the case dim £, = 1. For simplicity, we suppose that

A =1, and gf(p ) (p) = p. The case of A = —1 can be proved similarly.
Since the eigenvalue A = 1, there is a small arc 7, C B, (p)Nexp,(E;(€1))

centered at p such that gf(p )\Ip is the identity map. Here Ef(e1) is the
€1-ball in EJ center at the origin Op. Since gf(p )|Zp is the identity map,

we know that gir(p)\zp is not p-expansive. That is, Since gf(p)m = id,

{yeZ,:d(p,y) <1} CTs(p).

Thus, we have

w(Ts(p)) = p{y € Zp - dlp,y) < é1}) >0

This is a contradiction.

Finally, we consider the case dim E; = 2. In this proof, to avoid
the notational complexity, we may assume that g(p) = p. As in the
first case, by Franks Lemma, there are ¢; > 0 and ¢; € U(f) such that

91(p) = g(p) = p and
g1(x) = exp,oD,g o exp;I(:L‘)

if z € Be,(p). With a C'-small modification of the map D,g, we sup-
pose that there is [ > 0 such that Dpg'(v) = v for any v € ES(e1) N
ea:p;l(Be( )). By our assumption, g1|exp Es(el))mBE (py of the map is
contraction. Take v € Ej(e1) such that HUH = < and set

Cp=exp,({t v:1<t< 1+Z})ﬂle(P>-

Then ¢}(C,) = C, and gll\cp is the identity map. Then by similar argu-
ments as above, we get the contradiction. O
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Let GL(n) be the group of linear isomorphisms of R™. A sequence
£ :Z — GL(n) is called periodic if there is k > 0 such that {1 = &
for k € Z. We call a finite subset A ={§ :0<i<k—1} C GL(n) is
a periodic family with period k. For a periodic family A = {¢ : 0 <i <
n — 1}, we denote C4 = §,—10&—20---&.

We consider about uniformly contracting family. Let A = {& : 0 <
i < k—1} C GL(n) be a periodic family. We say the sequence A is
uniformly contracting family if there is a constant § > 0 such that any
d-perturbation of A are sink, i.e., for any B ={¢; : 0 <i <k — 1} with
|Gi — &l < 0, all eigenvalue of C have moduli less than 1. Similarly, we
can define the uniformly expanding periodic family.

The following lemma is well known result. In fact, we make using the
C'-closing lemma and property of transitive set. Hereafter, we consider
nontrivial transitive set.

LEMMA 2.4. [9, Corrollary 2.7.1] Let A be a transitive set. Then
there are a sequence {g,} of diffeomorphism and a sequence {P,} of
periodic orbits of g, with period ©(P,) — oo such that g, — f in the
C'-topology and P, — g A asn — oo, where — is the Hausdorff limit,
and w(P,) is the period of P,.

Let P, be a periodic orbit sequence of f. Choose p, € F,, then we
get a linear map sequence A, = {Dp, f, Dy fy- - ,wa(pn)—l(pn)f}.

LEMMA 2.5. [4, Lemma 3.2] If A is not a periodic orbit and A, is given
in the above. Then for any € > 0 there exists an ng(e¢) > 0 such that
for any n > ng(€), A, is neither e-uniformly contracting nor e-uniformly
expanding.

From the above lemmas and main conclusion of [2], one can get the
following lemma.

LEMMA 2.6. [4, Lemma 3.3] Let gy, and P, be given as in the assump-
tion of Proposition 2.2. Then for any € > 0 there are n(e),l(e) > 0 such
that for any n > n(e) if P, does not admit an l(e) dominated splitting,
then one can find g/, C'e-close g, and preserving the orbit of P, such
that P, is pre-sink or pre-source respecting g,.

From the above lemmas and Lemma 2.1, we can get Proposition 2.2.

End of proof of Theorem 1.2 Let A be a nontrivial transitive set
of f € Diff!(M). Then by Lemma 2.4, there exist a sequence {g,} of
diffeomorphism and a periodic orbit P, of g, such that g,, — f in the C'-
topology and P, — A in the Hausdorff limit. By Lemma 2.6, P,, admits
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a [-dominated splitting. Thus by Lemma 2.1, A admits a [-dominated
splitting.
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