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ROBUSTLY CHAIN TRANSITIVE SETS WITH
SHADOWING

Manseob Lee* and Junmi Park**

Abstract. Let f be a diffeomorphism of a closed C∞ manifold M,
and let Λ ⊂ M be a closed f -invariant set. We show that if f |Λ is
robustly chain transitive with shadowing, then Λ is the hyperbolic
homoclinic class.

1. Introduction

In differentiable dynamical systems, robustly property is a very in-
teresting topics. For instance, Mañé [8] proved that if a diffeomorphism
on two-dimensional C∞ manifolds is robustly transitive, then it is hy-
perbolic, and Dı́az et al [5] proved that if a diffeomorphism on three-
dimensional C∞ manifold is robustly transitive then it is partially hy-
perbolic. And, in [1], the authors proved that for any dimensional C∞
manifolds, if a diffeomorphism is robustly transitive, then it admits a
dominated splitting. In this paper, we study robustly chain transitive
sets for a diffeomorphism. It is weaker notion of the robustly transitiv-
ity. In fact, Mañé [7] showed that there exists a diffeomorphism f on the
three dimensional torus T3 satisfies for the diffeomorphism f ∈ Diff(T3),
there is a C1-neighbourhood U(f) of f such that every g ∈ U(f) is tran-
sitive, but not Anosov. Actually, there are many examples for the ro-
bustly chain transitivity [2, 3, 11]. Recently, Lee in [6] has proved that if
a closed invariant set is robustly chain transitive and it has C1-robustly
a kind of the shadowing property, then the set is hyperbolic. Actually,
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Lee showed in [6] that a robustly chain transitive diffeomorphism with
orbital shadowing is hyperbolic. Here, the orbital shadowing property
is a general notion of the shadowing property. However, still we don’t
know that if a diffeomorphism has the orbital shadowing property on
the robustly chain transitive set then it is the homoclinic class. In this
paper we study that if a diffeomorphism has the shadowing property
on the robustly chain transitive set then it is the hyperbolic homoclinic
class.

Let M be a closed C∞ manifold, and let Diff(M) be the space of
diffeomorphisms of M endowed with the C1-topology. Denote by d the
distance on M induced from a Riemannian metric ‖ · ‖ on the tangent
bundle TM . Let f ∈ Diff(M) and Λ be a closed f -invariant set.

The set Λ is transitive if there is a point x ∈ Λ such that ω(x) = Λ.
Here ω(x) is the forward limit set of x. For given x, y ∈ M , we write
x Ã y if for any δ > 0, there is a finite δ-pseudo orbit {xi}n

i=0(n ≥ 1)
of f such that x0 = x and xn = y. For any x, y ∈ Λ, we write x ÃΛ y
if x Ã y and {xi}n

i=0 ⊂ Λ(n ≥ 1). We say that the set C(f) is chain
transitive if for any x, y ∈ C(f), x ÃC(f) y . Note that by the definition,
a transitive set is a chain transitive set, but the converse is not true (see
[4, Example 1.5]). The notion of the chain transitive sets is well studied
by [4], and C1-generically, the chain transitive set is the limit for the
Hausdorff metric of a sequence of periodic orbits(see [4, Theorem 4]).

Denote by f |Λ the restriction of f to the set Λ. Let U ⊂ M be a
compact neighborhood Λ, and put Λf (U) =

⋂
n∈Z fn(U). A set Λ is

locally maximal in U if there is a compact neighborhood U of Λ such
that Λ = Λf (U).

We say the set Λ is robustly transitive (or, f |Λ is robustly transitive)
if (i) there are a neighborhood U of Λ and a C1-neighborhood U(f) of
f such that Λf (U) = Λ =

⋂
n∈Z fn(U) (that is, Λ is locally maximal)

(ii) for any g ∈ U(f), Λg(U) =
⋂

n∈Z gn(U) is transitive for g. A diffeo-
morphism f ∈ Diff(M) is transitive if there is a point x ∈ M such that
ω(x) = M . In this paper, we consider the chain transitive set in a robust
way. Now, we introduce the notion of the robustly chain transitive set.

Definition 1.1. Let f ∈ Diff(M). We say the set C(f) is robustly
chain transitive (or, f |C(f) is robustly chain transitive) if

(i) there is a neighborhood U of C(f) and a C1-neighborhood U(f)
of f such that Λf (U) = C(f) =

⋂
n∈Z fn(U) (that is, Λ is locally

maximal)
(ii) for any g ∈ U(f), Λg(U) =

⋂
n∈Z gn(U) is chain transitive for g.
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For δ > 0, a sequence of points {xi}b
i=a(−∞ ≤ a < b ≤ ∞) in M is

called a δ-pseudo orbit of f if d(f(xi), xi+1) < δ for all a ≤ i ≤ b − 1.
For given x, y ∈ M , we write x Ã y if for any δ > 0, there is a δ-pseudo
orbit {xi}b

i=a(a < b) of f such that xa = x and xb = y. We say that f
has the shadowing property on Λ if for every ε > 0 there is δ > 0 such
that for any δ-pseudo orbit {xi}b

i=a ⊂ Λ of f(−∞ ≤ a < b ≤ ∞), there
is a point y ∈ M such that d(f i(y), xi) < ε for all a ≤ i ≤ b− 1.

The shadowing property usually plays an important role in the inves-
tigation of stability theory and ergodic theory. For instance, in [9, 10],
the authors showed that every f satisfying both Axiom A and the strong
transversality condition has the shadowing property. Since such a sys-
tem is structurally stable, there is a C1-neighborhood U(f) of f such
that every g ∈ U(f) has the shadowing property. Also, Sakai [12] proved
that if there is a C1-neighborhood U(f) of f , for any g ∈ U(f) g has
the shadowing property, then f satisfies both Axiom A and the strong
transversality condition.

We say that Λ is hyperbolic if the tangent bundle TΛM has a Df -
invariant splitting Es ⊕ Eu and there exists constants C > 0 and 0 <
λ < 1 such that

‖Dxfn|Es
x
‖ ≤ Cλn and ‖Dxf−n|Eu

x
‖ ≤ Cλn

for all x ∈ Λ and n ≥ 0.
In this paper, we may assume that C(f) is a nontrivial chain transitive

set of f. Here a nontrivial set is not just one orbit. We now study the
relation of robust chain transitivity, hyperbolicity and the shadowing
property over an arbitrary dimension manifold.

It is well known that if p is a hyperbolic periodic point of f with
period k then the sets

W s(p) = {x ∈ M : fkn(x) → p as n →∞} and

W u(p) = {x ∈ M : f−kn(x) → p as n →∞}
are C1-injectively immersed submanifolds of M.

A point x ∈ W s(p)∩W u(p) is called a homoclinic point of f associated
to p, and it is said to be a transversal homoclinic point of f if the
above intersection is transversal at x, i.e., x ∈ W s(p) t W u(p). The
closure of the homoclinic points of f associated to p is called the non-
transversal homoclinic class of p, and it is denoted by H̃f (p). The closure
of the transversal homoclinic points of f associated to p is called the
transversal homoclinic class of p, and it is denoted by Hf (p). Clearly,
Hf (p) ⊂ H̃f (p). The following is the main theorem in this paper.
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Theorem 1.2. Let f ∈ Diff(M). If f |C(f) is robustly chain transitive
with shadowing, then C(f) is Hf (p) and it is hyperbolic.

Note that in this paper, we say that if f |C(f) is robustly (chain) tran-
sitive with shadowing, then (i) f has the shadowing property on C(f),
and (ii) there are a C1-neighborhood U(f) of f and a compact neigh-
borhood U of C(f) such that for any g ∈ U(f), Λg(U) =

⋂
n∈Z gn(U) is

chain transitive, and g|Λg(U) has the shadowing property.

2. Proof of Theorem 1.2

Let M be as before, and f ∈ Diff(M). Let P (f) be the set of periodic
points of f. If Λ is transitive set then every p ∈ Λ∩P (f) is saddle, that is,
there is no eigenvalues of Dpf

π(p) with modulus equal to 1, at least one
of them is greater than 1, at least one of them is smaller than 1, where
π(p) is the minimum period of p. Note that there are a C1-neighborhood
U(f) and a neighborhood U of p such that for all g ∈ U(f), there is a
unique hyperbolic periodic point pg ∈ U of g with the same period as p
and index(pg) = index(p). Here index(p) = dimEs

p, and the point pg is
called the continuation of p. Thus we get the following result which due
to Mañé[8] that holds in any dimensional.

Theorem 2.1. [5] Let Λ be a robustly transitive set. The following
statements are equivalent:

(i) there is a C1-neighborhood U(f) of f such that for any g ∈ U(f),
any periodic points of Λg(U) =

⋂
n∈Z gn(U) are hyperbolic and

have the same index;
(ii) there is a C1-neighborhood U(f) of f such that for any g ∈ U(f),

Λg(U) is hyperbolic.

Remark 2.2. Let Λ be a nontrival transitive set. Then there are a
sequence {fn} and a periodic orbits Pn of fn with period π(Pn) → ∞
such that Pn → Λ and fn → f as n → ∞ (see [16, Corollary 2.7.1]). If
Λ is locally maximal, then there is a periodic point in Λ.

To prove Theorem 1.2, it is enough to show the following propositions
by Theorem 2.1.

Proposition 2.3. Let U(f) and U be as in the definition, and let f |Λ
be robustly transitive with shadowing. Then for any hyperbolic periodic
points p, q ∈ Λg(U) ∩ P (g)(g ∈ U(f)), index(p) = index(q).

To prove Proposition 2.3, we need the following lemmas.
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Lemma 2.4. Let f |Λ be transitive, and let p, q ∈ Λ be hyperbolic
periodic points of f . Suppose that f has the shadowing property on Λ.
Then

W s(p) ∩W u(q) 6= ∅ and W u(p) ∩W s(q) 6= ∅.
Proof. Let p, q ∈ Λ are hyperbolic periodic points of f, and let ε(p) >

0 and ε(q) > 0 be as before with respect to p and q. For simplicity, we
may assume that f(p) = p and f(q) = q. Take ε = min{ε(p), ε(q)}. Let
0 < δ < ε be the number of the shadowing property of f |Λ for ε. Since
f |Λ is transitive, there exists x ∈ Λ such that ω(x) = Λ. Then there
exist l1 > 0 and l2 > 0 such that d(f l1(x), p) < δ, and d(f l2(x), q) <
δ. We may assume that l2 > l1. Then we get a finite δ-pseudo orbit
{p, f l1(x), f l1+1(x), . . . , f l2−1(x), q}. Now we construct a δ-pseudo orbit
as follows: Put (i) l2 = l1 + k for some k > 0, (ii)f i(p) = xi for i ≤ 0,
(iii)f l1+i(x) = xi for 1 ≤ i ≤ k − 1, and (iv) f l2+i(q) = xk+i for i ≥ 0.
Then

ξ ={. . . , p, x0(= p), f l1(x), f l1+1(x), . . . , f l1+k−1(x), f l2(x)(= q), q, . . .}
={. . . , x−2, x−1, x0(= p), x1, x2, . . . , xk−1, xk(= q), xk+1, . . . , }.

It is clear that ξ ⊂ Λ. By the shadowing property of f |Λ, we can find a
point z ∈ M such that d(f i(z), xi) < ε for all i ∈ Z. Thus

d(f i(z), xi) = d(f i(z), p) < ε

for all i ≤ 0 and

d(fk+i(z), xk+i) = d(fk+i(z), q) < ε

for all i ≥ 0. Then one can see that z ∈ W u
ε (p), and fk(z) ∈ W s

ε (q),
where W s

ε (q),W u
ε (p) are as usual. Thus, z ∈ W u(p)∩W s(q) 6= ∅. Other

cases is similar.

The following, so-called Franks’ lemma, will play essential roles in
our proof.

Lemma 2.5. Let U(f) be any given C1-neighborhood of f . Then
there exists ε > 0 and a C1-neighborhood U0(f) ⊂ U(f) of f such that
for given g ∈ U0(f), a finite set {x1, x2, . . . , xN}, a neighborhood U
of {x1, x2, . . . , xN} and linear maps Li : TxiM → Tg(xi)M satisfying
‖Li − Dxig‖ ≤ ε for all 1 ≤ i ≤ N, there exists g′ ∈ U(f) such that
g′(x) = g(x) if x ∈ {x1, x2, . . . , xN} ∪ (M \ U) and Dxig

′ = Li for all
1 ≤ i ≤ N.
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Remark 2.6. A diffeomorphism f said to be Kupka-Smale if the
periodic points of f are hyperbolic and thier invariant manifolds are
transverse intersections. It is well-known that the set of Kupka-Smale
diffeomorphisms is C1-residual in Diff(M).

Proof of Proposition 2.3. Let f |Λ be robustly transitive with shad-
owing, and let U(f) be as in the definition. For any g ∈ U(f), let
p, q ∈ Λg(U)∩P (g) be hyperbolic periodic points. By Lemma 2.5, there
is a C1-neighborhood U0(g) ⊂ U(f) of g, such that for any h ∈ U0(g),
there are the continuations ph and qh(of p and q) in Λh(U)∩P (h). Since
f |Λ is robustly transitive, for the neighborhood U , Λ ⊂ intU, we may
assume that Λh(U) ⊂ intU for any g ∈ U(f) reducing U(f) if neces-
sary. To derive a contradiction, suppose that index(p) < index(q), and
thus dimW s(pg)+dimW u(qg) < dimM (the other case is similar). Here
W s(pg) and W u(pg) are the stable and the unstable manifolds of pg and
qg with respect to g.

Since f |Λ is robustly transitive, we can take a Kupka-Smale diffeo-
morphism h ∈ U0(g). Since dimW s(pg) = dimW s(ph) and dimW u(qg) =
dimW u(qh),

W s(ph) ∩W u(qh) = ∅.
By Lemma 2.4, this is a contradiction.¤

Proposition 2.7. Let U(f) and U be as in the definition, and let f |Λ
be robustly transitive with shadowing. For any g ∈ U(f), every periodic
point of Λg(U) is hyperbolic.

Let Λ be a closed f -invariant subset of M.

Lemma 2.8. [15, Lemma 2.4] Let Λ be locally maximal in U, and let
U(f) be given. If p ∈ Λg(U) ∩ P (g)(g ∈ U(f)) is not hyperbolic, then
there is g1 ∈ U(f) possessing hyperbolic periodic points q1 and q2 in
Λg1(U) with different indices.

Proof of Proposition 2.7. Let f |Λ be robustly transitive with shad-
owing. Then there exist a C1-neighborhood U(f) of f and a compact
neighborhood U of Λ such that for any g ∈ U(f), Λg(U) =

⋂
n∈Z gn(U)

is transitive and g has the shadowing property on Λg(U). For a contra-
diction, suppose that there is a non hyperbolic point p ∈ Λg(U) ∩ P (g)
for some g ∈ U(f). By Franks’ Lemma 2.5 and Lemma 2.8, there is g1 ∈
U0(g) ⊂ U(f) possessing hyperbolic periodic points q1 and q2 in Λg1(U)
with different indices, that is, index(q1) 6= index(q2). This is a contradic-
tion by Proposition 2.3. Therefore, every p ∈ Λg(U) ∩ P (g)(g ∈ U(f))
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is hyperbolic.¤

Let Λ be a closed f -invariant set. Recall that f |Λ is transitive if there
is a point x ∈ Λ such that ω(x) = Λ. Also, we see that for any non-empty
open sets U, V of Λ, if there is n > 0 such that fn(U)∩ V 6= ∅, then f |Λ
is transitive. Then two notions are equivalent. The following lemmas
were proved by Sakai [14, Lemma 2.3, and Lemma 2.4 ].

Lemma 2.9. Let Λ be a closed f -invariant set, and let U be a locally
maximal neighborhood of Λ. If f has the shadowing property on Λ, then
the shadowing point can be taken from Λ.

Lemma 2.10. If f |C(f) is locally maximal chain transitive with shad-
owing, then f |C(f) is transitive.

From the Lemma 2.10, if f |C(f) is robustly chain transitive with the
shadowing then f |C(f) is robustly transitive.

Recall that chain transitive sets are characterized as all compact in-
variant sets which are the Hausdorff limit of a sequence of periodic orbits
under the C1-generic assumption (see [4, Theorem 4]).

Lemma 2.11. Let Λ be a transitive set and locally maximal in U. If
f |Λ is robustly transitive with shadowing then Λ = Hf (p).

Proof. Suppose that f |Λ is robustly transitive with shadowing. Since
Λ is a transitive set and locally maximal, by Pugh’s closing lemma, there
is a hyperbolic periodic point p ∈ Λ. For simplicity, we may assume that
f(p) = p. Since p is hyperbolic, there is ε(p) > 0 such that for any
x ∈ Λ if d(f i(x), p) < ε(p) for all i ≤ 0 then x ∈ W u

ε(p)(p) and if
d(f i(x), p) < ε(p) for all i ≥ 0 then x ∈ W s

ε(p)(p). Take ε = ε(p)/4, and
let 0 < δ < ε be a number of the shadowing property of f |Λ. Since Λ is a
transitive set, there is x ∈ Λ such that ω(x) = Λ. Thus there are k1 > 0
and k2 > 0 such that d(fk1(x), p) < δ/4, and d(fk2(x), x) < δ/4. Then
we construct a δ-pseudo orbit

{xi : i ∈ Z} = {. . . , f−1(x), x, f(x), . . . , fk1−1(x), p, fk1+1(x), fk1+2(x),

. . . , fk2−1(x), x, f(x), f2(x), . . . , }
= {. . . , x−k1 , x−k+1, . . . , x−1, p(= x0), x1, . . . , xk2 , . . .}.

By the shadowing property, there is y ∈ Bε(p)∩Λ such that d(f i(x), xi) <

ε for all i ∈ Z. Thus y ∈ Bε(p)∩W s(p)∩W u(p), and so y ∈ H̃f (p). Since
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f |Λ is robustly transitive with shadowing, as in the proof of [13, Propo-
sition 3.1], we know y ∈ Bε(p) ∩W s(p) t W u(p). Thus Λ = Hf (p).

Proof of Theorem 1.2. Suppose that f |C(f) is robustly chain tran-
sitive with shadowing. There are a C1-neighborhood U(f) of f and a
compact neighborhood U of C(f) such that for any g ∈ U(f), Λg(U) =⋂

n∈Z gn(U) is chain transitive and g has the shadowing property on
Λg(U). By Lemma 2.10, f |C(f) is transitive and for g ∈ U(f), g|Λg(U) is
also transitive. This means that f |C(f) is robustly transitive. Then by
Propositions 2.3 and 2.7, for any p ∈ Λg(U) ∩ P (g) is hyperbolic, and
for any p, q ∈ Λg(U)∩P (g) then index(p) = index(q). Thus by Theorem
2.1 and Lemma 2.11, Λ is Hf (p) and it is hyperbolic. ¤
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