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STABILITY OF A GENERALIZED POLYNOMIAL
FUNCTIONAL EQUATION OF DEGREE 2
IN NON-ARCHIMEDEAN NORMED SPACES

CHANG-JU LEE* AND YANG-HI LEE**

ABSTRACT. In this paper, we investigate the stability for the func-
tional equation

fBr+y)=3fQz+y)+3f(x+y)—fly) =0
in the sense of M. S. Moslehian and Th. M. Rassias.

1. Introduction

The stability problem of the functional equation was formulated by
S. M. Ulam [16] in 1940. D. H. Hyers [4], T. Aoki [1] and Th. M.
Rassias [15] made important role to study the stability of the functional
equation. During the last decades, the stability problems of functional
equations have been extensively investigated by a number of mathemati-
cians, see [2],[3], [6]-[13].

By a non-Archimedean field, we mean a field K equipped with a func-
tion (valuation) |- | from K into [0,00) such that |r| = 0 if and only if
r =20, |rs| = |r||s|, and |r + s| < max{|r|,|s|} for all r,s € K. Clearly
|1| = | — 1] and |n| < 1 for all n € N. Let X be a vector space over
a scalar field K with a non-Archimedean non- trivial valuation |- |. A
function || - || : X — R is a non-Archimedean norm (valuation) if it
satisfies the following conditions:

(i) ||z]| = 0 if and only if z = 0;
(i) frall = [r{llzll (r € K,z € X);
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iii) the strong triangle inequality, namely,
g g Y. y
|z 4+ yll < max{[|z||,[ly[[}
for all z,y € X and r € K.

Then (X, || - ||) is called a non-Archimedean normed space. Due to the
fact that

[0 = @ml| < max{{|lzj41 — 4l s m < j <n—1}n >m),

a sequence {x,} is Cauchy if and only if {x,+1 — x,} converges to zero
in a non-Archimedean normed space. By a complete non-Archimedean
space, we mean one in which every Cauchy sequence is convergent.

Recently M. S. Moslehian and Th. M. Rassias [14] discussed the
Hyers-Ulam stability of the Cauchy functional equation f(z+y) = f(x)+
f(y) and the quadratic functional equation f(x+y)+ f(z —y) —2f(x) —
2f(y) = 0 in non-Archimedean normed spaces.

Now we consider the generalized polynomial functional equation of
degree 2

fBx+y)=3f2x+y)+3f(x+y)— fly) =0

whose solution is called a general quadratic mapping. In 2009, the second
author [9] obtained a stability of the generalized polynomial functional
equation of degree 2 by taking and composing an additive mapping A
and a quadratic mapping @) to prove the existence of a general quadratic
function F' which is close to the given function f. In his processing, A is
approximate to the odd part %ﬂ_@ of f and @ is close to the even

part w — f(0) of it, respectively.

In this paper, we get a general stability result of the generalized
polynomial functional equation of degree 2 in non-Archimedean normed
spaces.

2. Stability of the generalized polynomial functional equa-
tion of degree 2

In this section, we prove the generalized Hyers-Ulam stability of the
generalized polynomial functional equation of degree 2. Throughout this
section, we assume that X is a non-Archimedean normed space and Y
is a complete non-Archimedean space.

For a given mapping f : X — Y, we use the abbreviation

Df(x,y) :== f(Bx+y) —3f(2x +y) +3f(x +y) — f(y)
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for all z,y € X.

LEMMA 2.1. (Lemma 3.1 in [5]) If f : X — Y is a mapping such
that Df(z,y) = 0 for all x,y € X\{0}, then f is a general quadratic

mapping.
THEOREM 2.2. Let ¢ : (X\{0})? — [0,00) be a function such that

(2.1) lim p(2"z, 2%y)

=0

for all z,y € X\{0} and let for each v € X\{0} the limit

(2.2) lim max

{ 027w, —27x) o(—2x,2) }
n—0o0 0<j<n ’

2 - (4T [2] - 4Pt

denoted by ¢(x), exists. Suppose that f : X — Y is a mapping satisfying
the inequality

(2.3) 1Df(z, )|l < ¢(z,y)

for all z,y € X\{0}. Then there exists a unique general quadratic
mapping T : X — Y such that

(2.4) 1f(z) = T(2)]| < ¢(x)
for all x € X\{0} with T'(0) = f(0). In particular, T is given by

@)+ f (=2) — 20(0)

T(z) = nl_mo W
A A T

forallx € X.
Proof. Let J,f : X — Y be a mapping defined by

f(2"r) + f(=2"x) —2f(0)  f(2"z) - f(=2"2)

Inf (@) = o + R 4 10

for all x € X and all n € N. Notice that Jyf(x) = f(x) and
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15 @)~ G b)) = | -2 (¥x,~2z)  Df(-2Iw,27)

2. 4J+1 9. 4J+1
Df(2z,—2x) —2x,2)
o 2j+2 23+2 H
IDf (@, ~2x)| | Df(~2x,2z)]
< - -
< max 2[4 2 A
IDf (@, ~2x)| | Df(~2x,2z)] }
2 T e
o2z, —2z) o(—2z,27)
2.5 < { “1) : }
22) R W PR PRI

for all x € X\{0} and all j > 0. It follows from (2.5) and (2.1) that the
sequence {J, f(x)} is Cauchy for all x € X\{0}. Since Y is complete and
Jnf(0) = f(0) for all n € N, we conclude that {J,, f(z)} is convergent
for all x € X. Set

T(x):= lim J,f(z).

n—oo
One can show that

n—1
[Tnf(z) = f@) = (D Jif(@) = Jjaf(x)
j=0
029w, —272) (—2x,2)
o%afn{ 2[4 J2f A }

A

(2.6)

for all n € N and all z € X\{0}. By taking n to approach infinity in
(2.6) and using (2.2) one obtains (2.4). Replacing z and y by 2"z and
2™y, respectively, in (2.3) we get

IDLsel = | —
+Df(2”x, 2"y) + Df(—2"x, —2"y)
22n+1
90(2nx7 2ny) 90(_2nx7 _2ny>
< max{ 2t 2]+ ’
p(2"2,2"y) p(=2"z, =2"y) }
2[4 2] 4

for all z,y € X\{0} and all n € N. Taking the limit as n — oo and using
(2.1) and Lemma 2.1 we get DT'(x,y) = 0 for all z,y # 0 and so T is a
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general quadratic mapping. Now we are going to prove the uniqueness
of T. If T" is another general quadratic mapping satisfying (2.4) with
T'(0) = f(0), then

k—1 . . . )
DT (2, —27 DT (—=27x,27
T/(.%') . Z (_ ( xz, .%') _ ( xz, $)

= 92.45+1 2.45+1
. 4 , S
- (2;?2_%) L2 (;if %)) + T ()
= JyT'(x)
for any k£ € N and so
|17 (z) = T'()]

= lim [[J;T(z) - J;T'(x)]|
< lim max{|| T () = Jf(@)||, [|Jk.f (2) = JxT" ()|}
< lim 1272 max{||T(2%2) — f(2"2)|, | T(~2"2) — f(~2*2)],

If (%) — T'(252)||, | f(—2*2) — T'(—2*2) |1}

VYo —9J — . 9J
< lim lim max {(P( i z) p(=¥z, x)}

k—oon—o0 k<j<n+k |4‘j+2 ’ |4|j+2
=0
for all x € X\{0}. Since T'(0) = f(0) = T'(0), we get T'(x) = T'(x) for
all z € X. This completes the proof of the uniqueness of T'. O

COROLLARY 2.3. Let 2 < r be a real number and |2| < 1. If f : X —
Y satisfies the inequality

1D f (@ y)ll < ol=l" + lly[")

for all x,y € X, then there exists a unique general quadratic mapping
T :X — Y such that

(2.7) 1f(x) = T()[| < 26[2] ="
for all x € X with T'(0) = f(0).
Proof. Let p(x,y) = 6(||z||" + |ly||"). Since |2| <1 and r —2 > 0,
lim 4] 7"p(2"2,2"y) = lim 2" (z,y) = 0

for all z,y € X. Therefore the conditions of Theorem 2.2 are fulfilled
and it is easy to see that ¢(z) = 260|2|73||z||". By Theorem 2.2 there is
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a unique general quadratic mapping 7' : X — Y satisfying (2.7) with

T(0) = /(0). 0
THEOREM 2.4. Let o : (X\{0})* — [0,00) be a function such that
(2.8) lim [2]"¢(27"z,27"y) =0

for all z,y € X\{0} and let for each v € X\{0} the limit

‘ =1, —* 1, 2 }
9t o {12071 (o ) 207 (5 g ) |
denoted by ¢(z), exists. Suppose that f : X — Y is a mapping satisfying
the inequality

(2.10) IDf(z, y)ll < ez, y)

for all z,y € X\{0}. Then there exists a unique general quadratic
mapping T : X — Y such that

(2.11) 1f(z) = T(x)]| < ¢(x)
for all x € X\{0} with T'(0) = In particular, T is given by

7(0).
T(2) = JLH;O( () + (J)‘Qf@)
w2 (1 (50) -4 () + 10
forallx € X.

Proof. Let J,f : X — Y be a mapping defined by
n

Rf@) = 5 (F@7) + F(-27") ~ 2£(0))

o (5) -1 () s
for all x € X and n € N. Notice that Jof(x) = f(z) and
175 f(x) = i1 f ()]

2j—1 1 —Z
H(2a + 2 YDy <23+1,2]+1>

2j—1 _ oj—1 —r r
v - s (5 ) |

(212) < HlaX{|2|J ® <2j+17 2J+1> 2P e <2j+17 2]+1> }
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for all z € X\{0} and all j > 0. It follows from (2.12) and (2.8) that the
sequence {J,, f(z)} is Cauchy for all z € X\{0}. Since Y is complete and
Jnf(0) = £(0), we conclude that {J,f(z)} is convergent for all z € X.
Set

T(z) = lim J,f(x)

n—oo

for all z € X. Using induction one can show that
[ Jnf () = f ()]l
(2.13) " r - - -
Jj= v j— T

for all n € N and all x € X\{0}. By taking n to approach infinity in
(2.13) and using (2.9) one obtains (2.11). Replacing « and y by 27"z
and 27"y, respectively, in (2.10) we get

21D (L L)~y (ﬁ,—y)
on’ on on’ on
2n—1 Ty 2n—1 —r Y
+27IDf (g0 ) + 2 Df<22>H
(T Y (T —y
max{|2|” 180 <27527)7|2|n 180 <2n,2n>}

for all z,y € X\{0}. Taking the limit as n — oo and using (2.8)
and Lemma 2.1 we get DT (z,y) = 0 for all z,y # 0 and so T is a
general quadratic mapping. Now we are going to prove the uniqueness
of T. If T' is another general quadratic mapping satisfying (2.11) with
T'(0) = f(0), then

1Dt (e, y)]| = \

IN

k—1
T'(x) = JT'(x) = ((22] L+ 27T <2]+12]+1>
7=0

2j—1 _ oj—1 o
+(2 2-HDT <2j+1,2j+1>>

for any k € N and so



894 Chang-Ju Lee and Yang-Hi Lee

|T(z) — T'(z)|
= Jlim_ | JeT (x) — JiT' ()|

< lim max{|[JiT () — Jif @) 15 f () = JeT" ()1}
< Jim e {7 (50) = £ ()7 (-56) =+ ()

I G- Gl (-50) - (-3

)

9

for all x € X\{0}. Since T(0 = f(0) = T77(0), we get T'(z) = T'(z) for
all z € X. This completes the proof of the uniqueness of T'.
O

COROLLARY 2.5. Let r < 1 be a real number and |2| < 1. If f : X —
Y satisfies the inequality

1D f (@, y)ll < 6z ]” + llyll")

for all x,y € X\{0}, then there exists a unique general quadratic map-
ping T : X — Y such that

(2.14) 1 (@) = T(@)]| < 2002/~ |]I"
for all x € X\{0} with T'(0) = f(0).
Proof. Let p(z,y) = 0(||z||" + |ly||"). Since |2| <1 and 1 —7 > 0, we

get
Jim [2[*p(27"2,27y) = lim 2" e(e,y) = 0

for all z,y € X\{0}. Therefore the conditions of Theorem 2.4 are ful-
filled and it is easy to see that ¢(z) = 20|2|~'="||z||". By Theorem 2.4
there is a unique general quadratic mapping 7' : X — Y satisfying (2.14)

with T'(0) = f(0). O
THEOREM 2.6. Let ¢ : (X\{0})? — [0,00) be a function such that
(2.15) lim [4|"p(27"z,27"y) =0
n—oo
and
2%, 2™
(2.16) lim PEB2Y)

w2t
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for all z,y € X\{0} and let for each v € X\{0} the limit

i 2ty (T gpi (0 @
g;gloorg]agn{ 2[7 <2j+1, 2j+1> 27 <2j+1, 57T )
(P(ij7 _ij) 90(_2jx7 2j$)

2Ptz T |2t }

(2.17)

denoted by ¢(z), exists. Suppose that f : X — Y is a mapping satisfying
the inequality

(2.18) IDf(z,y)ll < ¢(x,y)

for all z,y € X\{0}. Then there exists a unique general quadratic
mapping T : X — 'Y such that

(2.19) 1f () =T ()] < o(x)
for all x € X\{0} with T'(0) = f(0). In particular, T is given by

o) = g 5 (1(2)+1(5) -10)

4 fim £ - fl(_m) + £(0)

n—oo

forallx € X.
Proof. Let J,f : X — Y be a mapping defined by

n

@) = lm T (F27) 4 F(-2 ")~ 27(0))

f @) - f(=2)
+ on+1 + f(O)
for all x € X and n € N. Notice that Jyf(x) = f(x) and

15 () = Jjra f(@)]

2§—1 —Z 2j—1 x x
H2 Df (2]+1’ 2]+1> +2 Df <23+1’ 2]+1>

Df(2z,—27x) —2x, 2 )
B 2j+2 2]+2 H

2j—1 r - 2j—1 —r 7
< maX{\2! T (2]+1’23+1) 207 <23+172]+1> )
020z, —272) o(—27x,27x)
|2|j+2 ’ ‘2|j+2 }

for all z € X\{0} and all j > 0. It follows from (2.15), (2.16) and (2.20)
that the sequence {.J,f(z)} is Cauchy for all x € X\{0}. Since Y is

(2.20)
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complete and J,, f(0) = f(0) for all n € N, we conclude that {.J,, f(z)}
is convergent for all x € X. Set

T(z):= n11—>Hc;lo Inf(x).

From (2.20) we have

| nf(2) = f@)] < maxos;cn {I2I2j‘1s0 (s 5%, 12 (5, o)

(221) p(29x,—2x) (272,27 x) }

|2‘j+2 ) ‘2|j+2

for all n € N and all z € X\{0}. By taking n to approach infinity in
(2.21) and using (2.17) one obtains (2.19). By using (2.18) we get

Df(2"z,2"y) — Df(-2"x, —2"y)

DAl = | =
2n—1 r Yy 2n—1 -z -y
+2"7IDf (5, 50 ) + 27 Df (2712n> H
p(2"z,2"y) @(-2"z, —2"y)
< max{ P 2]+ ,

_ T oy _ - —Y
2P (o o) s 22 (22>}

for all x,y € X\{0} and all n € N. Taking the limit as n — oo and
using (2.15), (2.16) and Lemma 2.1 we get DT'(x,y) =0 for all z,y # 0
and so T is a general quadratic mapping. Now we are going to prove the

uniqueness of 7. Assume that 7" is another general quadratic mapping
satisfying (2.19) with 77(0) = f(0). Then

k—1
y _ 2j—1 / T - 2j—1 [ T X
T'(x) = Y (2 DT (2j+1,2j+1> +2%°1DT <2j+1,2j+1

j=0
DT (2x,—~2z) DT'(—2x,27x) ,
- 212 T 2+ + kT (2)
= JyT' ()

for any k € N and so
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|T(z) —T'(z)|
= lim |7 T(2) — Jor T ()|

< klirgo max{||Jox T (x) — Jor f ()], | Jor f (x) — JoxT' ()]}
{ T (2% ) — f(2* )| ||T(=2%2) — f(=2°F=)]]

< lim max [2[2k+1 g |2[2F+1 ’

k—o0

If (2%2) — T'(2% )| ||f(=2%F2) — T'(-2%"2 Iy

|2|2k+1 ) ’2|2k+1

2 (gaw) = (o) | 7 (=) 4 (m50)
21 Gae) =7 () | s (gae) =7 (o

) 22k _22k
< lim lim max {|2|2j—2k_2cp <$ x),

I}

k—o0 n—0o0 0<j<n 27+17 2j+1
2k 2k 2k+j 2k+j
’2|2j—2kz—2 —2%z 2%\ o2, —27" )
2j+1 7 9j+1 ‘2’2k+j+3 ’
2k+j,. o2k+j
90(_2 Jx,2 jx) ‘2‘4k+2j—2 x -z
|2|2k+i+3 P\ k1 2kt

|2|4k+2j—2 —Z z
P\ Q2hti+10 92141 )

(252 g —2i=2kg) (20— 2ky 2i—2ky) }

(2'22) ‘2’j—4k+3 ’ ’2‘j—4k+3

for all z € X\{0} and all & € N. On the other hand, we have the
inequalties

; 22k 9%y
lim li 9% —2k=2 ===
kLI& nl—{go or%aé(n {| ‘ v 2j+17 9j+1
. 22kZE —22k$
< lim li 9|2 —2k-2 =
- kgrolo oo oX { o??fk {’ | v 2j+17 9j+1 ’
2k 2k
max < [2|272F2p 2. x ﬂ
k<j<2k 2i+17 25+l ’

) 22]933 —22k$
0|25 —2k—2 ' :
2;?%?}2”{‘ | 7\ o
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2. 27 2. 27
< lim max{|2\ 4 max {M},]2|k_4 max {M},
k—o00 k<j<2k

2%—2 j LT
12 nh—>Hc}o o<HiaX 2k {|4| 14 <2j+1’ 2j+1>} }

{ |2|2k‘+j+3 }

=0,

lim lim max
k—ocon—0o0 0<j<n

k—o0n—00 2k<j<n—2k

=0,

Jop 9
< lim lim max {W}

|2’j+3

4 —x T
lim lim max { |2[*+2—2 : .
k—oo n—o0 0<j<n | ‘ ¥ 22k+j+1" 92k+j+1

, -z
< lim lim max 2122 [ —
T koo oo 2k<j<n—2k 121 Y\ 971 g

=0,

lim lim max {SO(

k—oon—000<j5<n

_2j72k$’ 2]‘72]{1.)
|2|j—4k+3

2] 2k 2] 2k
< lim lim max{ max {(p( N

k—o00 Nn—00 0<j<k ’2’] —4k+3 9
( 2] 2k$ 2] 2k
kg%k{ |2]F—4k+3

< lim Irlao({|2|_4 max {|4|] ( — }
koo k1<) <2k+1

2k4 4]
210 o {5, )

202,27
12)%%73 lim  max {W}}

n—o0 0<j<n—2k |2|J

90( 23 ka 2] 2k:
f?“{ 2=+ }}
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for all z € X\{0} and all £ € N. So the right hand side of (2.22) tends to
0 as k — oo. Since T'(0) = f(0) = T7(0), we conclude that T'(x) = T'(z)
for all x € X. This completes the proof of the uniqueness of T'. O

COROLLARY 2.7. Let 1 < r < 2 be a real number and |2| < 1. If
f: X — Y satisfies the inequality

1D f (@, y)ll < 0z ]” + llyll")

for all x,y € X\{0}, then there exists a unique general quadratic map-
ping T : X — Y such that

(2.23) 1 () = T ()|l < 2002/~ "
for all x € X\{0} with T'(0) = f(0).

Proof. Let p(x,y) = 0(||z||" + ||y||"). Since [2| < 1and 1 <r < 2, we
have
lim [4]"p(27"2,27"y) = lim [2["*p(z,y) =0
n—oo

n—oo
and on on
tim PEDZY) oD y) = 0

for all x,y € X. Therefore the conditions of Theorem 2.6 are fulfilled
and it is easy to see that B(z) = 26/2|71~"||z||". By Theorem 2.6 there
is a unique general quadratic mapping 7' : X — Y satisfying (2.23) with
T(0) = f(0). O
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