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A CHANGE OF SCALE FORMULA FOR
GENERALIZED WIENER INTEGRALS II

ByounG Soo KiM*, TEUK SEOB SONG**, AND IL YOoO***

ABSTRACT. Cameron and Storvick discovered change of scale for-
mulas for Wiener integrals on classical Wiener space. Yoo and Sk-
oug extended this result to an abstract Wiener space. In this paper,
we investigate a change of scale formula for generalized Wiener in-
tegrals of various functions using the generalized Fourier-Feynman
transform.

1. Introduction

It has long been known that Wiener measure and Wiener measur-
ability behave badly under the change of scale transformation [3] and
under translations [4]. Cameron and Storvick [3] expressed the analytic
Feynman integral for a rather large class of functionals as a limit of
Wiener integrals. In doing so, they discovered nice change of scale for-
mulas for Wiener integrals on classical Wiener space (Cy[0, T, my). In
[13, 14], Yoo and Skoug extended these results to an abstract Wiener
space (H,B,v). In [15], Yoo, Song, Kim and Chang investigated a
change of scale formula for Wiener integrals of functions on abstract
Wiener space which need not be bounded or continuous. In this paper,
we investigate a change of scale formula for generalized Wiener integrals
of various functions using the generalized Fourier—-Feynman transform
on classical Wiener space.

2. Definitions and preliminaries

Let Cy[0,T] denote the Wiener space, that is, the space of R-valued
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continuous functions z on [0,7] with 2(0) = 0. Let M denote the class
of all Wiener measurable subsets of Cy[0, 7] and let m,, denote Wiener
measure. (Cy[0,T], M, m,,) is a complete measure space and we denote
the Wiener integral of a functional F' by fC’o 0.7] F(z) dmy(x).

Let C, C; and C7 denote the set of complex numbers, complex num-
bers with positive real part, and nonzero complex numbers with non-
negative real part, respectively.

A subset E of Cy[0,T] is said to be scale-invariant measurable pro-
vided a.F is measurable for each o > 0, and a scale-invariant measurable
set N is said to be scale-invariant null provided m,,(aN) = 0 for each
a > 0. A property that holds except on a scale-invariant null set is said
to hold scale-invariant almost everywhere (s-a.e.). If two functionals F’
and G are equal s-a.e., then we write F' = G.

Let F be a C-valued scale-invariant measurable functional on Cy[0, T']
such that

(2.1) = [ o PO 24w ) o)

exists as a finite number for all real A > 0 where 7}, is the Gaussian
process

(2.2) Zh(a:,t):/o h(s) dz(s)

where h is in L]0, 7] and fg h(s) dz(s) denotes the Paley-Wiener- Zyg-
mund(P.W.Z) integral [2]. If there exists an analytic function J*(\) on
C such that J*(\) = J(X) for all A > 0, then J*(\) is defined to be the
generalized analytic Wiener integral of F' over Cy[0, 7] with parameter
A, and for A € C; we write

anw )
(2.3) / F(Zn(z,-)) dmu(z) = INF) = J*(\).
Co[0,T

Let I be a functional on Cy[0, 7] such that I)(F) exists for all X €
C4. If the following limit exists for nonzero real g, then we call it the
generalized analytic Feynman integral of F' over Cy[0, T'| with parameter
q and we write
(2.4) I9(F)= lim IMNF)

A——iq

where A\ — —iq through C,. When h = 1, the generalized analytic
Wiener integral and the generalized analytic Feynman integral reduced
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to the analytic Wiener integral and the analytic Feynman integral, re-
spectively [6,10].
For A € C4 and y € Cy[0,T], let

anw
25 DAENW = [ F(Zh(w) + ) dm(a).
Co[O,T]
DEFINITION 2.1. Let ¢ be a non-zero real number. We define the L

analytic generalized Fourier-Feynman transform Tq(l}g (F) of F by

(2.6) (Ty (F) () = Jim, (T3 n(F))(y)

for s-a.e. y € Cp[0,T], where A — —iq through C,.

The Banach algebra S [2] consists of functionals on Cy[0, 7] express-
ible in the form

(2.7) F(y) = /L L) )

for s-a.e. y in Cy[0,T] where u is an element of M (L[0,T]), the space
of all C-valued countably additive Borel measures on L3[0, 7], and (u,y)
denotes the P.W.Z. integral fOT u(t) dy(t).

The following theorem is the existence theorem for L; analytic gen-

eralized Fourier-Feynman transform of functions in the Banach algebra
S introduced by Huffman, Park and Skoug [10].

THEOREM 2.2. ([10]) Let F' € S be given by (2.7). Then for each
A e Cy,

ey B = [ ewfiw - g lonis}

for s-a.e. y € Cpl0,T]. Moreover L; analytic generalized Fourier-
Feynman transform of F exists for all real ¢ # 0 and is given by

(1) . ) ?
e IROW = [ epliey) - g}

for s-a.e. y € Cy[0,T].
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3. A change of scale formula for functionals in S

In this section, we discuss a change of scale formula for generalized
Wiener integrals of functions in S using the Fourier—Feynman transform
on classical Wiener space.

We next introduce an integration formula which plays an important
role in this section. This lemma is obtained by using the similar method
as in the proof of Lemma 2 and 3 in [4] and hence we will state it without
proof.

LEMMA 3.1. Let XA be in C4, h € Loo[0,T] with 1/h in Ly[0,T] and
v € L3]0,T]. Let {a1,x9, -+ ,a,} be a subset in Ls[0,T] such that
{aih,ash, - ,a,h} are orthonormal on Ls[0,T]. Then

/Cowexp{ 5 2 laws Zale ) + 02 ) Y

A—1 1
_\—n/2 A—L 2 4 2, .
A exp{ o kgl<akh,vh) 2||vh|]2 —i—z(v,y)},

where (-, -) denotes the inner product on L9[0,T7.
Let h be in Log[0,T] with 1/h in Ly[0,T] and let Zy(z,t) be given by

(2.2). Let {v1,---,7,---} be a complete orthonormal set on L2[0, 7.
Now we set

(3.1) ar =i/h fork=1,2,3,--,

and then the ag’s clearly belong to Ls[0,T].
In the following theorem, we give relationships between the general-
ized Wiener integral and T ,(F')(y).

THEOREM 3.2. Let F' € S be given by (2.7). Let q be a non-zero real
number and let {ay} be given as in (3.1). Then for each A € C, we
have

(3:2) Tun(F)(y) = lim A" / exp{ Zak,zh 22}

X F(Zp(x,-) + y) dmy, ()
Proof. Since F' € § we have

F(z) = /L o, P (020} dn0),
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for some p € M(L2[0,T]). By Fubini theorem and Lemma 3.1, we obtain

n

1—A
53 [ [OTexp{QZwk,Zh( v, )Y }F(Zi(a, ) 4 y)dma ()

k=1

=™ N2 +i(v .-
/C’OOT] /LQ[()T] P Z(ak’?Zh(l'a )* 4 i(v, Zn(x, )_|_y)}

k=1
X dp(v)dmy, ()

1 - A 9
exp ag, Zp(x, -
/L2 0,7 /Co[o ] Z( ()

k=1
+ (v, Zn(w, ) + y) fdmo (@)da(v)

= )\"/2/ }exp{ )\2_)\1 Z(akh, vh)? — %th”% + i(v,y)}du(v).

By the Parseval’s relation, we obtain that

(3.4) lim Y “(agh, vh)? = ||vhlf3.

n—oo

k=1
Using the bounded convergence theorem, equations (3.4), (3.3) and (2.8),
we obtain

n

1—A
lim )\"/2/ expi —— o, Zn(x,-))?
R A 5 > ( Zn(e, )

k=1
XF(Zh(x7 ) + y>dmw(x)

_ 0,9) — o= [[oh]3 b dputo
-/ P {m,y) 75! hllz}du( )
= Thn(F)(y)

which completes the proof. O

The following is a relationship between generalized Wiener integral
and the L; analytic generalized Fourier-Feynman transform. It follows
from Theorem 3.2 and (2.9).

THEOREM 3.3. Let F' € S be given by (2.7). Let q be a non-zero real
number and let {a,} be given as in (3.1). Let {\,} be a sequence of
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complex numbers with Re\,, > 0 such that \,, — —iq. Then

n

(35) TRENw) = lm 2 [ e F S a2 )

% F(Zy(,-) +y) dmo(2)

for s-a.e. y € Cp[0,T].

The next theorem shows our change of scale formula for generalized
Wiener integrals on Wiener space which follows from Theorem 3.2 above.

THEOREM 3.4. Let F' and {ay} be given as in Theorem 3.3. Then
for every p > 0,

/ F(Zn(pr. ) +y) dimu(z)
Co[0,T

2
. —-n p— 1 2
= lim p / exp ap, Zp(x, -
n—00 CO[O,T] { 2p2 ( ( )) }

k=1
X F(Zh(xv ) + y) dmw(x)

(3.6)

for s-a.e. y € Cy[0,T].
Proof. First note that for A > 0, T »(F) is given by

T)\’h(F) = /C o F(/\*%Zh(x, ) + y)dmw(x)

by the equation (2.5). Letting A = p~2 in Theorem 3.2, we can get the
equation (3.6). O

4. A change of scale formula for unbounded functions

Cameron and Storvick [5] introduced a class of functions of the form
(4.1) F(z) =G(z)V((a1,z), (a2, x), -+, (ap, x))

for G € S and ¥ = ¢ + ¢ where ¢ € L,(R"), 1 < p < 00, ay’s given as
in (3.1) in Section 3, and ¢ € M(R"), the set of functions ¢ defined on
R" by

42) o9 = [ ewliS st} antd
k=1

where p is a complex Borel measure of bounded variation on R", § =
(s1,-++,8) and t = (t1,--- ,t,). They showed that the above functions
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(4.1) which need not be bounded or continuous are analytic Feynman
integrable.

In this section, we establish a change of scale formula for general-
ized Wiener integrals of functions of the form (4.1) using the Fourier—
Feynman transform on classical Wiener space.

To simplify the expressions, we use the following notations:

(&7w) = ((041,.%'), (anw)v T (O‘T’v x))
and
(@h,x) = ((anh,x), (eh,x), -+, (aph, x)).

The following theorem is the existence theorem for L; analytic gen-
eralized Fourier-Feynman transform of functions having a type (4.1)
above. Using the similar methods as in the proof of Cameron and Stor-
vick’s theorem, we obtain the following existence theorem and so we will
state it without proof.

THEOREM 4.1. Let F(x) = G(x)¢((a,z)) where G € S, 1 € L,(R")
and 1 < p < oo. Then for each A € C,,

(4.3) Tun(F)(y) = (%)r/z /L2[0 . /Texp{;)\ {Zr:(z/\uk + (agh, vh))?

k=1
— |lohl3] + i(v, 5) (@ + (&, y)dit dp(v)

for s—a.e. y € Cy[0,T]. Moreover if p = 1, the Ly analytic generalized
Fourier-Feynman transform of F exists for all real ¢ # 0 and is given by

(4)TD(F)(y) = (—;fr)” ’ /L o / T exp{;q [;(qws T {ah, vh))?

— lohl3] + i(v,y) (@ + (@ y))di dyu(v)
for s—a.e. y € Cy[0,T].

THEOREM 4.2. Let F(x) = G(z)¢((d,z)) where G € S and ¢ €
M(R"). Then for each A € C,

_ _1 2\
4P = [ [ eo{ =gy [lonis + > anauh o)

+ 308 + ity + 1D telan, ) fdo@) dua(v)
k=1 k=1
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for s—a.e. y € Cy[0,T]. Moreover, for any 1 < p < oo, the L, analytic
generalized Fourier-Feynman transform of F' exists for all real ¢ # 0 and
is given by

(4.6) T, / / eXp - ]vhHQ +Z2tk agh, vh)
LQ[O T] .

£ 38 +ilo,g) + i Y talans) bold) duv)
k=1 k=1
for s—a.e. y € Cp[0,T7.
Now we give a relationship between T} ,(F') and generalized Wiener

integral.

THEOREM 4.3. Let {ax} be given as in (3.1). Let F(x) = G(x)
Y((d,x)) where G € S and ¢ € Ly(R"),1 < p < oo. Then for each
A € C4, we have

AN = Jim 3 [ o152 (o e )

n—oo
k=1

XF(Zh(xv ) + y) dmw(x)

Proof. Let n be a natural number with n > r and let

1-A g
ro)= [ o157 Y (w2l I FE ) ) dmate).

2
k=1
By the Fubini theorem, we obtain

(4.8)

= exp (o, Zn( 24 v, 7, ty
/Lz[O,T] /CO[O,T] Z K 21T (v, Zn(, ) )}

k=
1, Zn(,-) +y)) dma () dp(v)

x (@
r/ — -
() e AL > (auhuhl? - Skl +i(v,0)]

r
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Note that, by the Bessel inequality, we have

A1 , 1 y
’GXP{T ;(akh,vm - §th||2+l(%y)

. 3 (idue + {oh, o) JU £ (3.9)

< exp{ - S} (e + (@)

k=1
and the right hand side of the last inequality is integrable on Ly[0, T x
R", since ¢ € Ly(R") and p € M(L2[0,T]). Hence by the dominated
convergence theorem and the Parseval’s relation, we obtain

r/2
lim A"/2T / /
n1—>H<;lo ( 27‘(‘ L2[0,T) r GXp 2)\ (ZAUk
+ (owh, vh)* = [wh|3] +i(v,p) f(@ +< v, y)) dit dp(v).
Now by (4.3) the proof is completed. O

Moreover if p = 1, we obtain the following relationships between
the Ly analytic generalized Fourier-Feynman transform and generalized
Wiener integral for functionals in (4.1).

THEOREM 4.4. Let {ay} be given as in Theorem 4.3. Let F(x) =
G(z)y((d,x)) where G € S and ¢ € L1(R") and let {\,} be a sequence
of complex numbers in C such that \,, — —iq. Then

n

(1) — i A" -
49) TR = Jim X [ eI e 2t )]

) n—00
k=1

X F(Zp(x,-) +y) dmy(x).
Proof. We can obtain the following equation from the equation (4.8),
(4.10)

n

n 1— X\,
n /C'O[O,T} eXp{ 2 Z(a’“’ Zn(a, '))Z}F(Zh(x, )+ y) dmy (o)

k=1

An\7/2 A — 1 1
_\n/2("n —n/2 n 2 1L 2
n2(32) / 2[07T]exp{ S (oo b

T

tilv.y)) /R exp] 2; S (et (oh, vh))? }o(i+(d.y)) dit du(v).

" k=1
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Letting n — oo in equation (4.10) and using the dominated convergence
theorem and by the equation (4.4), we have that for s-a.e. y € C[0,T],

n

lim | — exp agh,vh)* — —||vhl||5 +i(v,y
Ge) " oo, 3 (o, oh)? = ohl + i )}

n—oo \ 277

r

X /T exp{2/1\n Z (tAnug + (akh,vh>)2}

k=1
x (i + (a, Z/))dUdM( )

r/2 9 9
= (58" [ o Lol = e+ (o on) = o]
Lo[0,T] JR™ C]

+i(v,y) fuli + (&, y)) dﬁdu(v)
= T3 (F)()-
O

Therefore, we have the desired result.

THEOREM 4.5. Let {ax} be given as in (3.1). Let F(x) = G(x)
¢((a,z)) where G € S and ¢ € M(R"). Then equation (4.7) holds.

Proof. Let n be a natural number with n > r and let I'(n) be the
same as in the proof of Theorem 4.3. By the Fubini theorem, we have

-\ .
—[ ] ew{F50 Y 2l ) (v Zal) )
Lo[0,7] JR JCo[0,T] P
+1 Ztk(ak, Zy(z,-) + y)} dm, () dp(t) du(v)
A1 & 1
—\—n/2 2
2[0 k=1 k=1
1 & 1 , —
— 55 2= 5l +i(v.y) + i Y telans ) fdp(E) dpu(v)
k=1 k=1

Using the Bessel inequality, we have that the exponential of the last
expression above is bounded in absolute value by unity. Hence by the
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dominated convergence theorem and the Parseval’s relation, we obtain
lim A"2L(n)

n—oo

exp vh + 2ty (agh,vh) + t2
= | o oo ee{ gy llenie > A

k=1 k=1

+i(v,y) +i Y (o, y)} dp(t) dp(v)
k=1

By (4.5), the proof is completed. O

Modifying the proof of Theorem 4.5, by replacing “\” and “\;” when-
ever it occurs and using (4.6) instead of (4.5) we have the following
corollary.

COROLLARY 4.6. Let {ay} and {\x} be given as in Theorem 4.4 and
let F' be given as in Theorem 4.5. Then equation (4.9) holds.

From Theorem 4.3 and Theorem 4.5, and the linearity of the ana-
lytic Wiener integral on classical Wiener space, we obtain the following
corollaries.

COROLLARY 4.7. Let {ax} be given as in Theorem 4.3. Let F( ) =
G(2)¥((@,x)) where G € S and ¥ =1 + ¢ € L,(R") + M(R"),1 < p <
oo. Then equation (4.7) holds.

COROLLARY 4.8. Let{ay} and {\;} be given as in Theorem 4.4. Let
F(z) = G(z)U((&, x)) where G € S and ¥ = ¢ + ¢ € L1(R") + M(R").
Then equation (4.9) holds.

Our main result, namely, a change of scale formula for generalized
Wiener integrals follows from Corollary 4.7.

THEOREM 4.9. Let {ax} be given as in Theorem 4.3. Let F(x) =
G(x)¥((d,x)) where G € Sand ¥V =19+ ¢ € Ly(R")+ M(R"),1 <p<
oo. Then for any p > 0,

@iy [ i)+ ) i)
Co[0,T]
9 n
. —-n P -1 2
= lim / exp ag, Zp(x, -
A o { 50 > (ak, Zn ))}

k=1
XF(Zh(xﬂ ) + y) dmw(x)

Proof. By letting A = p~2 in (4.7), we have equation (4.11). O



122

Byoung Soo Kim, Teuk Seob Song, and Il Yoo

COROLLARY 4.10. When h = 1 in Theorem 4.9, we obtain the change
of scale formula for Wiener integrals of functions of the form (4.1) in-
troduced in [11] and [15] .
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