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CONVERGENCE RATE IN STRONG LAW FOR
ARRAYS OF ROWWISE AANA RANDOM VARIABLES

Kwang-Hee Han*

Abstract. In this paper we obtain the complete convergence of
weighted sums of asymptotically almost negatively associated ran-
dom variables. Some previous known results for negatively asso-
ciated random variables are generalized to asymptotically almost
negative association case.

1. Introduction

We start introducing the concepts of negative association and as-
symptotically almost negative association.

A finite family of random variables X1, X2, · · · , Xn is said to be
negatively associated(NA) if for every pair of disjoint subsets A,B of
{1, 2, · · · , n} and any real nondecreasing coordinatewise functions f on
RA and g on RB Cov(f(Xi, i ∈ A), g(Xj , j ∈ B)) ≤ 0 whenever f
and g are such that covariance exists. A infinite family of random
variables is negatively associated if every finite subfamily is negatively
associated([7]).

A sequence {Xn, n ≥ 1} of random variables is called asymptotically
almost negatively associated(AANA) if there is a nonnegative sequence
q(m) → 0 such that

Cov(f(Xm), g(Xm+1, · · · , Xm+k))(1.1)

≤ q(m)(V ar(f(Xm))V ar(g(Xm+1, · · · , Xm+k)))
1
2

for all m, k ≥ 1 and for all coordinatewise increasing continuous func-
tions f and g whenever the right hand of (1.1) is finite([2], [3]).

Received October 13, 2012; Accepted January 11, 2013.
2010 Mathematics Subject Classification: Primary 60F05, 60F12.
Key words and phrases: asymptotically almost negative association, negative as-

sociation, complete convergence, weighted sums.
Supported by Howon University Research Fund in 2012.



138 Kwang-Hee Han

The family of asymptotically almost negatively associated sequences
contains negatively associated( in particular, independent) sequences(
which q(m) = 0, ∀m ≥ 1) and some more sequences of random variables
which are not much derived from being negatively associated. An exam-
ple of an asymptotically almost negatively associated sequence which is
not negatively associated was constructed by Chandra and Ghosal(1996
a). Since the concept of asymptotically almost negatively associated
was introduced by Chandra and Ghosal(1996 a), many applications
have been found. See for example, Chandra and Ghosal(1996 a) for
the Kolmogorov type inequality and the strong law of large numbers of
Marcinkiewicz-Zygmund, Chandra and Ghosal(1996 b) for the almost
sure convergence of weighted averages, Ko et al.(2005) for the Hájeck-
Rènyi type inequality, Wang et al.(2003) for the law of the iterated log-
arithm for product sums, and Yuan and An(2009) for some Rosenthal
type inequalities for maximum partial sums.

Let {Xn, n ≥ 1} be a sequence of random variables. Hsu and Rob-
bins(1947) introduced the concept of complete convergence of {Xn, n ≥
1} as follows : A sequence {Xn, n ≥ 1} of random variables is said to
converge completely to a constant C if

∞∑

n=1

P{|Xn − C| ≥ ε} < ∞ for all ε > 0.

There have been many investigations in the complete convergences:
For examples, Bai and Su(1985) proved the complete convergence of
partial sums of identically distributed independent random variables,
Gut(1992, 1993) investigated the complete convergence of arrays of i.i.d.
random variables, Li, Rao, Jiang and Wang(1995) studied complete con-
vergence and almost sure convergence of weighted sums of independent
random variables, Liang and Su(1999) and Liang(2000) derived complete
convergence of weighted sums of negatively associated sequence, Kucz-
maszewska(2009) showed the complete convergence for arrays of rowwise
negatively associated random variables, Wu(2010) studied the complete
convergence for negatively dependent sequences of random variables.

2. Some lemmas

Definition 2.1. A sequence {Xn, n ≥ 1} of random variables is said
to be stochastically dominated by a random variables X if there exists a
constant C such that P (|Xn| ≥ x) ≤ CP (|X| ≥ x) for all x ≥ 0, n ≥ 1.



Convergence rate in strong law for arrays 139

The following lemma is well known result:

Lemma 2.2. ([13] Lemma 2.2) Let {Xn, n ≥ 1} be a sequence of ran-
dom variables which is stochastically dominated by a random variables
X. Then for any p > 0 and x > 0

E|Xn|pI(|Xn| < x) ≤ C{|X|pI(|X| < x) + xpP (|X| ≥ x)},(2.1)

E|Xn|pI(|Xn| ≥ x) ≤ CE{|X|pI(|X| ≥ x)}.(2.2)

Lemma 2.3. Let {Xi, 1 ≤ i ≤ n} be a finite family of asymptotically
almost negatively associated random variables with {q(n), n ≥ 1} such
that q(n) → 0 as n →∞. Let for any real numbers ai and bi such that
ai < bi for 1 ≤ i ≤ n,

Yi = biI[Xi > bi] + XiI[ai ≤ Xi ≤ bi] + aiI[Xi < ai].

Then {Yi, 1 ≤ i ≤ n} is still asymptotically almost negatively associated.

Lemma 2.4. ([15] Lemma 2.4) Let {Xi, 1 ≤ i ≤ n} be a sequence
of asymptotically almost negatively associated random variables with
mean zero and p ∈ (3 · 2k−1, 4 · 2k−1), for every positive integer k. Then
there exists a positive Dp such that

E max
1≤k≤n

|
k∑

i=1

Xi|p ≤ Dp{
n∑

i=1

E|Xi|p + (
n∑

i=1

EX2
i )

p
2 }.(2.3)

3. Main results

In spired by Kuczmaszewska(2009) we obtain the following complete
convergence for asymptotically almost negative associated random vari-
ables.

Theorem 3.1. Let {Xi, i ≥ 1} be a sequence of asymptotically al-
most negatively associated random variables and {ani, n ≥ 1} be an
array of real numbers. Let {cn, n ≥ 1} be a sequence of positive num-
bers. Assume that

(a)
n∑

i=1

P{|aniXi| ≥ nα} < ∞,

(b)
∞∑

n=1

cnn−2α
n∑

i=1

|ani|2E(|Xi|2I[|aniXi| < nα) < ∞.



140 Kwang-Hee Han

Then for all ε > 0

∞∑

n=1

cnP{ max
1≤k≤n

|
k∑

i=1

(aniXi − aniEXiI[|aniXi| < nα])| > εnα}

< ∞.

(3.1)

Proof. If the series
∑∞

n=1 cn < ∞, then (3.1) always holds. So
we consider only the case that

∑∞
n=1 cn is divergent. Let aniX

′
i =

aniXiI[|aniXi| < nα] + nαI[aniXi ≥ nα] − nαI[aniXi ≤ −nα] and
Tk =

∑k
i=1(X

′
i − EX

′
i). Then {Tk, k ≥ 1} is also a sequence of asymp-

totically almost negatively associated random variables by Lemma 2.3.
By (a), for sufficient large n we observe

P{ max
1≤k≤nα

|
k∑

i=1

(aniXi − aniE(XiI[|aniXi| < nα]))| > εnα}

≤ C[
nα∑

i=1

P{|aniXi| ≥ nα}+ ε−2n−2αE( max
1≤i≤nα

|Ti|2)].

Using the Cr inequality, we can estimate

E(ani|X ′
i−EX

′
i |r) ≤ C(E(|aniXi|rI[|aniXi| < nα])+nαrP{|aniXi| ≥ nα}).

Thus by the above estimates and Lemma 2.4 we have

P{ max
1≤k≤nα

|
k∑

i=1

(aniXi − E(aniXiI[|aniXi| < nα]))| > nα}(3.2)

≤ C[
nα∑

i=1

P{|aniXi| ≥ nα}+ n−2α(
nα∑

i=1

a2
niEXiI[|aniXi| < nα])].

Therefore from (a), (b) and (3.2) we obtain that (3.1) holds. The proof
of Theorem 3.1 completes.

Theorem 3.2. Let {Xi, i ≥ 1} be a sequence of asymptotically al-
most negatively associated random variables and {ani, 1 ≤ i ≤ n, n ≥ 1}
be an array of real numbers. Let {cn, n ≥ 1} be a sequence of positive
numbers. Assume that (a) and (b) in Theorem 3.1 and

(c) max
j≥n

|
∑

i≤j

(EaniXiI[|aniXi| ≤ nα])| = o(nα)
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hold. Then we have

(3.3)
∞∑

n=1

cnP{ max
1≤i≤nα

|
i∑

j=1

(anjXj)| > εnα} < ∞ for all ε > 0.

Corollary 3.3. Let {Xi, i ≥ 1} be a sequence of asymptotically
almost negatively associated random variables such that EXi = 0 for
all i ≥ 1 and {ani, 1 ≤ i ≤ n, n ≥ 1} be an array of real numbers. Let
{cn, n ≥ 1} be a sequence of positive numbers. Assume that for some
sequence {λn, n ≥ 1} with 0 < λn ≤ 1 such that E|Xi|1+λn < ∞. If

(3.4)
∞∑

n=1

cn(nα)−1−λn

nα∑

i=1

E|aniXni|1+λn < ∞,

then for any ε > 0

(3.5)
∞∑

n=1

cnP{ max
1≤i≤nα

|
i∑

j=1

anjXj | > εnα} < ∞.

Proof. We note that it is enough to prove the case when
∑∞

n=1 cn is
infinite, because in the case when

∑∞
n=1 cn is finite (3.5) always holds.

In the case when
∑∞

n=1 cn is divergent we see that (3.4) implies

(3.6) (nα)−1−λn

nα∑

i=1

|ani|1+λnE|Xi|1+λn < 1.

By assumption (3.4) we immediately obtain that conditions (a) and (b)
in Theorem 3.1 hold. Indeed

∞∑

n=1

cn

nα∑

i=1

P{|aniXi| > εnα}

<

∞∑

n=1

cn(nα)−1−λn

nα∑

i=1

|ani|1+λnE|Xi|1+λn < ∞

and
∞∑

n=1

cnn−2α(
nα∑

i=1

a2
niEX2

i I[|aniXi| < εnα])

≤
∞∑

n=1

cn(nα)−1−λn(
nα∑

i=1

|ani|1+λnE|Xi|1+λn) < ∞.
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To complete the proof, it is enough to show that

n−α max
1≤i≤nα

|
i∑

j=1

anjEXjI[|anjXj | < εnα]| → 0 as n →∞.

Since EXi = 0 we have

n−α max
1≤i≤nα

|
i∑

j=1

anjEXjI[|anjXj | < εnα]|

≤ n−α max
1≤i≤nα

i∑

j=1

|anjEXjI[|anjXj | > εnα]|

= (nα)−(1+λn)
nα∑

j=1

|anj |1+λnE|Xj |1+λn → 0 as n →∞.

The proof is completed.

Corollary 3.4. Let {Xi, i ≥ 1} be a sequence of asymptotically
almost negatively associated random variables such that EXi = 0 and
E|Xi|p < ∞ for i ≥ 1 and 1 < p ≤ 2. Let {ani, 1 ≤ i ≤ n, n ≥ 1} be an
array of real numbers satisfying condition

(3.7)
n∑

i=1

|ani|pE|Xi|p = O(nδ) as n →∞

for some 0 < δ ≤ 1. Then for any ε > 0 and αp ≥ 1

(3.8)
∞∑

n=1

nαp−2P{max
1≤i≤n

|
i∑

j=1

anjXj | > εnα} < ∞

Proof. Put cn = nαp−2 in Theorem 3.1. Then by (3.7) we have

∞∑

n=1

cn

nα∑

i=1

P{|aniXi| ≥ εnα} < ε−p
∞∑

n=1

nαp−2
n∑

i=1

|ani|pE|Xi|p
nαp

≤ C
∞∑

n=1

n−2+δ < ∞,
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and
∞∑

n=1

cnn−2α
nα∑

i=1

a2
niE(X2

i I[|aniXi| < εnα])

≤
∞∑

n=1

n−2
n∑

i=1

|ani|pE|Xi|p ≤ C
∞∑

n=1

n−2+δ < ∞.

To complete the proof, it is enough to show that by assumption EXi = 0
for i ≥ 1 and by (3.7) we get

1
nα

i∑

j=1

anjE(XjI[|anjXj | < εnα]) → 0 as n →∞ for 1 ≤ i ≤ n.

Corollary 3.5. Let {Xi, i ≥ 1} be a sequence of asymptotically al-
most negatively associated random variables with EXi = 0 and E|Xi|p <
∞ for i ≥ 1 and 1 < p ≤ 2. Let the random variables Xi be stochas-
tically dominated by a random variable X such that E|X|p < ∞. If
{ani, 1 ≤ i ≤ n, n ≥ 1} is an array of real numbers satisfying the condi-
tion

n∑

i=1

|ani|p = O(nδ) as n →∞,

for some 0 < δ ≤ 1. Then for any ε > 0 and αp ≥ 1 (3.8) holds.

Corollary 3.6. Let {Xi, i ≥ 1} be a sequence of asymptotically
almost negatively associated random variables with EXi = 0 and the
random variables Xi be stochastically dominated by a random variable
X. Let a double array {ani, 1 ≤ i ≤ n, n ≥ 1} of real numbers satisfy

(i) lim
n→∞ ani = 0 for all i ≥ 1,

(ii)
∞∑

i=1

|ani| ≤ C for all n ≥ 1,

where C is a positive constant. If for some 0 < δ ≤ 1

(3.9) sup
i≥1

|ani| = O(nα−δ) and E|X|1+ 1
δ < ∞,

then for any ε > 0
∞∑

n=1

P{max
1≤i≤n

|
i∑

j=1

anjXj | > εnα} < ∞.



144 Kwang-Hee Han

Proof. Let cn = 1.
∞∑

n=1

cn

n∑

i=1

P{|aniXi| ≥ εnα} ≤
∞∑

n=1

n∑

i=1

P{|aniX| ≥ εnα

D }

≤
∞∑

n=1

n∑

i=1

P{|X| ≥ Cεnδ} ≤
∞∑

n=1

nP{Cεnδ ≤ |X| < Cε(n + 1)δ}

≤ CE|X| 1δ < ∞.

∞∑

n=1

cnn−2α
n∑

i=1

a2
niEX2

i I[|aniXi| < εnα]

≤ C
∞∑

n=1

n−2α
n∑

i=1

a2
ni(E(X2I[|aniXi| < εnα]) +

n2α

a2
ni

P{|aniX| ≥ εnα})

≤ C
∞∑

n=1

n−α(1+ 1
δ
)

n∑

i=1

|ani|1+ 1
δ E|X|1+ 1

δ + C
∞∑

n=1

n∑

i=1

P{|aniX| ≥ εnα}

≤ C
∞∑

n=1

n−(α+1)E|X|1+ 1
δ

n∑

i=1

|ani|+ CE|X| 1δ

≤ C
∞∑

n=1

n−α−1 + CE|X| 1δ < ∞.

To complete the proof we should prove |n−α
∑i

j=1 anjEXjI[|anjXj | <

εnα]| → 0 as n →∞ for each 1 ≤ i ≤ n. We have

|n−α
i∑

j=1

anjEXjI[|anjXj | < εnα]|

≤ C(n−α
i∑

j=1

|anj |E|X|+
n∑

j=1

P{|anjX| ≥ εnα})

≤ Cn−αE|X|(
i∑

j=1

|anj |) +
n∑

j=1

P{|anjX| ≥ εnα}

≤ C[n−α +
n∑

j=1

P{|anjX| > εnα}] → 0 as n →∞.

Thus the proof is completed.
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