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CONDITIONAL INTEGRAL TRANSFORMS AND
CONVOLUTIONS OF BOUNDED FUNCTIONS ON AN
ANALOGUE OF WIENER SPACE

Donc Hyun CHo*

ABSTRACT. Let C[0,t] denote the function space of all real-valued
continuous paths on [0,]. Define X,, : C[0,] — R and X,41 :
C[0,t] — R by X,.(z) = (x(to), z(t1), -+, z(tn)) and Xpi1(x) =
(z(to),x(t1), - ,x(tn), T(tnt+1)), where 0 =t < t1 < -+ < tn <
tn+1 = t. In the present paper, using simple formulas for the
conditional expectations with the conditioning functions X, and
Xn+1, we evaluate the Ly(1 < p < oo)-analytic conditional Fourier-
Feynman transforms and the conditional convolution products of
the functions which have the form

/ exp{i(v, z) }do(v) / exp{i Z zj(vj, m)}dp(zl, e 2p)
L3[0,1] R™ =

for x € CJ0,t], where {v1, -+ ,v,} is an orthonormal subset of
L;[0,t] and o and p are the complex Borel measures of bounded
variations on L2[0,¢] and R", respectively. We then investigate
the inverse transforms of the function with their relationships and
finally prove that the analytic conditional Fourier-Feynman trans-
forms of the conditional convolution products for the functions, can
be expressed in terms of the products of the conditional Fourier-
Feynman transforms of each function.
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1. Introduction and preliminaries

Let Cy[0,t] denote the Wiener space, that is, the space of real-valued
continuous functions x on the closed interval [0, ¢t] with 2(0) = 0. Chang
and Skoug ([3]) introduced the concepts of conditional Fourier-Feynman
transform and conditional convolution product on the Wiener space
Co[0,t]. In that paper, they examined the effects that drift has on
the conditional Fourier-Feynman transform, the conditional convolu-
tion product, and various relationships that occur between them. Fur-
ther works were studied by the author and his coauthors ([2, 9]). In
fact, they ([2]) introduced the L;-analytic conditional Fourier-Feynman
transform and the conditional convolution product over Wiener paths
in abstract Wiener space and then, established their relationships be-
tween them of certain cylinder type functions. The author ([9]) ex-
tended the relationships between the conditional convolution product
and the L,(1 < p < 2)-analytic conditional Fourier-Feynman trans-
form of the same kind of cylinder functions. Moreover, on C]0,¢], the
space of the real-valued continuous paths on [0, ¢], Kim ([12]) extended
the relationships between the conditional convolution product and the
L,(1 < p < oo)-analytic conditional Fourier-Feynman transform of
the functions in a Banach algebra which corresponds to the Cameron-
Storvick’s Banach algebra S ([1]). The author ([4, 5, 6]) established
several relationships between the L,(1 < p < oo)-analytic conditional
Fourier-Feynman transforms and the conditional convolution products
of the cylinder functions on C0,¢]. In particular, he ([4, 5]) derived
an evaluation formula for the L,-analytic conditional Fourier-Feynman
transforms and the conditional convolution products of the same cylin-
der functions with the conditioning functions X,, : C[0,t] — R™"! and
Xpi1 0 C[0,t] — R™2 given by X, (x) = (z(to),z(t1),- -+ ,x(ty)) and
Xnt1(x) = (z(to), z(t1), -+ ,x(tn), x(tnt1)), where 0 =g < t; < --- <
tn < tp41 = tis a partition of [0,¢], and then, derived their relationships.
Note that X, is independent of the present time ¢ while X,,41 is wholly
dependent on the present time. In this paper, we further develop the
relationships in ([4, 5, 12]) on the more generalized space (C10,t],w,),
an analogue of the Wiener space associated with the probability measure
¢ on the Borel class B(R) of R ([11, 13, 14]). For the conditioning func-
tions X,, and X, 41, we proceed to study the relationships between the
conditional convolution products and the analytic conditional Fourier-
Feynman transforms of bounded functions defined on C[0, t]. In fact, us-
ing simple formulas for the conditional w,-integrals given X,, and X, {1,
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we evaluate the L,(1 < p < oo)-analytic conditional Fourier-Feynman
transforms and the conditional convolution products for the functions
of the form

T

(1.1) /Mm expli(v, 2)}do (v) /R exp{i 3 zj(vj,x)}dp(zb )

Jj=1

for we-a.e. x € C[0,t], where {vy,---,v,.} is an orthonormal set in
L»[0,t], o is a complex Borel measure of bounded variation on Ls]0, t]
and p is a bounded complex Borel measure on R". We then investigate
various relationships between the conditional Fourier-Feynman trans-
forms and the conditional convolution products of the functions given
by (1.1). Finally, we show that the L,-analytic conditional Fourier-
Feynman transform of the conditional convolution product for the func-
tions ¥y and ¥y given by (1.1), can be expressed by the formula

TP 5 W) Xn) (- 60)| Xl (4, Go)
_ [Tq@ 01|X,] (%y ¢1§<5“ + €n>)]
X [Tq@ [Us] X, ] <\}§y \2(@, - &))]

for a nonzero real ¢, we-a.e. y € C[0,t] and Py, -a.e. f_;“fn € R
Thus the analytic conditional Fourier-Feynman transform of the condi-
tional convolution product for the functions, can be interpreted as the
product of the analytic conditional Fourier-Feynman transform of each
function.

Let C, C; and C7 denote the set of complex numbers, the set of
complex numbers with positive real parts and the set of nonzero complex
numbers with nonnegative real parts, respectively.

Let C' = C0, t] be the space of all real-valued continuous functions on
the closed interval [0,¢] with its Borel class B(C]0, t]). For a probability
measure ¢ on (R, B(R)), let w, be an analogue of the Wiener measure
on B(CI0,t]) associated with ¢ ([11, 13, 14]). Let F : C[0,t] — C be
integrable and X be a random vector on C[0, t] assuming that the value
space of X is a normed space equipped with the Borel o-algebra. Then,
we have the conditional expectation E[F|X] of F' given X from a well
known probability theory. Furthermore, there exists a Px-integrable C-
valued function 1) on the value space of X such that E[F|X](z) = (¢ o
X)(x) for wy-a.e. x € C|0,t], where Px is the probability distribution
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of X. The function 1 is called the conditional w,-integral of F' given X
and it is also denoted by E[F|X].

Throughout this paper, let 0 =ty < t; < --- < tp, < tpy1 =t be
a partition of [0, ¢], where n is a positive integer. For any z in C|0,1],
define the polygonal function [z] of = by

ot ti — s s—1t
_ —ti
(1.2) ZX (t;— 1,t] (t j_ o x(tj—1) + Pa— 3‘ x(tj)>

+X{to}( s)x(to)

for s € [0,t], where x(;,_, ;) and X4} denote the indicator functions.

Similarly, for an = (&0,&1, -+, &nr1) € R™2 define the polygonal

function [§n+1] of §n+1 by (1.2), where x(¢;) is replaced by &; for j =
0,1,---,n+ 1. Let X,11 : C[0,¢] — R"*2 and X,, : C[0,t] — R"*! be
given by

(13) X”H‘l(x) = (I(to),$(t1)7 T 7x(tn)’x(tn+l))

and

(1.4) Xn(z) = (x(to), x(tr), - x(tn)),

respectively. For a function F : C[0,] — C and A > 0, let FA(z) =
F(A“2z), X}, () = Xop1(A22) and X)(z) = Xn(A"2z), where

Xpt1 and X, are given by (1.3) and (1.4), respectively. Suppose that
E[F?*] exists for each A > 0. By the definition of the conditional w,-
integral and the equation (6) of Theorem 2.9 in [§],
— _l —
E[F X3 ) () = BIFO2 (2 — [2]) + [€ns])]
for PXA e §n+1 € R"*2, where PXA+1 is the probability distribution
of X1 on (R""2 B(R"2)). Throughout this paper, for y € C[0,¢] let

My, Eni1) = EIF(y + A% (2 — [a]) + [E011])]

unless otherwise specified, where the expectation is taken over the vari-
able x. Moreover, we can obtain from (2.6) of Theorem 2.5 in [7]

(L5)  BIFX(E)

\ % . A n —Sn g
_ [w_tn)] /R Ig(oﬁnﬂ)exp{nw}df"“

for PXT)L"a'e' é;l = (50?&17 T 7§n) € RnJrl, where gn—i-l = ({07‘517 T 7€TL7
&nt1) for &, 41 € R and Px» is the probability distribution of X on
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(R*H1 BR™ 1)), For y € C0,t], let Kf}(y,f;z) be given by (1.5)
where 0 is replaced by y. If [ I’,\(O,gnﬂ) has the analytic extension

J/’\‘(F)(gnﬂ) on C; as a function of A, then it is called the condi-
tional analytic Wiener w,-integral of F' given X,,;1 with parameter A
and denoted by EY[F|X,41](Ent1) = JE(F)(Ensr) for £,4q € RMH2,
Moreover, if for a nonzero real g, E*"A[F |Xn+1](gn+1) has a limit as
A approaches to —iq through C,, then it is called the conditional ana-
lytic Feynman wy-integral of F' given X, ;1 with parameter ¢ and de-

noted by E%a[F|Xp41](€nr1) = limy__ig BN [F|Xp41](€ns1). Sim-
ilarly, the definitions of E*[F|X,](&,) and Efa[F|X,](&,) are un-
derstood with K (0, {n) if X,,.1 is replaced by X,.

For a given extended real number p with 1 < p < oo, suppose that p
and p’ are related by %+ 1% = 1(possibly p’ = 1if p = 00). Let F,, and F’
be measurable functions such that lim, ... [ |[Fp(2) — F(2)|! dw,(z) =

0. Then we write Lim., o (w? )(F,) = F and call F the limit in the
mean of order p’. A similar definition is understood when n is replaced
by a continuously varying parameter.

Let F and G be defined on C[0,¢] and let X, 41 be given by (1.3).
For A € C; and wy-a.e. y € C[0,1], let

TAF | Xur] (v, énr1) = B F(y + )| K1) (i)

for P, -a.e. o1 € R™2 if it exists. For a nonzero real ¢ and Wep-
a.e. y € C0,t], define the Li-analytic conditional Fourier-Feynman

transform Tq(l) [F|Xp41] of F given X,,4; by the formula
TOF )9 61) = B F Gy + ) X))

for Px,  -a.e. Enﬂ e R**2 if it exists. For 1 < p < oo, define the

L,- analytic conditional Fourier-Feynman transform Tq(p ) [F|X,41] of F
given X,,4+1 by the formula

Tq(p) [F|Xni1](, Enr1) = /{-i'm- (WP ) (TA[F| X11) (- €ns1))

——1iq

for P, -a.e. EnH € R™"*2, where X\ approaches to —iq through C..
We also define the conditional convolution product [(F' * G)x|Xp41] of
F and G given X,, 11 by the formula, for we-a.e. y € C[0,1]
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[(F*G)A!Xn+1]( €n+1

o)

| e F< 7 )G() Xni1|(€ar1), A= —ig

if they exist for Py, -a.e. €1 € R™2If X\ = —ig, we replace [(F *
G)A|Xn+1] by [(F * G)g|Xp41]. Similar definitions and notations are

Xps1|(Ens1), A€ Cys

understood with 571 € R*+1if X, is replaced by X,, which is given by
(1.4).

2. Conditional Fourier-Feynman transform with final time
conditioning function

For v in L3[0,t] and z in C[0,¢], let (v,z) denote the Paley-Wiener-
Zygmund integral of v according to = ([11]). Note that (-,-) and (-, -)gr
denote the inner product over L9[0,t] and the dot product on the r-
dimensional Euclidean space R", respectively. )

For each j = 1,--- ,n+1, let aj = (¢; — t—1) 72X (t;_1,t;) ON [0, t].
Let V be the subspace of L[0,t] generated by {1, - ,an11} and V*+
denote the orthogonal complement of V. Let P and Pt be the or-
thogonal projections from Lz[0,¢] to V and V*, respectively. Through-
out this paper, let {vi,ve, -+ ,v,} be an orthonormal subset of L2[0, t]
such that {Ptwvy,---, Ptv,} is an independent set. Let {er,---,e,}
be the orthonormal set obtained from {Pvy,--- , Ptv,} by the Gram-
Schmidt orthonormalization process. Now, for [ = 1,--- ,r, let Pty =
Z;Zl Bije; be the linear combinations of the ejs and let A = [G;],x»
be the coefficient matrix of the combinations. We can regard A as the
linear transformation T4 : R™ — R" given by T4z = ZA, where 7 is any
row-vector in R". Note that A is invertible so that T4 is an isomorphism.
For v € L1[0, ], let

(2.1) ¢j(v) = (v, )
for j=1,---,r and let

(2'2) (Ua$) = ((th)a"' >(Ur7x))

for 2 € C[0,t]. Furthermore, for Z € R” and &,,1 € R"*2 let
(2:3) Hi(z,&u11,0,2) = exp{il(v, 2 + [Gui1]) + (B, + [En1a]), D)rr])}
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and for A € C7 let
(24) HQ()\a v, 5)

1 _ ”
—exp{ = g5 P40l + 2P, Tadse + 1Tzl

where &(P1v) = (c1(Ptv), -+, c.(PLv)) and the ¢;s are given by (2.1).
Note that by the Bessel’s inequality,

[H2(A, v, 2)]

ReX . . o
(2.5) = exp{—2|/\‘2 IP+vll3 = &P )1 + lE(Pv) + TAZII%T]}

<1

Using the same method as used in the proof of Theorem 2.6 in [10],
we can prove the following lemma.

LEMMA 2.1. For x € C[0,t], A > 0, v € Ly[0,t] and Z € R", let

(2.6)  Hs(\ v, 7 2) = exp{ir~2[(v,z — [z]) + (¥, 2 — [2]), D)rr]}.
Then

/ HB()‘, v, Zv CL’)d’w@(x) = HQ()‘, v, 2)7
C
where Hy is given by (2.4).
Let M(R") be the set of all functions ¢ on R” defined by

(2.7) o) = /R expli{i, ur p(),

where p is a complex Borel measure of bounded variation over R", and
let ® be given by

(2.8) O(z) = ¢(v, z)

for wy-a.e. € C[0,t], where (7, ) and ¢ € M(R") are given by (2.2)
and (2.7), respectively. Let M = M(L2[0,t]) be the class of all C-
valued Borel measures of bounded variation over Ls[0,t] and let S,,, be
the space of all functions F' which for o € M have the form

(2.9) F(a:):/L 0 exp{i(v, z)}do(v)

for wy-a.e. x € C[0,t]. Note that S, is a Banach algebra which is
equivalent to M with the norm ||F|| = ||o||, the total variation of o [11].
Now we have the following theorem.
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THEOREM 2.2. Let 1 < p < oo and X1 be given by (1.3). For w,-
a.e. x € C|0,t], let U(x) = F(x)®(x), where ® and F are given by (2.8)
and (2.9), respectively. Then for a nonzero real q, wy-a.e. y € C[0,1]

& 2
and PXn+1—a.e. fn—l—l € R+ s

(2-10) Tq(p)[\I"Xn-&-l](yagn-&-l)
_ / / Hy(y,Esr, 0, ) Ha(—iq, v, 2)do (v)dp(2),
T LQ[O,t}

where Hy and Hy are given by (2.3) and (2.4), respectively.

Proof. For A > 0, y € C[0,#] and &, € R"2,

I\%(yagnJrl)
_ / / / Hy(y, Enrr, 0, 2 Hs(M, v, 7, ) dw, (2)do (v)dp(2),
rJLa[0,t] JC

where Hj is given by (2.6). By Lemma 2.1, we obtain that
I\/I\/(%gn-&-l) = / / : ]Hl(y,gmbsz)Hz(/\,’U,g)dU(U)dP(g)-
™ J L2[0,t

By (2.5), the Moreras theorem and the dominated convergence theorem,
we have the existence of T)\[¥|X,+1](y,&n+1) as the analytic extension
of I3 (y,&nt1) on Cy. Let Tq(p) (V| X,41](y, Ent1) be given by (2.10) and
% + 1% = 1. Then

HTA[\II|Xn+1]('7gn+1) - Tq(p) [\I/’Xn—i-l]('agn-&-l)up/
< / / Hy(\, 0, 2) — Hy(—ig,v, 2)|d|o|(v)d]o|(2)
r LQ[U,t]

which converges to 0 as A approaches to —iq through C, by the domi-
nated convergence theorem. Now, the proof is completed. ]

THEOREM 2.3. Let ¢1, ¢2 and p1, p2 be related by (2.7), respectively,
and let Fy, Fy and 01, oo be related by (2.9), respectively. Let ¥;(x) =
Fi(x)p1(V,z) and Wa(x) = Fo(z)p2(U,x) for we-a.e. x € C[0,t]. Fur-
thermore, let X,, 1 be given by (1.3). Then for a nonzero real q, wy-a.e.
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y € C[0,t] and Px,,-a.e. g1 € R7F2)

(W1 % o)y | Xonp1](y, Ent1)

1 1
H yén 9 —=V 7Z>H <y
/r/r/LQ[Ot]/LQ[Ot] 1< ERVO RN, Aey

1
~Ent1, =V, —= > < iq, —=(v1 — v2), —= (21 — 52))
VA L
do1(v1)doz(v2)dp1(21)dp2(Z2),
where Hy and Hy are given by (2.3) and (2.4), respectively.

Proof. For A\ > 0, ws-a.e. y € C[0,t] and Py, -a.e. Eni1 € RVT2,

(1 % Uo) A Xpi1] (¥, Eni1)
7 g —
/ / / / /exp{ (01,5 + Eopa]) + (@ y+
e SR 20 J Lafo V2

[5@1})’ 2w + (V2,5 — [Ens1]) + (T, y — [Ens1])s Zo)re] +
(0 v = )+ (0 — [ - 22>Rr1}dw@<x>

d0’1 ’01 d0'2 UQ dpg 2)

- 1 1
H y7£n 7U75>H<ya
/T/T/LQ[Ot]/Lg[Ot]/ 1( et
1

~&ni1, \[U% \[Z2>H3 <>\ ﬂ(vl —v2), \ﬁ(zl - 52),9U>
dwy(x)do (vi)doa(va)dpr(Z1)dp2(Z2),

where Hj is given by (2.6). By Lemma 2.1, we obtain that

[ \I’l * \1’2 )\|Xn+1 Y, §n+1)

11
(. & v, >H<y
/v/T/LQ[Ot]/LQ[Ot] 1( Hﬁlﬁ !

1 1 o
—Ens1, \fUQ’ \[ >H2 (A E(Ul — v2), E(zl - Z2)>
doy(v1)doa(ve)dp1(Z1)dpa(22).

By (2.5), the Morera’s theorem and the dominated convergence theorem,
we have the result. O
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3. Conditional Fourier-Feynman transform without final time
conditioning function

In this section, we evaluate time-independent conditional Fourier-
Feynman transform and conditional convolution product of the functions
as given in the previous section.

LemMmA 3.1. For g’n == (507517 o 7571) S Rn+17 let gn—i—l == <£07£17' Tty
&ny&n+1), where &,41 € R. Furthermore, for y € C|0,t], v € L3|0,1],
Z=(z1,",2) €R", let Hi(y,&n+1,v, Z) be given by (2.3), let

n

B31) Hi(Eovv.2) = exp {1326 - o) (Po) (1) + lilzmvm)(tj)] }

j=1
and for A\ € C7, let

(3.2) Hs(\v,7) = exp{—;)\ [(Pv)(t) £y zl(Pvl)(t)] 2}.

Then for A > 0,
1
A 2 - —» A(fn—i—l - fn)z
o 71 1\ H n b b Y d n
|:27T(t _tn):| /IR 1(y7£ +1,V Z) eXp{ 2(t—tn) 5 +1
= Hi(y,0,v, 2)Hy(Ep, v, 2) Hs(\, v, 2).

(3.3)

Proof. By the definition of the Paley-Wiener-Zygmund integral, it is
not difficult to show that for v € L0, ]

n

(v, [Ent1]) = D_(Po)(E))(& — &=1) + (P) (1) (Enir — &n)-

j=1
Now, let Iy be the left hand side of (3.3). Then

I, = Hi(y,0,v,%) [%(t)\_tn)]é/IRH4(5L,U,Z)eXp{i[(Pv)(t)

/\(gn-i-l - 571)2

+3° zl(PUz)(t)} (Ent1 = &n) — 2t — ty)
=1 '

}d§n+1

= Hi(y,0,v,2)Hy(En, v, 2)Hs(\, v, 7)

by the following well-known integration formula

1
2 b2
/Rexp{—au2 + ibutdu = (Z) exp{—4a}
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for a € C; and b € R. Now, the proof is completed. ]

THEOREM 3.2. Let 1 < p < oo and X,, be given by (1.4). For wy-a.e.
x € C0,t], let ¥(z) = F(x)®(z), where ® and F are given by (2.8) and
(2.9), respectively. Then for a nonzero real q, wy-a.e. y € C[0,t] and
PXn—a.e. éz S RnJrl,
tP0E) = [ [ o) HiE)
r J a0,
XHZ(_ZQ7 v, Z)H5(_an v, Z)dO'( )dp(’g)v

where Hy, Ha, Hy, and Hs are given by (2.3), (2.4), (3.1) and (3.2),
respectively.

Proof. For &, = (§0,&1,+++ ;&) € R™ et &1 = (0,61, ,4ns
€n41), where £,11 € R. For A > 0, y € C[0,1] and &, € R*1,

, 2 , —£,)?
K360 = |5 | [ 1 G e 2GS S g,

(A Hi(y,&n41,
L] [ 9 [t

x exp{—W}dénﬂda(v)dp(z*)

by Theorem 2.2. By Lemma 3.1, we obtain that
K\;\J(Zﬁgn) = / / Hl(yaoavag)HQ()HUaZ)H4(Enavag)
T L2[0 t]
X Hs(\, v, Z)do(v)dp(Z).

By (2.5), the Morera’s theorem and the dominated convergence theorem,
we have the existence of T)\[¥|X,](y,&,) as the analytic extension of
Ky (y,&,) on Cq. Let l + i, = 1. Then for A € C,,

ITA[P[X0] (-, &) — TP (W1, (-, &)l

/ / |\Ha (A v, 2)Hs (A, 0, %) — Ha(—iq, v, 2)Hs(—iq, v, 2)|d|o| (v)d]pl (2)
r LQ[Ot

which converges to 0 as A approaches to —ig through C,.. Now, the
proof is completed. O
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THEOREM 3.3. Let ¥ and ¥y be as given in Theorem 2.3, and let
X, be given by (1.4). Then for a nonzero real q, wy-a.e. y € C[0,t] and

Px,-a.e. & € RV (W) % Wy),| X, (y, &) is given by

\Ill*\IIQ ‘X y&n

/mﬂ[#wémﬂ @wlgm+w\g@+@oﬂ(g

1 1
ﬁ(vl — vg), E(zl - 22)>H < iq, \/i(vl — vg), \@(21 - 22)>
XH5 (—iq, \}5(1}1 — ’Ug), \}§<51 — ZQ))dUl(Ul)dUQ(UQ)dpl (21)dp2<22),

where Hy, Hs, Hy and Hjs are given by (2.3), (2.4), (3.1) and (3.2),
respectively.

Proof. For & = (§0,&1,++ ,&) € R let &1 = (0,61, »6n,
&n+1), where &,11 € R. Note that for y € C[0,¢], for v1,vy € L2[0,t] and

for 21,25 € R”

iy (3o g 7551) 1 (1~ Jgom 52

Y, Sn+1, —=V1, —/==21 1|\ Y —Sn+l, —=V2, —=22
f V2 V2 T2
1 1

=Hi|y,0, —=(v1 +v2), —=(Z1 + Z

1(3/ ﬂ(l 2) \/5(1 2))
1

xH1|0,&01, —=(v1 —v9), —= (21 — 2%

1< €+1\/§(1 2)\[(1 2)>

so that we have for A > 0
. A .
I)\(gn) = |::| /]R <y £n+1> \[Ula \f ) ( Y, _£n+17

N[

27 (t — tp,)
1 1 = (§n+1 - gn)
) L e e L
= H (y, 0, \2(@1 + v2), \}5(51 + 52)>H4 <l§m \}5(01 — v2),

\}Q(zl _ 52)> s <)\, \}é(vl ~ ), \}5(51 _ 52)>

by Lemma 3.1. Now, by Theorem 2.3, we obtain that
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\I’l*\I’Z )\|X Y, fn

1 1
H{|y,0 v1 +v9), —=(Z1 + % >H ()\,
/T/T/LQ[Ot]/Lz[Ot] 1( \@( 1+ ) \/5( a)

1 1 .
E(Ul —v2), %(21 ))H4 <€n, \/5(111 — v2), 5(21 - Zz)>
« H <)\, \}i(vl ~ ), \}5(51 - Zg))dal (v1)dora(vs)dpr (21)dpa(Za).

By (2.5), the Morera’s theorem and the dominated convergence theorem,
we have the result. O

4. Relationships between conditional Fourier-Feynman trans-
forms and convolutions

In this section, we investigate the inverse conditional transform of the
conditional Fourier-Feynman transforms of the functions as given in the
previous sections.

THEOREM 4.1. Let 1 < p < oo. Then, under the assumptions as
given in Theorem 2.2, we have for Px,_ -a.e. Enit1, G € ROT2

IT5TA [P | X4 1] (-, € 1) | Xns1] (- Coe1) = -+ [Gugt + Enga])lp — O
as \ approaches to —iq through C,..

Proof. For \y > 0, A € C, wgy-ae. y € C[0,¢] and Px
£n+1, <n+1 € Rn+2a

A1
To[¥]Xn41](-Ens1)

/ / /Hl [':U])+y+[E;H»l]vé;LJrlaU?g)Hé()\aUvZ)
T L20t
dwso r)do(v)dp(Z)
— [ [ G+ G0 O a0, 0)
mJL3[0,t] JC
dwy(x)do(v)dp(Z)
=[] G+ v D0 a0, o))
o0t

n+1

(y> Cn—l—l)
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by Lemma 2.1 and Theorem 2.2, where Hy, Ho and Hj3 are given by
(2.3), (2.4) and (2.6), respectively. By (2.5) and the Morera’s Theorem,
we have for \; € C1

T)\l[T)\[\II’X’VL'Fl]('J51+1)|Xn+1](y75714—1)
— / / Hy (Y, Cosr + &, v, ) Ha (1, 0, 2) Ha (A, v, 2)dor () dp(2).
™ J Lo[0,t

Now, we have for A € C

T[T 9] X 41] (- €)X 1] (0, Gt

)\2
= [ G+ G e (g 0.7 o)t

so that

|5 T[] Xn1] (-5 Ent) | X1 ] s Gog1) — (A4 [Cogr + €]l

//LO [1— (z'ﬁ'i )]dla\( )d|p|(2)

which converges to 0 as A approaches to —iq through C, by the domi-
nated convergence theorem. O

THEOREM 4.2. Let 1 < p < oo and X,, be given by (1.4). For wy-a.e.
x € C[0,t], let ¥(x) = F(x)®(x), where ® and F are given by (2.8) and
(2.9), respectively. Furthermore, for y € C[0,t] and i, € R"*! let

\Pl(yaﬁn)
:/T/L o exp{i(v,y)} exp{i((¥,y), 2)rr } Hy(tp, v, Z)do(v)dp(Z),

where Hy is given by (3.1). Then, for Px, -a.e. &,,(, € R

”TX[TA[‘I]|XH]('7gn)|Xn]('a gn) - \111(3 5” + gn)”p —0

as \ approaches to —iq through C; .

P?"OOf. For QT;L = (COaCla T 7<n) € R> let 5n+1 = (C0>C17 T 7Cn7Cn+1)7
where (11 € R. Then, for A\; > 0 and XA € C,

A1 = _ ~ ~a o
ITA[\I/\Xn}(-,En)(y’C”H) _/T /LQ[O’t] Hl(y7Cn+1avvz)H2(A17vaz)

x Ho(\, v, 2)Hy(Ep, v, Z) Hs (A, v, 2)do (v)dp(Z)
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by Theorems 2.2 and 3.2, so that by Lemma 3.1
K)\l & (y’ E;L)

T[] X7 (+:€n)

- [%(t—tn)} / L w60 C”“)GXP{ o=ty }dcn+1
_ / /L ) ]H1<y,o,v,zmgul,v,z>H2<A,v,z>H4<5n+gn,v, 5
T 2 t

X Hy (A1, v, 2)Hs(A, v, 2)do(v)dp(Z),

where Hy, Hy and Hj are given by (2.3), (2.4) and (3.2), respectively.
By (2.5), the Moreras theorem and the dominated convergence theorem,
we have the existence of T, [T)\[¥]X,](- gn)|Xn} (y,C,) with respect to
A1 € C4 as the analytic extension of K M (y Cn) Now, for

A e Cy and y € C[0, 1]

TRITAY 1 Xn] (- €0) [ Xnl (v, Go)

Y
/T /[/2[0 t] y70 ! Z)H4(Cn +§7L7U 2)H2<2R )‘ Z>
2
» H (2‘R’ o >da( Ydp(2)

so that we have

ITSITA®IXn] (- 60) 1 Xl (5 Gn) = Ta G+ )l

< [ L[~ (e 2) 5 (o)l

which converges to 0 as A approaches to —iq through C, by the domi-
nated convergence theorem. O

Th[¥|X0n] (&

THEOREM 4.3. Let X, 11 be given by (1.3) and let 1 < p < oo.
Furthermore, let W1 and Wy be as given in Theorem 2.3. Then for a
nonzero real q, wy-a.e. y € C[0,t] and Py, -a.e. {ni1, o1 € R™T2,

(4.1) TP (W1 % W2)g| Xnt1] (- Enr) [ Xn1] (4, Gt

- [Tq(f’) (01| X i1] (\}iy, \}i(éwrl + §n+1))]

X |:Tq(p) (W2 Xn41] <\}§?Ja \}5(5"+1 - En+1)>:| :
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Proof. Let A € C}. For Ay > 0, wey-a.e. y € C[0,t] and Py, -a.e

§n+17 <n+1 € Rn+27

A1
[(U1%P2) x| Xn41](Ent1) (y Cn“

/T/T/I/Q[Ot] /LQ[Ot]/ Hl( =)+ v+ Gl G,

\[Uh\f»zl)Hl()\l (@ — [a]) +y + [Gorr); §n+17\fv27\[ >

« Hy <)\, \}i(vl — ), \2(51 - 22)> dw, () (v1)dos (v)dpy (21)dpa (32)

by Theorem 2.3, where H; and Hj are given by (2.3) and (2.4), respec-
tively. Now, we have

A1
[(U1%T2) x| Xn41](Ent1) (y Cn+1)

A Y A G LR

(\f% f(Cn+1 nt1); v2,Zz> Ha <>\, 75 (V1= v2), (5 - 52))

1 1
xHs| A, — — (21 + 22),x
(3 5+ ae)
dwy(x)do (v1)doa(v2)dp1(Z1)dp2(Z2),
where Hj is given by (2.6). By Lemma 2.1, we obtain that

A1
(4.2) I (1 %P2) x| Xn41](-Ent1) (y Go1)

/r/v" /LQOt /LQOt (\/i%\}?(gnﬂ—i_élﬂ)’vhgl)

><H1<fy,f(Cn+1 Ent1), 02,52)172()\,\}5(@1—”2),

\}i(m ))Hz ()\1, \}i(vl +U2),\}§(51 —i—é’g))dal(vl)
doz(v2)dp1(Z1)dpa(Z2).

By (2.5), the Morera’s theorem and the dominated convergence theorem,

(v1 + v2),

we have the analytic extension Ty, [[(¥; * \112),\|Xn+1](-,gn+1)|Xn+1](y,
Cos1) of (4.2) as function of A, € Cy. Let TP [[(Ty # Wy)y| Xpi](,
€nt1)| Xnt1] (Y, Cus1) be given by the right hand side of (4.2), where A
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is replaced by —iq, and let ;1) + 1% = 1. By (2.5)

||T)\1 H(\Ill * \112)/\|Xn+1]('> gn+1)|Xn+1]('7 5n+1)
—T[(T1 % U2) 3| K1) (- Entt)| X 1) (s Gt [l

1
H. )\,—v +v Z+Z>—
/T/T/LQ[Ot]/Lg[Ot] 2< ' (01 ¥ v2), \/5( 1+2)

H2< iq, \/i(vl + v2), \/§(Z1 + zz)>

which converges to 0 as A1 approaches to —iq through C, by the dom-
inated convergence theorem. This shows the existence of Tq(p )[[(\I'l *
o)A Xn+1](s &n+1)[Xnt1](y, Grt1). Now, we have by (4.2)

dlo1|(v1)d|oa|(v2)d|p1|(21)d| p2|(Z2)

TP [[(T1 % U2)g Xn1] (5 nt 1) [ X s1) (0, Cutr)

R € A

\/>y7 f(cn+1 €n+1) V2, ZQ) HQ(_iqv U1, ZI))HQ(_ZQ7 V2, 22)
do1(v1)doz(v2)dp1(Z1)dp2(Z2)

which completes the proof by Theorem 2.2. O

Note that by the same method as used in the proof of Theorem 4.3,
we can obtain (4.1), where —iq is replaced by A € C,.
Now, we have the final result of our work.

THEOREM 4.4. If X141, EHH and C_;H-l in Theorem 4.3 are replaced

by X, En e R and fn € R™!, respectively, then the conclusion given
by (4.1) is still true.

Proof. Let A € C7. For A\; > 0, wp-a.e. y € C[0,t] and Py, -a.e.
€nsCn € RPHL,

/\1
\Ijl*\IJZ))\lx 7§n y Cn)

L (o e )
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\}i(vl + v2), \;5(21 + 772)) Hy <5n; \}Q(m + v2), 12(21 + 22))H5
()\1, 12(1)1 + v3), 12(21 + ZQ)) H2< , \}i(vl — vg), 12(2’1 — 22))

by Lemma 3.1, Theorems 3.2 and 3.3, where Hy, Hs, Hy and Hjs are
given by (2.3), (2.4), (3.1) and (3.2), respectively. By (2.5), the Morera’s
theorem and the dominated convergence theorem, We have the analytic

eXtenSiOIl T)\l H(\Ijl * \112))\‘Xn](7 fn)‘X ](y? Cn) Of [(\Ijl*qIQ)Alxn]( 7571 (y7

Ga) as function of Ay € Cy. Let Ty [[(¥1 % 2)x| Xul (- &) [ Xal (4, Gu) be
given by the right-hand side of the above equality, where A; is replaced

by —iq, and let % + 1% = 1. Then we have

1T 121 % WAl Xa) (- 60) | Xl (-4 € ﬁ)
~TP(01 * W2) 5 Xa] (- €0) 1 Xn] (- Go) |

1, .
/// / H2<)\17 (v1 + v2), (Z1+Z2))
r r LQOt] LQ[Ut]

NG
XH5<)\1,\[(U1+112) \f(zl+22)> H2< Z%\%(m%—m),
f

\}§<21 +22)>H5< 1q, — (Ul —i—vg),\l&(gl —I—Zg))‘
dlo1|(v1)d|o1|(v2)d|p1|(21)d| p2| (Z2)

which converges to 0 as A approaches to —iq through C, by the dom-
inated convergence theorem. This shows the existence of Tq(p )[[(\Ill *

U9)a| X0l (5 €0)| Xn](, o). By (2.3) and (3.1), it is not difficult to show

1 1 . ~
H, <y,0, ﬁ(vl + v2), 5(21 + 22))
H(1 0 )H(l 0 )
= —=Y,U,01, %2 —=Y,Y,02, 2
1 \/§y 15?1 1ﬂy 2, %2

and
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H, (c (o) (¢ 52)>

x Hy <5n7 \}i(vl — v), 12(51 - 2)>
1

V2

o\

= H4<\}§(5n + &), 1, 51) H4<

Furthermore, by (2.4) and (3.2),

r . .
ﬁ(zl + ZQ))
1

2

(Gn —51),02,52)-

1
Ho( A, —(v1 + v2),
2( o)

and

Hs <)\,\2(v1 +s) (5 +z2>)

1 1
XHs| A\, —=(v1 —v2),—=(Z1 — 22) | = H5(\,v1, 21)Hs(A, v, 25).
(A J5ton = va), 56 - ) = H v, ) Hih v, 2)
Now, we have the result by Theorem 3.2. O

Note that by the same method as used in the proof of Theorem 4.4, we

can show the same equality in the above theorem, where —iq is replaced
by A € (C+.
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