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ON AP-HENSTOCK-STIELTJES INTEGRAL OF
INTERVAL-VALUED FUNCTIONS
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ABSTRACT. In this paper we introduce the interval-valued AP-
Henstock-Stieltjes integral and investigate some properties of the
these integrals.

1. Introduction and preliminaries

As it is well known, the Henstock integral for a real function was first
defined by Henstock [1] in 1963. The Henstock integral is more powerful
and simpler than the Lebesgue, Feynman integrals.

In 2000, Congxin Wu and Zengtai Gong introduced the concept of the
Henstock integrals of interval-valued functions and fuzzy-number-valued
functions and obtained some of its properties([7]).

In this paper we introduce the concept of the AP-Henstock-Stieltjes
integral of interval-valued function and investigate some of its properties.

A Henstock partition of [a,b] is a finite collection P = {([¢;, d;], t;) :
1 <i < n} such that {([¢;,d;],t;) : 1 < i < n} is a non-overlapping
family of subintervals of [a,b] covering [a,b] and t; € [¢;,d;] for each
1 <i <mn. A gauge on [a,b] is a function 0 : [a,b] — (0,00). A Henstock
partition P = {([¢;,d;],t;) : 1 < i < n} is subordinate to a gauge § if
[Ci,di] C (ti — (S(ti),ti + (S(tl)) for each 1 < i < n.

Let a be an increasing function on [a,b]. A function f : [a,b] — R is
said to be Henstock-Stieltjes integrable to L € R with respect to « on
[a,b] if for every € > 0 there exists a positive function § on [a,b] such
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that | >0, f(t:)(a(d;) — a(e;)) — L| < € whenever P = {([¢;, dil, t;) :
1 < i < n} is a Henstock partition of [a, b] subordinate to 6. We write
(H) f; f(zx)da = L and f € Hgla,b]l. The function f is Henstock-
Stieltjes integrable with respect to o on a set E C [a,b] if fy, is
Henstock-Stieltjes integrable with respect to a on [a,b] where xg de-
notes the characteristic function of E.

DEFINITION 1.1. Let Ig = {I = [I~, "] is the closed bounded inter-
val on the real R}, where I~ = min{z : z € I}, It = max{z : z € I},
For A,B,C € Ig, we define A < B iff A~ < B~ and AT < BT,
A+B=Cif A~ +B =C" and A" + B" = C*, and AB = {ab :
a € Ab € B}, where (AB)” = min{A"B~,A"BT,ATB~,ATB*t}
and (AB)Y = max{A"B~,A BT, ATB~,AT"B*"}. Define d(4,B) =
maz{|A~ — B7|,|AT — BT|} as the distance between A and B.

DEFINITION 1.2. ([7]). Let a be an increasing function on [a,b]. A
interval-valued function F' : [a,b] — Ir is Henstock-Stieltjes integrable
to Iy € Ir with respect to o on [a,b] if for every € > 0 there exists a
positive function ¢ such that

d(Z F(t:)(a(dy) — a(ey)), Ip) < e

whenever P = {([¢;,d;],t;) : 1 <1i < n} is a Henstock partition of [a,b]
subordinate to 6. We write (IH) f; F(z)da = Ipand F € IHg[a,b]. The
interval-valued function F' is Henstock-Stieltjes integrable with respect
to o on a set £ C [a,b] if F\, is Henstock-Stieltjes integrable with
respect to « on [a, b] where y g denotes the characteristic function of E.

2. The interval-valued AP-Henstock-Stieltjes integral

In this section, we will define the interval-valued AP-Henstock-Stieltjes
integral which is an extention of the real-valued Henstock-Stieltjes inte-
gral and will study some properties of its integral.

Let E be a measurable set and let ¢ be a real number. The density
of E at c is defined by

EnNn(c—h h
ch: 11m /’L( (C ,C+ ))7
h—0+ 2h
provided the limit exists. The point ¢ is called a point of density of E if
d.E =1 . The E? represents the set of all x € F such that x is a point
of density of E.
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An approximate neighborhood(or ad-nbd) of x € [a, b] is a measurable
set Sy C [a, b] containing z as a point of density. For every x € E C [a, b],
choose an ad-nbd S, C [a,b] of z. then we say that S = {S, : € E}
is a choice on E. A tagged interval ([c,d], z) is said to fine to the choice
S ={S.}ifc,d € Sy. Let P = {([c;,di],x;) }1<i<n be a finite collection
of non-overlapping tagged intervals. If ([¢;, d;], z;) is fine to a choice S
for each 4, then we say that P is S -fine. Let E C [a,b]. If P is S -fine
and each z; € F, then P is called S -fine on E. If P is S - fine and
[a,b] = U [a;, b;], then we say that P is S -fine partition of [a, b] .

DEFINITION 2.1. Let « be an increasing function on [a, b]. A interval-
valued function F' : [a,b] — Ig is AP-Henstock-Stieltjes integrable to
Iy € Ir with respect to o on [a, b] if for every e > 0 there exists a choice
S on [a, b] such that

d(> " F(t;)(a(di) — alci)), To) <€
=1

whenever P = {([¢;,d;],t;) : 1 < i < n} is a S -fine partition of [a,b].
We write (APIH) [” F(z)da = Iy and F € APIH,a,b]. The interval-
valued function F' is AP-Henstock-Stieltjes integrable with respect to
a on a set F C [a,b] if Fixyp is AP-Henstock-Stieltjes integrable with
respect to « on [a, b] where xg denotes the characteristic function of E.

REMARK 2.2. It is clear, if F(x) = F~(x) = F*(x) for all z €
[a, b], then Definition 2.1 implies the real-valued AP-Henstock-Stieltjes
integral.

REMARK 2.3. If F' € APIH,[a,b], then the integral is unique.

THEOREM 2.4. Let @ be an increasing function on [a,b]. A interval-
valued function F : [a,b] — Ig is AP-Henstock-Stieltjes integrable
with respect to « on [a,b] if and only if F~,F* € APH,la,b] and
(APIH) [? Fda = [(APH) [’ F~da,(APH) [° F*da], where F(x) =
[F~ (), F* ().

Proof. Let F' € APIH,[a,b]. Then there exists an interval Iy =

Iy, ISF | with the property that for each € > 0 there exists a choice S on
[a, b] such that

d(z F(t;)(od;) — a(e)), To) < e

whenever P = {([¢i,d;i],t;) : 1 < i < n} is S -fine partition of [a,b].
Since a(d;) — a(c;) > 0 for 1 <i < n, we have
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(D F(t)(aldi) — ale)) - Io*l} :

i=1
Hence |(3252y F~ (1) (a(di) —alei)) = lo ™| < €, [(307y FF (ti) (e(di) —
a(c)) — Iyt| < e whenever P = {([¢;,d;], ;) : 1 < i < n}is S -fine
partition of [a,b]. Thus F~,F* € APH,[a,b] and (APIH) fj Fda =
[(APH) [} F~da, (APH) [’ F*da).
Conversely, let F'~, F™ € APH,[a,b]. Then there exists Hy, Hy € R

with the property that given e > 0 there exists a choice S on [a,b] such
that

> F(t)(eldi) —ale) —Hi| < &> FF(ti)(a(di) —ale;) — Ha| < e
i=1 i=1

whenever P = {([¢;,d;],t;) : 1 <i <n}is S -fine partition on [a,b]. We
define Iy = [Hi, Hal, then if P = {([¢;,d;],t;) : 1 <i<n}isa S - fine
partitoin of [a, b], we have

d> " F(t)(a(d;) — ale)), To) <.
=1

Hence F' : [a,b] — Ig is AP-Henstock-Stieltjes integrable with respect
to « on [a, b]. O

From Theorem 2.4 and the properties of AP-Henstock-Stieltjes inte-
gral, we can easily obtain the following theorems .

THEOREM 2.5. Let F,G € APIH,[a,b] and 3,7 € R. Then
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(1) BF +~G € APIH,[a,bland
b b b
(APIH) / (BF +~vG)da = B(APIH) / Fdo +~v(APIH) / Gda.

(2) IfF(z) < G(x) a.e. inla,b], then (APIH) [° Fda < (APIH) [’ Gda.

THEOREM 2.6. Let F' € APIH,la,c] and F € APIH,]c,b|.
Then F € APIH,[a,b] and [’ Fda = [ Fda + [° Fda.

THEOREM 2.7. Let F,G € APIH,[a,b] and d(F,G) is Lebesgue-
Stieltjes integrable on [a,b]. Then

b b b
d((APIH)/ F da, (APIH)/ G da) < (L)/ d(F,G) da.
Proof. By definition of distance,

d((APTH) / ' P, (APIH) / bGda)
b b
— maz(|((APH) / Fda)™ — ((APH) / Gda) |,

b b
|((APH)/ Fda)*—((APH)/ Gda)™|)

b

b
= max(|(APH)/ (F~ — G )dal, y(APH)/ (FT —G")dal)

a

b b
< max((L)/ F~ — G~ |da, (L)/ P+ — G da)

< (L) / " U(F.C)dor
0

3. The AP-Henstock-Stieltjes integrals of fuzzy-number-valued
functions

DEFINITION 3.1. ([5]). Let A € F(R) be a fuzzy subset on R. If for
any A € [0,1], Ay = [A), A}] and A; # ¢ , where Ay = {z: A(z) > A},
then A is called a fuzzy number.

Let R denote the set of all fuzzy numbers .
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DEFINITION 3.2. ([4],[5]). Let A, B € R, we define A < Biff A\ < By
forall A\ € (0,1], A+ B=Ciff A\+B) = C) forany A € (0,1, A-B=D
iff Ay - By = D, for any A € (0, 1]

LemMA 3.3. ([1]). If a mapping H : [0,1] — Ip, A — H(\) =
[ma, nyl, satisfies [my,,nx,] D [May, na,] when A1 < Aa, then

U AN er
A€(0,1]

and

Ax= ) Hn)
n=1

where A\, = [1 — n%rl])\

DEFINITION 3.4. Let a be an increasing function on [a,b] and let
F : [a,b] — R. If the interval- valued function F)(z) = [F} (z), Fy (z)]
is AP-Henstock integrable on [a, b] with respect to a for any A € (0, 1],
then we say that F(z) is AP- Henstock integrable with respect to a on
[a, b] and the integrable value is defined by

(APFH) /a bF(a:)d U ruH) / F\(z

A€(0,1]
b b
= |J MN#H /iwmm/ﬁm.
A€(0,1] @ a

For brevity, we write F € APFH,|a, b].

THEOREM 3.5. F' € APFH,[a,b], then (APFH) [° F(x)da € R and

KAPFH)/% fﬁ APIH /ﬁ (@)da,
a n=1 a

1
where A\, = [1 — 5]\

Proof Let H : (0,1] — Ir be defined by H(A f Fy

f F(z)da]. Since Fy (z) and Fy (z) are increasing and decreasmg
on A\, respectlvely, therefore, when 0 < Ay < Ay < 1, we have F/\_1 (x) <
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Fy(2), F;rl (z) > F;; (x), on [a,b]. Thus from Theorem 2.5, we have
b b
() [y, (@)da (1) [ F (ool
b b
S [(H) / Fi («)do, (H) / Ff: (2)da).

a

Using Theorem 2.5 and Lemma 3.3 we obtain

(APFH) / b F(z)do

b b
= J Al#H) | Fy(@)da,(H) [ Ff(z)da] € R
s [ 5o [

A€(0,1
and for all A € (0, 1],

b 0 b
[((APFH) / F(z)da]y = (| (APIH) / By, (z)da,
a n=1 a
where A\, = [1 — n%i_l])\ O
Using Theorem 3.5 and the properties of (API H) integral, we can obtain
the properties of (APF H) integral. For examples, the linear, monotones
and interval additive properties of (APF H) integral.
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