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SOME REMARKS ON THE p-BASIS AND
DIFFERENTIAL BASIS

SuN Jung Kim*

ABSTRACT. The purpose of this note is to introduce interesting and
useful properties differential-basis and p-basis in theorem 3.3. The
result gives a existence differential basis of ST[A1](S) which has a
p-basis over S? (SP[A1]).

1. Introduction

Let p be always a prime number and all rings are commutative ring
with an identity. The concept of differential-basis has an important in-
fluence on properties of rings, for example the connection with p-basis
([4],5],[6]). Any differential basis of a regular local ring R of character-
istic p > 0 over RP is a p-basis of R over RP ([4]). Furthermore, we can
deduce interesting case as following; Let S be a ring of characteristic p
and let A be a p-basis of S over SP and A be a subset of A, then A; is a
p-basis of SP[A1] over SP and Ag = A — Ay is a p-basis of S over SP[A4]
? The purpose of the present paper is to give an answer to question
(Thereom 3.3). For the definition and elementary properties, refer to

([[2D)-
2. Preliminaries
For any A-module, let M[z| denote the set of all polynomials in x

with coefficients in M, that is to say expressions of the form mg+mqx+
co - mpa(m; € M).
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PROPOSITION 2.1. Let the notation be as above ([3]).Defining the
product of an element of A[x] and an element of M|z] in the obvious
way, we get the following;

(1) M[z] is an A[x] — module.
(2) Mlz] = Alr] ©4 M

Proof. (1) For a; € A,m; € M,

m-+n

n m
(Z aixi)(z mjaz’) = Z cpa®,  where ¢ = Z a;m;
i=0 j=0 k=0

itj=k
since ¢ € M, the fact that M[z] is an A[z]-module is obvious.
(2) Consider the A-bilinear map f : A[z] x M — M|[z] defined by

n n
f(z a;x',m) = Z a;mx’.
=0 i=0

By definition of tensor product, there exists a unique A-linear mapping
f:Alz] ®4 M — M]x] such that

n n
f’(z a;xt @ m) = Z a;mz’
i—0 i—0

A mapping ¢’ : M[z] — Alz] ®4 M defined by

m m
g'(ij:):j) = ij®mj

Jj=0 Jj=0

is a A-linear map.

(f'og)O_myal) = 'O 2/ @my) =) myal
j=0 Jj=0 Jj=0
(¢ o f’)(z a;z' @ m) = g'(z aymat) = ZCEZ ® a;m
=0 =0 =0
i=0

=> (g’ @m).
i=0
This implies that M[z] = Alz] ® 4 M. O

COROLLARY 2.2. For A-module M,
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(1) M[z1,--+ ,zp] : A1, -+, xn] — module.
(2) Mlz1,- zn] 2 Az, 20 @4 M.

Proof. (1) It is obvious.
(2) Induction on n. For n = 1, it was proved by proposition 2.2. By
inductive hypothesis,

Mlxy, - yxp_1] = Az, -, Tp—1] ®a M.
Alzy, - xn] @a M

= (Alz1, -, Tp1][Zn] @Ay wny) AlT1, - Tn1]) @4 M
= Alzt, - 1] [Tn] @Ay, 2] (A1, 1] @4 M)
= Alzy, - zn-1][Tn] @z, zn] Mot 5 Tai]

=~ Mlxy, - Tpo1][xn).

3. Main theorem

Let k be a ring, A a k-algebra and B = A ®; K. Consider the ho-
momorphism of k-algebras e : B — A and A\, Ao : A — B defined by
ela®d)=aa'; \(a) =a® 1, 2(a) =1® a. Once and for all, we make
B = A® A an A-algebra via A\;. We denote the kernel of € by I,/ or
simple by I, and we put /1% = Qa/k- The B-module I, I? and Qapis
called the module of differentials (or of Kahler differential) of A over
k.We have e\; = €Ay = id 4. Therefore, if we denote the natural homo-
morphism B — B/I? by v and if we put d* = A2 — A\; and d = vd*, then
we get a derivation d : A — Q4.

From above definition, we have following Lemma. We introduce some
properties without proofs.

LemMA 3.1. (1) If
f

k——F

A—7 A
f/
is commutative diagram of rings and homomorphisms, then there is a
natural homomorphisms of A-modules 4, — Qy/ /s, hence also a
natural homomorphisms of A’-modules Q1 ®a A" — Qa1
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(2) If A’ = A®y k' in (1), then the last homomorphism is an isomor-
phism :
Qi = Qay Ok k' — Qay, @4 A

DEFINITION 3.2. Let S be a ring of characteristic p and SP denote
the subring {zP|z € S} and let S’ be a subring of S. A subset I" of S
is said to be p — independent over S’, if the monomials b7* - - - bS* where
b1, -+ ,b, are distinct element of I' and 0 < e < p — 1, are linearly
independent over SP[S’].

If B C K is p-independent over k and K = KP(k, B), we say that B
is a p-basis of K/k. If C C K is p-independent over k, then there exists
a p-basis of K/k containing C.

LEMMA 3.3. Let S be a ring of characteristic p and S’ a subring of S
containing SP and let {z1,--- ,z,} be a subset of S. If {dxy,--- ,dx,}
is S-free in Q0 /¢, then {x1,--- ,x,} is p-independent over S'.

Proof. If x1,--- ,x, are not p-independent over S’, we can take a
reduced polynomial f(Xy,---,X,) € S’[X] of lowest degree such that
f(z1,---,2,) = 0.Then

df (z1,--+ ,xn) = Z(OT)dxn =0 in €,y and for some i,
i=1 "

If for all 4, 2L =0,

of
al‘i

£0.

- Z( af.) 2 g(wr, - @) = 0.

Then deg(g) < deg(f), it is contradiction. Thus, z1,---,z, is a p—
indenpendent over S’. O

THEOREM 3.4. Let S be a ring of characteristic p and let A be a
differential basis of S over SP and A; be a subset of A, then Ay is a
differential basis of SP[A;] over SP and Ay = A — Ay is a differential
basis of S over SP[A;]

Proof. Step (1)
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is commutative diagram of rings and homomorphism, by (1) of Lemma
3.1, we have natural homomorphism

Qgrin,)/sr — sysr-

Qgp(a,)/se is generated by {d(zy) | zx € A1} as SP[A1]— module.
This is clear since d is a derivation. Also Qgp(p,]/s» is a free SP[A1]—
module with {d(z)) | zx € A1} as a basis. In fact, suppose > axd(z)) =
0 (ax € SP[A1]). Applying h to > ayd(xzy) = 0 we see Y axd(z)) = 0,
in Qg/gp. Since Ay C A, {d(z) | xx € Aq}:linear independent over S.
Thus, a) = 0. Therefore A, is differential basis of Qgs(,]/50-

Step (2) Since {A} is differential basis of Qg g, by Lemma 3.2,{A}
is p—indepent over SP. This implies that A;(C A) is p— independent
over SP. ie, {a'---xf | 0 < e; < p} are linearly independent over SP
(where x1, - - -, x, are distinct elements of Aj). Then, by (2) of corollary
2.2, S = SP[A1] = SP[A1] ®g» S. By (2) of Lemma 3.1,

~ R’
Qg/s0 @5 S = Qgs0 — gygn(ay]

is an isomorphism as S—module. The homomorphism %’ is defined by

WO axds s (x))
= axdg/seia,)(22) (ax € S,zx € A dg/spia,(22) =0 for z) € A)
= Za#dg/gp[m](x#)(aﬂ €S, HTS AQ).

Qs/sp[a,) is generated by {d(z,) | ¥, € Az} as S—module. In fact,
{ds/sPia (zu) | 2, € A2} is linearly independent over S.
For

> apdsysoing (@) € Qs/sviay)s
there exist a ) a,dg/sr(2,) such that

h,(z apds)sp (zp) = Z auds)se(a] (Tp)-

if Y- ardsyse(zp) = 0 in Qg/ee(a,], 2 apdsyse(zp) = 0 in Qg/ep. It
implis that a, = 0. Thus,

{ds/spiay(@p) | 2u € Ao}

is linearly independent over S. Therefor the assertion ends.
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