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UNIQUE CONTINUATION FOR
SCHRODINGER EQUATIONS

SE CHuL SHIN* AND KYyUNG BOK LEE**

ABSTRACT. We prove a local unique continuation for Schrodinger
equations with time independent coefficients. The method of proof
combines a technique of Fourier-Gauss transformation and a Carle-
man inequality for parabolic operator.

1. Introduction. In this paper, we shall prove a local unique con-
tinuation result for Schrodinger equations with time independent coef-
ficients. We consider the Schrédinger operator L(z, 0) = i0,+P(x, 0;)
on R*"*! where P is a positive elliptic second order operator with real
valued coefficients. L is said to have the local unique continuation if
u is a solution of Lu = 0 in a neighborhood of (0,0) and supp u C
{(x,t) €U : 21 >0}, where U = {(z,t) e R"" .2 € Q,t € (-T,T)},
then u = 0 in a neighborhood of (0,0).

Concerning the unique continuation theorem, Rauch and Taylor [7]
proved a sort of unique continuation theorem for hyperbolic equation
with time independent coefficients. In order to prove this result they
introduced a integral Fourier-Gauss type transformation. The first
result in this direction are to be found in the work of Rauch and
Taylor [7] and exploited by Lerner [4]. Using the same idea, we shall

prove the main result. That is, our main tool will be the fundamental
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so-called Fourier- Gauss transformation and a Carleman inequality
for parabolic operators.

This paper is organized as follows : In the second section we state
our main results. The third section is devoted to prove a local unique
continuation Theorem 2.1. Precisely, in Section 3.1 we state an ele-
mentary lemma of Fourier— Gauss transformation without proof. In
Section 3.2 we make some preliminary and standard changes of vari-
ables in order to apply a Carleman inequality. In Section 3.3 we state
a Carleman inequality for parabolic operator. In Section 3.4 we com-

plete the proof of Theorem 2.1.

2. Statement of Main Result And Remarks

Let €2 be an open connected subset of R™ containing the origin. In
this paper, we will use the following notation : €2 is the closure of €,
Q7 is the set {x € Q: z1 > 0} and 9; means 9/0x;. We shall set

T = (33'1,.’11/), with 2/ = (33'2, e 73:71) and S = (6176/)7 5/ = (527 e 7571)
the corresponding Fourier variable.

We consider now a Schrodinger operator :

(2.1) L(x,0) =10y + P(x,0y),

where

(22)  P(2,0:) = Y aij(@)id; + ) bj(x)d; + c(x)
i,j=1 j=1

is a positive elliptic second order differential operator with real valued
leading coefficients in C1(Q) and depending on all the variables z and
the other coefficients in L°°(2) and that they satisfying the ellipticity

conditions :
n

(2.3) > aij(@)685 = alx)[¢)

ij=1
for all z € Q and £ € R™ where a(x) > 0 and [£]* =Y, £2.
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Now we can state our main theorem.
In the following theorem, we will denote by U for the set {(z,t) €
R : 2 € Q,—T <t < T} for some constant 7.

THEOREM 2.1. Let P be the operator defined in (2.2) and let (2.3)
hold. If u € H?

loc

(U) is a solution of Lu = 0 in a neighborhood of
the origin and supp u C {(z,t) € U : 1 > 0}, then u vanishes in a
neighborhood of the origin.

Remark. The uniqueness of Theorem 2.1 is a local one. In Theorem
2.1, the hypothesis that the coefficients are independent of ¢ is impor-
tant. In fact, non-uniqueness examples can be found Lascar and Zuily
[3]. That is, Lascar and Zuily [3] proved that there exists a smooth
function V(z,t) such that the Cauchy problem for the operator

%at C A+ V(b

has not a local uniqueness property across the surface {z; = 0} with

the positive direction.

Remark. Kenig and Sogge [2] proved the unique continuation theo-
rem for Schrodinger operator of the form i0; + A, on R* ! if n > 1,
and if u(x,t) satisfies certain global integrability conditions as well
as a differential inequality |(i0; + Ag)u| < |Vul|, where V(z,t) €
L"+2/2(R"+1) then u vanishes identically if it vanishes in a halfs-

pace.

Remark. In the case that the principal part of the operator P de-
pends on all the x variables but P is elliptic, the result of hyperbolic
operators has been proved by Robbiano [8] ; related results can be
found Hérmander [1].

In the case that the real principal part of P depending only on one
variable but P is elliptic, the result of weakly hyperbolic operators
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has been proved by Santo [9].

Remark. In the case that P is elliptic with smooth principal part,

this uniqueness result has been proved by Lerner [4].

3. Proof of Theorem 2.1

The proof of Theorem 2.1 is based on Fourier-Gauss transformation

and a Carleman inequality for parabolic operator.

3.1 Fourier-Gauss Transformation.

We define
Ao 2
(3.1) Aga(z,s) = —/ e~ 2Usta=t (e t) dt, 0<T) <T,
271' -1

where A is a large positive parameter and a a real number.

Assume that the set {x € R™ : |z| < r} is contained in 2 and U’ is
the set {(x,s) € R" ™1 : |z;| <r/nfori =1,--- ,n,|s| <T1/2}.

Let us state without proof an elementary lemma which we shall

use in the sequel.

Lemma 3.1. If |a| < T1, there exists a positive constant C,, depend-

ing on u, such that

(1) Agx(x,0) — u(w,a) in L? as X\ — +o0,
AT 2

(2) Aol < Curie s,
(3) (3) Agx(z,s) =0if (z,5) € U and z1 < 0.

Let
(3.2) L =1i0; + P(x,0,)

be an operator satisfying (2.2) and (2.3).
The following lemma can easily verified to be an analogue to Lemma
2 in Robbiano [8].
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Lemma 3.2. If |a| < Ty, there exist a positive constant C,, depending

on u, such that
~ 2
(3.3) | LA 2y < Curte™ s —3(Tilad?,

where L = —0, + P(z,0y).

Section 3.2-3.3 are standard and follows very closely the proof [11].

3.2 Preliminary Transformation.

We consider the Holmgren transformation :

y1 = x1 + (|2']? + 12),
(3.4) y =a,

s =1t.

By this change of variables, we will deduce
(3.5)
L(x,0) = —0s+a(x, s)(0x1+A(x, s,0.))2+B(x, 5,0, ) +b; (2)0; +&(x).

where A and B are order 1 and 2, respectively. Note that a(x,s) # 0
in a neighborhood of the origin since the hyperplane 1 = 0 is not
characteristic.

The equation

00
3.6 — 4+ A 9)0 =0
(3.6 S A5, ,)
has n — 1-independent solutions 65, - - - , #,, which satisfy :
(3.7) 0;(0,2',s) =z, j=2,---,n.
Now, the change of variables (1, z2, -+ ,Zp,s) — (21,02, -+ ,0n, )

satisfies the required properties.
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Dividing by the coefficient of 82, (in the new variables), the operator

L can finally be written as

(3.8)
1 2 1 x,s,0x 1 b ()0
Q__ d([L’,S)aS +ar1 + (NZ(IL',S)R( ) aa )+ (NZ(IL',S) ;bl( )61
1 -
-1—&(3:’8)0(33)

where @ is C', R is an operator of order < 2, with C' coefficients ; the
coefficients b;, ¢ obtained from b;, ¢ in (2.2) satisfying the smoothness

hypothesis of Theorem 2.1.

3.3 Carleman Inequality.

There are many versions of Carleman inequality for parabolic op-
erator (Nirenberg [6], Mizohata [5], Saut and Scheurer [11]). Here,
especially, we shall apply lemma 1.5 of Saut and Scheurer [11] to @
defined by (3.8).

LEMMA 3.3. (see [11], Lemma 1.5) Under the hypothesis of Theorem
2.1 on the coefficients of @, there exist positive constants dj, K, M’
such that for 0 < 6 < §p and 76 > M’,

(3.9)

e QullZe = K{702lem™v|2 + rlle™ 0mro] 22 + ol ool ),

for all v € C§°(u) with sufficiently small support and where ¢ is
defined by

(3.10) Pz, s) = (1 — 6)% + 02(|2|* + 52).
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3.4 End of the Proof of Theorem 2.1.
Since
supphax C{(y,8) 1y1 = |y/|> +5° > e(|7)* + )},

we have

{(,9);9 = |y >+ 5°} C{(y,8); (y — 0)* + &(|y/|” + s°) < 6%}
(3.11) ={(y,s);¢¥(y,s) <v(0,0)}.

Now we let x € C3°(U’) be a smooth function such that y =1 in
a neighborhood U of the origin.
We set wg ) = X/N\a,A ; from (3.9),

(3.12)  |le™ Quanll > K73/25 ||e™ Ag |

=+ =+
L2(U'NQ xI) L2(U'NQ xI)’

where I = (—=11,T1) and ® is defined by (3.10).
On the other hand,

Qwa = XQAax + [Q, X]Aa,x,

where [Q, x] is a first order operator which support is contained in
(U'\U)n §:2+ x I and the commutator of two operators A and B is
defined as the operator [A, BJv = A(Bv) — B(Av).

Since supp Quwq x C sSupp wq,y, there exist positive constants k;
and ko with k1 > ko such that

(3.13) {U\T)NQ xT} C L, 8): (s 8) < $(0,0)—y = 62—k},

and let .
(U/NNQ xI)c (U nQ*t x1I)
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be a neighborhood of (0,0) and for N large enough such that

(3.14) (T/NNQ x 1) C {(y,9): 6y, 5) > (0,0) — ks = 6% — s}

So that by (2) of Lemma 3.1 and (3.13), we obtain

T % _ 7(52—k1) 5,1 ﬁ
(3.15) ||6 [Q’X]AQ’AHL%(U’\U)HQ-’—XI} <e Culze 8
and by (3) of Lemma 3.1, we have
= = 2
(3.16)  [le™"xQAan| < e G NBe s 3 (TimlaD)?,

L2UunQ’ <1 =

From (3.14), the inequality (3.12) becomes,

(3.17)

2 =
le™ Qua,ll ) 2 kr®/26eT" R | Ry |

=+ ~ =+ .
L2(U/QQ x I L2(%QQ x1T)

Now we use inequality (3.15) and (3.16) combined with (3.17) and

we set 7 = v\, where v will be chosen later on, then we have

(3.18)
lAanl < (Cu/K - 5),/—3/2§ {ex{—y(kl_kZ)Jr%}

~ =+
L2(LnQ xI) —

2
. +6A{vkz+%—%<n—|a|>2}] ,

We want to show that [|A, ] tends to 0 when \ tends

L2(ZnQ" x1)
to +o00. For this purpose, we have to prepare the followings.
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From (3.18), we have

(3.19) { —v(k1 — k2) + T1*/8 <0,

vko +T1%/8 — (Ty — |a])?/2 < 0.

Then we will find v satisfying (3.19) if
(3.20) k2T12/8(]€1 — ko) + T12/8 < (Ty — |a|)2/2.

since k3 < 1/N and 0 < a < T3/10.
Then we get

)\Er_ir_loo ||Aa,>\||L2(%mg:)+><I) =0

Hence u is zero by (1) of Lemma 3.1. The proof of Theorem 2.1 is

complete.

REFERENCES

1. L. Hormander, A uniqueness theorem for second order hyperbolic differential
equations Comm, Comm. P. Diff. Eqgs. 17 (1992), 699-714.

2. C. E. Kenig and C. D. Sogge, A note on unique continuation for Schrodinger’s
operator, Proc. Amer. Math. Soc. 103 (1988), 543-546.

3. R. Lascar and C. Zuily, Uncité et non uncité du probléme de Cauchy pour
une classe d’opérateurs différentiels a caracteristiques doubles, Duke. Math.
J. 49 (1982), 137-162.

4. N. Lerner, Uniqueness for an ill-posed problem, J. Diff. Egs. 71 (1988), 255-260.
5. S. Mizohata, Uncité du prolongement des solutions pour quelques opérateurs
différentiels paraboliques, Mem. Coll. Sci. Kyoto Univ. 31 (1958), 219-239.

6. L. Nirenberg, Uniquness in Cauchy problems for differential equations with
constant leading coefficients, Comm. Pure. Appl. Math. 10 (1957), 89-105.

7. J. Rauch and M. Taylor, Penetrations into shadow regions and unique con-
tinuation properties in hyperbolic mized problems, Indiana. Univ. Math. J. 22
(1972), 277-285.

8. L. Robbiano, Théoreme d’uncité adapté au contréle des solutions des problémes
hyperboliques, Comm. P. Diff. Egs. 16 (1991), 789-800.



34 SE CHUL SHIN AND KYUNG BOK LEE

9. D. D. Santo, A Carleman estimate for degenerate elliptic operators with an
application to an ill-posed problem, Quaderni Matematici II Serie, Triste, uni-
versita degli studi Dipartimento di Science. 316 (1994), 1-12.

10. J. C. Saut and B. Scheurer, Remarques sur un théoreme de prolongement
unique de Mizohata, C. R. Acad. Sci. Paris 296 (1983), 307-310.

11. J. C. Saut and B. Scheurer, Unique continuation for some evolution equations,
J. Diff. Egs. 66 (1987), 118-139.

*

SE CHUL SHIN

DEPARTMENT OF MATHEMATICS,
HosEO UNIVERSITY

ASAN 336-795, KOREA

E-mail: sschul@math.hoseo.ac.kr

kok

KyunG Bok LEE

DEPARTMENT OF MATHEMATICS,
HoSEO UNIVERSITY

ASAN 336-795, KOREA

E-mail: kblee@office.hoseo.ac.kr






