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BOUNDEDNESS AND COMPACTNESS OF SOME
TOEPLITZ OPERATORS

S1 Ho KaNGg*

ABSTRACT. We consider the problem to determine when a Toeplitz
operator is bounded on weighted Bergman spaces. We introduce
some set C'G of symbols and we prove that Toeplitz operators
induced by elements of C'G are bounded and characterize when
Toeplitz operators are compact and show that each element of CG
is related with a Carleson measure.

1. Introduction

Let dA denote normalized Lebesgue area measure on the unit disk
D. For o > —1, the weighted Bergman space A% consists of the analytic
functions in LP(D, dA,), where dAq(z) = (a+1)(1 — |z|*)"dA(z). Since
A2 is a closed subspace of L?(ID,dA,), for any z € D, there is a unique
function K¢ in A2 such that f(z) =< f,K¢ > for all f € A%, in

fact, K3 (w) = and the normalized reproducing kernel k¢

Kx(w) _(1-]z)'"2

is the function —= = where the norm || - || , and

1Kl (1 —2w)*™™ pe
the inner product are taken in the space LP(D,dA,) and L*(D,dA,),
respectively.

For a linear operator S on A2, S induces a functions SonD given
by S(z) =< SkZ, kY >, z € D. The function S is called the Berezin
transform of S.
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For v € LY(D,dA,), the Toeplitz operator T with symbol u is the
operator on A2 defined by T(f) = P.(uf), f € A%, where P, is the or-
thogonal projection from L?(ID, dA,) onto A2 and let % denote lela Many
mathematicians working in operator theory are interested in the bound-
edness and compactness of Toeplitz operators on the Bergman spaces.
It is well-known that the Toeplitz operator T, induced by any element
of L*°(D,dA,) is bounded. Since L°°(D,dA,) is dense in L'(D,dA,),
for any u € L'(D, dA,), T2 is densely defined on A2 but in general, T
is not bounded. We note that Berezin transforms and Carleson mea-
sures are useful tools in the syudy of Toeplitz operators ([2], [4], [5]).
Using those tools, many mathematicians working in the operator theory
characterized the boundedness and compactness of Toeplitz operators.

In this paper, we introduce some set C'G and prove that Toeplitz
operators induced by elements of CG are bounded and [|ul|; having
vanishing property implies the compactness of Toeplitz operators T,"
and T2,

Sections 3 contains some upper bounds of Toeplitz operators induced
by elements of C'G and relationship between elements of CG and Car-
leson measures and we deal with the compactness of appropriate prod-
ucts of Toeplitz operators and Hankel operators.

Throughout this paper, we use the symbol A < B for nonnegative
constants A and B to indicate that A is dominated by B time some

1 1
positive constant and p’ to denote the conjugate of p, that is, 2—9 +— =1

2. Some linear operators

A nice survey of previously known results connecting Toeplitz oper-
ators with bounded symbol can be found in [2].

For z € D, let p.(w) = 12 —7w . Then ¢, is an element of Aut(D)

—Zw

which is the set of all bianalytic map of D onto D. Moreover, (.o, is the
identity map on D and Aut(DD) is the M&bius group under composition.

For a > —1 and z € D, let U2 : L*(D,dA,) — L*(D,dA,) be an
isometry operator defined by

(1—|o)'E

USf(w)=fo @z(w)m’

f e L*D,dA,) and w € D.
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1— |Z|2 24«
Since (1 —Egpz(w))%o‘:(ﬂ) , (U2 = U2 and hence U2
is a self-adjoint unitary operator on A2 and U%1 = k%(w).
For a linear operator S on A2, define S, by U*SUZ. Since UY is a
self-inverse operator, S, is the operator given by conjugation with US.
Now we are ready to state useful properties.

LEMMA 2.1. For u € LY(D,dA,) and z € D, (T$), = T4

uowp; *
Proof. Take any f in A% and any w in D. Since U is self-adjiont,
USTy (f)(w) = <UZTH(S), Ky >
= <U{(uf), Ky >
(I E RN
= < T, (U2, KG >

= <(uowp:)(fow:)

UOY
= Ty (UZf)(w).
Thus (1), = T, - O
COROLLARY 2.2. For ui,us, - ,u, € L'(D,dA,) and z € D,
U Ty, Ty U =10 o Tofh o -
Proof. Tf follows immediately from the fact that (U®)™" = U2 and
Lemma 2.1. O

PROPOSITION 2.3. For u € LY(D,dA,) and z € D, To = T¢ o p,

UOY,
and hence (T), =T, =T o p,.

Proof. Take any win ID. Since < uop, k&, k&

wr Tw

> = <Ry KoL) >

Te,. (w) = < T;;‘o%kg, kg >
<woky, ky >
= < kg () ko, ) >

= < Paluky ) Ko, ) >

= T2(pz(w))
= T3 opz(w).
This completes the proof. O

PROPOSITION 2.4. If S : A2 — A2 is a bounded linear operator then
S and S,1 are in L?*(D,dA,).
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Proof. Since [|S:1||, , = [|SUZ1]y,, < S]] and

151l5,0 = /IS ) dAa( /IISI dAa(z) = ||SI1%,

S and 5.1 are in L2(D, dAy). O

We notice that P, : L?(D,dA,) — A2 is bounded linear operator and
hence for any u € LD, dAw), |Pa(tf)llyn < llullollfllyq. Thus T2

is a bounded linear operator. Moreover, we extend the domain of P, to
L'(D,dA,) and for f € AL and 2 € D, f(z /f VK2 (w)dAq (w).

We define f(z ka 3

1>
radial function and f ¢ LOO( D,dA,). Since

1flha = /v 2P dA()

)([2]) for all 2 € D. Then f is a

L
ok

2’€+

e}

1.« k
< o k=1 ,f e LY (D, dA,).
22k+1 a2 0

k=1
For p > 2,

TP L, = IUSTRUS], < IS0 < 00

because sup{|k2(w)| : |w| < 3} < 227 Since for each z € D,

— k
)= [Pl )da(w) < 220y i
k=1

for some constant ¢, [f|dAq is a Carleson measure and hence T§ is a

bounded linear operator. But every element of L'(D,dA,) does not

imply a bounded Toeplitz operator. Let CG = {u € Ll(ID), dA,) :

sup [[(T3) 1], , < o0 and supH(Tf*)lepa < oo for some p € (2,00)}.
z ’ z ’

Suppose f,g € A2. Since < TSf,g >=< uf,g >=< f,ug >=<
[.T2g >, (TS =T2. 1t ||(T,). 1, < oo then [[(T27) 1], ,=I[(T3) 1l ,
< oo and clearly CG is closed under the formation of conjugation and
hence {T¢ : u € CGY} is self-adjoint in L£(A2) which is the set of all
bounded linear operators on A%. Moreover, CG is a vector space over

C and we definde ||ul|=max{sup ||(T3)) 1[|,, . sup [[(T7) 1|, . }-
z z
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By the above observation, L>°(D,dA,) is a proper subset of CG.

. - 1 . —y I EERT o .
Since f(z) = 0 for all |z| > 3, Zli)IgDT]?(z)—O—Zli%lDH(Tf )Z1||p7a. Since
TJ?‘(Z”) # 0 for all n € N, T§" has an infinite-dimensional range and

hence it is not compact, that is, the vanishing property does not imply
the compactness of Toeplitz operators.

3. Some operators

This section contains the boundedness of some operators. We begin
by starting well-known lemma (see Lemma 3.10 in [5]) which is some
integral estimates.

LEMMA 3.1. Supposea —1 < a. If a+b < 2+ « then

Aa
/ d2 a(w) —— Is bounded on D.
D (1 —[w|") 1 —Zw|

Note that (T%)"=T2. Thus for z € D,
(T) K (2) =< (T7) Ky, K& >=< K§j, T} K? >= T K¢ (w).

Moreover, |[(T),1]],,, in the right side of the next lemma may not be
finite but it will be infinite, making the corresponding inequality true.

LEMMA 3.2. Suppose u € L'(D,dA,) and 0 < a < 1. If2 < 2‘*'70‘ <t
then there is a constant ¢ such that

| (TK2)( \ QA (w) < l(T) Al
(1= Jwf?)" =P
for all z € D and
/ [(TEE) W), Au(s) < (1) 1,
(1= 2% T (1= w)

for all w € D.

1142
(1)), 1op.(p,) *

Proof. Take any z in D. Since US1=kY, T K= St
(L= *

and hence put w = ¢, () to obtain the following :
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/ ]TO‘KO‘ Ay (w)

(1- le
1+2

- / Lo )1 = )04
>0l

2 )1V
1 — ’z‘ / Z>\‘2 2a+a( _ ‘)\’2)(1—@ dA()‘)
). dAa(\) 3
< (/( )

a 7 ;
(1 — 21" M 1 = 2B |1 — 2@ et
Here, the inequality comes from Hélder’s inequality.
If (2 — a+ a)t’ — a < 2 then the final integral is finite. Since 2% < ¢,
t' < S2+2_ This makes the corresponding inequality true. The second

2—a+tao”
inequality follows from the above observation. O

COROLLARY 3.3. Suppose 0 < a < 1 and ||u||; is finite with respect
to || - ||, for some p € (2,00), that is, u € CG. If2 < e < p then
there is a constant c such that

[e% (o] C Ta
/ |(TeE) (w)] Aa(w) - (7)., Hp, By |yu||G2 i
1—|w\ 1—1)" ~ @—zP)
for all z € D and T
a a IS a
1—Zl (1= [wl") (1= [wl")

for all w € D.

Proof. If follows immediately from the definition of ||u||, and Lemma
3.2. O

PropoOSITION 3.4. If v € CG and ||u||, is finite with respect to

-l then [T (h)(w)] < =Bl olully o for every h € A%

2\ 1+5
1— |w|7)
and every w € .

Proof. Suppose h € A2 and w € D. Then

1
(T2h) (w) =< Tdh, Ky >= ——— 7z x < h,uky, >
(1~ Jwf?) "2
By Holder’s inequality, we get
| < hyuky > | < ||h[ly  |[@kg]l; - Since 1 < ¢ < 2 and 4,(D) = 1,

2|l o < |Pl|;,, and hence one has the result. O
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Suppose f € A2 and z € D. Then
(T )z) = <T;f KI>

_ /D F () (T) K2 (w)dAn (w)
_ /D F0)TOKS (2)d Ag(w).

Thus T} is the integral operator with kernel ¥ K (z) and hence we find
some upper bound of |[T}7'|[, to use the Schur test (see page 126 of [3]),
where ||T;%||, is the operator norm on Ag.

THEOREM 3.5. Suppose u € CG and ||u||s is finite with respect to
| [lpa- Ifpp'(2+ ) <t then T is a bounded linear operator on Ag

and A% and [|T¢||, 2 [Jullg-
Proof. Since 0 < - , <1, let h(N\) = W Then h is a positive
measurable functlon. Since [[(T}),1]],, and [[(T3).1]], , are less than

or equal to ||ul|g, the results follow from Lemma 3.2 and the Schur
test. O

Using the concept of a Carleson measure, we get the boundness and
compactness of Toeplitz operators.

PROPOSITION 3.6. Suppose u € CG and ||u|| is finite with respect
to [ []¢q-
(1) Then |u|dA, is a Carleson measure on A}, and hence T is a

bounded linear operator.
(2) IFI[(T), 1], — 0 as z — OD then T,y is compact.

Proof. (1) For z € D, |u(2)] = | < T“k?,k? |

(1= 2P 2\<T°‘K?7k? |
(1-
(

IN

o 14+<
1217) T K0
o 14+5
L—2[%) 2 [I(T3) s
o 14+<
< (1= 121 2T A g

where the last inequality follows from A, (D) = 1.
Since @ is bounded, |u|dA, is a Carleson measure on A%,

(2) In the proof of (1), for = € D, fi(=)| < (1— |5 2 |l(12),1]l,..
and hence |u|dA, is a vanishing Carleson measure. Thus 7' is a compact
linear operator. O
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COROLLARY 3.7. Suppose u € CG and ||ul||, Is finite with respect to

||l Ifllullg vanishes on OD then T,y and T3 are compact opeators.

Proof. It follows immediately from the fact that ||(7}),1[], , and
[|(T2)_1]|, = are less than or equal to ||u||. O
u/z 7t a G

PROPOSITION 3.8. Suppose v € CG and ||u|| is finite with respect
to |||, Ty is a compact operator then ||(T7) 1|, , — 0 as z — 0D
and hence  has the vanishing property on dD. Moreover, ||(T) 1|, , —
0 as z — OD.

Proof. We note that H* is dense in A2. Take any f in A2. Then <
kS >=(1- |z|2)1+§f(z) and hence k¢ — 0 weakly in A2 as z — 9.
Since [|(T) 1]y = [ITEHRE 2,0 and T3 is compact, [[(T3) 1]y, — 0
as z — JOD. O

For v € L'(D,dA,), we define an operator HY : A2 — (Aa)J‘
by H2(g) = (I — Pa)(ug), g € A%2. Then H? is called the Han-
kel operator on the weighted Bergman space with symbol u. Since
L>®(D,dA,) is dense in LY(D,dA,), HY is densely defined and if u €
L>(D,dAg) then ||[HZ|| < ||u||,, and hence HY is bounded. By Lemma
2.1, (T}}), = Ty, and hence ||(HY), 1|, , = |[H7kZ ]|y 0 < [[Hy]| and
(Hy), = (I -1Ty), =1 -Tg, = Hy, - Thus one has the following
properties :

PROPOSITION 3.9. Suppose u1,us € L'(D,dA,) and uy = ug o @, for
some z € D. Then the following pairs are unitary equivalent :
(1) T and T, (2) Hy, and H,.

PROPOSITION 3.10. Suppose H® is bounded, where u € L*(D, dA,).
Then (HY),1 and HYkS are in L*(D,dA,) and HY,,_ is bounded.

UOW,,

Proof. By the above observation, (H¢),1 and H2kS are in L?(D, dA,).
Take any f in A7. Since (H3), = Hio,., [[Hiop (£l = I(HZ).fll5,

UOY

= [[H3UZ(Flla,0 < IHZ|[|Ifl2,4- This completes the proof. O

PROPOSITION 3.11. If u? € CG then HY is bounded and hence we
get the results of Proposition 3.10.

Proof. Take any f in A2. By Proposition 3.6, |u|2dAa is a Carleson
measure on A2 and hence there is a constant ¢ such that

/D ) u(z) 2dAa(z) < cll 1120
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Then [|HE()][3, = 17— Pa) )| o < 1|20 < cllF]2. Thus HS
is bounded. O

Consider some products of Toeplitz operators and Hankel opera-
tors. Suppos u,v € LY(D,dA,) and f,g € A2. Since < vf, P,(ug) >
— < Pu(uf), Palug) > and < T2(f),g > = < TST2(f),g >, <
(H) Hy(f),g > = <uwf,g>— < T}f),ug > — < vf, Pa(ug) >
+ < TTS(f),g > = < (T2, — TSTS)(f), g > and hence (HE)"H =
TS — ToT¢. In particular, if u = v then (H$)"HS = T, — ToTS. If

Jul?
H is compact then (HS)"HS is compact. Proposition 3.8 implies that
(HZ)"Hy) " (2) — 0 as z — 0D and hence [[H,kZ||,, — 0 as z — D

because [|[HkS|[ o = < Hke, HikS > = ((H) Hg) ™ (2).
Suppose u, v, u?, v? are in CG and TS and HY are compact. Then (7%)*
and (HZ)™ are also compact. Since U is a bounded linear operator
and (T"), = USTSUS, the above equality implies that the following are
compact :

(1) TpTy (2 ToTy (3) TpTy (4) (He) Hy  (5) Hy(Hy)”
6) 72, (NT% (9T (9 HITy (1) HYT?
(11) Hngl? (12) Tgoaple%gpz (13) T&W vogcpz
(14) Hg,,, (HY) (15) (Hg) Hop,-
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